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Preface

The origin of this book lies at the beginning of my graduate studies, when I just
could not understand Uhlenbeck compactness, let alone see whether it would also
hold for my cases – on manifolds with boundary. There seemed to be certain gaps
between standard mathematics education and the analytic background needed to
understand a very fundamental research paper in Yang-Mills theory.

A first gap was closed while I was working with Laurent Lazzarini – we finally
understood the Lp-estimate for the operator d⊕d∗. From there I went on through
the depth of Uhlenbeck compactness - guided and encouraged by my supervisor,
Dietmar Salamon, and always keeping my boundaries in mind. I had to overcome
some obstacles, found a few subtleties, and finally arrived at a detailed under-
standing of Uhlenbeck compactness and its (not far from obvious) generalizations
to manifolds with boundaries and manifolds exhausted by compact sets. All this
work seemed to be worth writing down, so I ended up writing the book that I
would have needed at the beginning of my graduate studies: A selfcontained ex-
position of Uhlenbeck compactness with all the analytic details, which only refers
back to standard textbooks for classical results.

After having difficulties in finding references on Lp-results for the Neumann
boundary value problem I included a preliminary part on that topic. This pro-
vides the required results for the Neumann problem and also shows the general
philosophy behind elliptic boundary value problems – it taught me the deep truth
in Uhlenbeck’s sentence “Elliptic systems are well-behaved on Sobolev spaces”.

So this book intends to be a guide to students on their way into the analysis
of Yang-Mills theory. I also hope that it will be a useful reference for those who
need to know about a particular detail in or behind Uhlenbeck compactness.

Let me stress that I do not claim any original work. The minor generalizations
of Uhlenbeck compactness that are stated in this book have been known before.
However, there are a lot of details and alternative approaches to certain parts of
the proofs that probably cannot be found elsewhere. These bits and pieces are
specified in the introduction.

Much credit for this book goes to Dietmar Salamon - for the idea as a start, for
all the help with obstacles, but also for teaching me how to overcome them myself
and finally, how to write mathematics. I’m also glad to have this opportunity to
thank the ’symplectic gang’ in and around the ETH Zürich for a great working
atmosphere, stimulating discussions, and some glorious symplectic action!
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Introduction

The aim of this book is to explain in full detail the proofs of Uhlenbeck’s weak
and strong compactness theorems. They were proven by Karen Uhlenbeck in 1982,
c.f. [U1, U2]. Another textbook reference is [DK] by Donaldson and Kronheimer.
Uhlenbeck’s compactness results play a fundamental role in gauge theory. The
strong and weak compactness theorems both concern sequences of connections on
principal bundles with compact structure groups. The strong compactness theo-
rem deals with Yang-Mills connections whereas in the weak compactness theorem
the connections are not required to satisfy any equation.

An elementary observation in gauge theory is that the moduli space of flat
connections over a compact manifold with a compact structure group is compact
in the C∞-topology. This is obvious from the fact that the gauge equivalence
classes of flat connections are in one-to-one correspondence with conjugacy classes
of representations of the fundamental group. (Here the bundle is not fixed but
rather is also determined by the representation.) The weak Uhlenbeck compactness
theorem is a remarkable generalization of this result. It asserts, in particular,
that every sequence of connections with uniformly bounded curvature is gauge
equivalent to a sequence, which has a weakly W 1,p-convergent subsequence (for
any fixed p). In the case of abelian groups the proof reduces to Hodge theory, but
in the nonabelian case it is highly nontrivial. This theorem lies at the heart of
the compactness results for many equations in nonabelian gauge theory, such as
the Yang-Mills equations, the vortex equations, or the rank two Seiberg-Witten
monopole equations.

Uhlenbeck’s strong compactness theorem asserts that every sequence of Yang-
Mills connections with uniformly bounded curvature is gauge equivalent to a se-
quence, which has a C∞-convergent subsequence. This result can be reduced to
the weak compactness theorem as follows: The weak limit is again a Yang-Mills
connection and hence is gauge equivalent to a smooth connection. Now one can
put the sequence into relative Coulomb gauge with respect to the limit connection.
Then C∞-convergence follows from the fact that the Yang-Mills equation together
with the gauge fixing condition form an elliptic system. By the same argument one
obtains similar compactness results for all gauge theoretic equations that together
with the relative Coulomb gauge form an elliptic system.

1



2 Introduction

An important application of Uhlenbeck’s theorem is the compactification of the
moduli space of anti-self-dual instantons over a four-manifold. These compactified
moduli spaces are the central ingredients in the construction of the Donaldson in-
variants of smooth four-manifolds [D2] and of the instanton Floer homology groups
of three-manifolds [F]. Anti-self-dual instantons are special first order solutions of
the Yang-Mills equation. Uhlenbeck’s theorem asserts that noncompactness can
only occur in sequences with unbounded curvature. In this case a conformal rescal-
ing argument shows that instantons on the four-sphere bubble off. For a suitably
chosen subsequence bubbling only occurs at finitely many points, and on the com-
plement one has C∞-convergence. Now Uhlenbeck’s removable singularity theorem
[U1] guarantees that the limit connection extends over the four-manifold. In the
case of simply connected four-manifolds with negative definite intersection forms
Donaldson used these compactified moduli spaces to prove his famous theorem
about the diagonizability of intersection forms [D1].

Next we shall discuss the results proved in this book in more detail. A gauge
invariant measure for the curvature is the Lp-energy of a connection,

E(A) =

∫
|FA|p.

This energy is conformally invariant for p = n
2 on an n-manifold. As a conse-

quence, for p ≤ n
2 the moduli spaces of connections with bounded energy are

not even compact in the L1-topology.1 For p > n
2 , however, the weak Uhlen-

beck compactness theorem asserts the compactness of these moduli spaces in the
weak W 1,p-topology. The strong Uhlenbeck compactness theorem asserts the C∞-
compactness of the moduli spaces of Yang-Mills connections with bounded Lp-
energy for p > n

2 . Again this fails for p = n
2 . Explicit examples in the case n = 4

follow from the ADHM construction [ADHM] of anti-self-dual instantons on the
four-sphere with fixed L2-energy. For example, the gauge equivalence classes of
anti-self-dual SU(2)-connections over S4 with L2-energy 8π2 are parametrized by
R4 × R+ [DK, 3.4.1].

The weak and strong Uhlenbeck compactness theorems were originally stated
for closed base manifolds with a fixed metric, but they generalize to several other
situations. In this book we directly prove the Uhlenbeck compactness theorems for
compact manifolds with boundary, as stated in theorems A and E. For the strong
Uhlenbeck compactness this means that we consider the Yang-Mills equation with
boundary condition ∗FA|∂M = 0. Furthermore, there are generalizations to vary-
ing metrics and to manifolds that are exhausted by compact deformation retracts,
as stated precisely in theorems A′ and E′.

These generalizations are needed in the following applications: The proof of
the metric independence of the Donaldson invariants requires the compactification
of parametrized moduli spaces. These contain pairs consisting of a metric (in a

1Let A be a connection of finite energy on the trivial bundle over S4 ∼= R
4∪{∞} and consider

the rescaled connections Aσ(x) = σA(σx), then E(Aσ) = σ2p−nE(A) is bounded as σ → ∞ but
the pointwise norm of Aσ converges to a multiple of the Dirac distribution (by theorem C.5).
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fixed path between two metrics) and a Yang-Mills connection with respect to that
metric. So one has to allow for the metric to vary along with the sequence of
connections in the strong Uhlenbeck compactness theorem. One can, however, a
priori choose the sequence such that the metrics converge. The strong Uhlenbeck
compactness also is frequently used for two types of noncompact base manifolds.
Firstly, manifolds with finitely many punctures arise from the bubbling off analysis
in two ways: One has convergence on a compact base manifold with finitely many
punctures, and the bubbling off analysis near every puncture yields a sequence
of connections on larger and larger balls exhausting R4. Secondly, one considers
manifolds with cylindrical ends, for example, in order to define Donaldson invari-
ants for manifolds with boundary. In that case one glues a cylindrical end to
each boundary component. In Floer theory the product of the real line with a
three-manifold occurs naturally as the domain of the gradient flow lines of the
Chern–Simons functional.

Both generalizations, theorems A′ and E′, are proven by an extension argument
of Donaldson and Kronheimer. This requires the restriction to manifolds that are
exhausted by compact deformation retracts to ensure that gauge transformations
on the compact sets can be extended to the whole manifold. Note that this covers
both the case of manifolds with punctures and of manifolds with cylindrical ends.
Hence these generalizations suffice for all the applications mentioned above.

For the weak compactness theorem A we will essentially follow Uhlenbeck’s
original proof. For the strong compactness theorem E, however, we use an alter-
native approach by Salamon. This reduces the strong compactness to the weak
compactness with the help of a subtle local slice theorem F. It can be used to put
the connections into relative Coulomb gauge with respect to the limit connection
that is provided by the weak Uhlenbeck compactness theorem A. Then the strong
Uhlenbeck compactness theorem E is a consequence of elliptic estimates for the
connections. This approach circumvents a further patching argument. It is also
useful for the generalization to manifolds with boundary: In the local slice theo-
rem F we establish the relative Coulomb gauge with a suitable boundary condition.
This complements the Yang-Mills equation with boundary condition ∗FA|∂M = 0
to an elliptic boundary value problem. Furthermore, this line of argument is also
suitable for the study of boundary value problems with nonlocal boundary condi-
tions such as described in [Sa, W].

The ’standard’ proof of the strong Uhlenbeck compactness theorem E essen-
tially follows the same line of argument as the proof of the weak Uhlenbeck com-
pactness theorem A: One first finds local Coulomb gauges in which one has conver-
gent subsequences and then obtains global gauges from a patching construction.
We slightly simplified the patching construction in the proof of theorem A, and
also provide the generalization that allows to use this construction for a proof of
theorem E.

The local Uhlenbeck gauges are provided by Uhlenbeck’s local gauge theorem B
for connections with sufficiently small Lq-energy. Here one can use the conformally
invariant energy, that is q = n

2 (if we assume n > 2). That this energy is locally
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small is ensured by a global bound on the Lp-energy for p > n
2 . For the proof of the

weak compactness theorem A, it would actually suffice to construct these gauges
on Euclidean balls. However, if one wants to obtain the stronger convergence
in theorem E, then the local gauges have to augment the Yang-Mills equation
to an elliptic boundary value problem. This requires the more general form of
theorem B, that constructs the Coulomb gauges with respect to a fixed metric on
the manifold.

One of the main motivations for this book was to clarify the proof of this local
gauge theorem B. It boils down to solving the boundary value problem posed by the
Coulomb gauge for the gauge transformation. Then an a priori estimate provides
the further estimates involved in the Uhlenbeck gauge. This a priori estimate is
based on the Lp-estimate for the operator d ⊕ d∗ on the space of 1-forms that
satisfy the boundary condition from the Coulomb gauge (see theorem D).

Uhlenbeck’s approach to solving the boundary value problem for the gauge
transformation is to first construct a gauge transformation that solves the bound-
ary condition and then use the implicit function theorem to solve the differential
equation with homogenous boundary condition. The solution of the boundary
condition requires the seemingly obvious theorem C. It asserts that the space of
W 1,p-functions restricted to the boundary of a compact manifold is identical to
the space of normal derivatives of W 2,p-functions. This was proven in higher gen-
erality by Agmon, Douglis, Nirenberg, [ADN], but even in this most basic case the
proof requires the explicit solution of the Neumann boundary value problem on
the half space with inhomogenous boundary conditions.

In this book we pursue the alternative approach suggested by Uhlenbeck: The
boundary value problem for the gauge transformation can be directly solved with
the implicit function theorem. This involves inhomogenous boundary conditions,
so one has to work with boundary value spaces. Moreover, the surjectivity of
the linearized operator requires the existence theorem for the Neumann boundary
value problem with inhomogenous boundary conditions on Lp-spaces, which brings
us back to the work of Agmon, Douglis, Nirenberg.

The Lp-theory for the Neumann boundary value problem with inhomogenous
boundary conditions also enters in the elliptic estimates for the strong Uhlenbeck
compactness theorem on manifolds with boundary and on manifolds exhausted
by compact sets (which necessarily have nonempty boundaries). Thus it seemed
appropriate to include an exposition of the Neumann problem in part I. This
covers all the results that are required in this book.

Another result that fits well into this book but has no application within it is
the local slice theorem F′ that provides a weak relative Coulomb gauge for Lp-
connections. This gauge is used in [W] to generalize the compacntess of the moduli
space of flat connections to (weakly) flat Lp-connections. This in turn is needed
to deal with Lagrangian boundary conditions for anti-self-dual instantons.
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The main results

The weak and strong Uhlenbeck compactness theorems deal with sequences of G-
connections for compact Lie groups G. More precisely, let P → M be a principal
G-bundle. Throughout this book the base manifold M is a smooth n-manifold
with (possibly empty) boundary. If M is compact we will consider sequences in
the Sobolev space A1,p(P ) of W 1,p-connections on P . The group G2,p(P ) of W 2,p-
gauge transformations acts continuously on A1,p(P ). In the case of a noncompact
base manifold M we consider the space A1,p

loc(P ) with the action of the gauge group

G2,p
loc (P ).

These Sobolev spaces and actions are carefully defined in the appendices A and
B; they are well defined for p > n

2 . The action of the gauge group is in fact smooth,
which leads to a Banach manifold structure of the moduli space W 1,p(P )/G2,p(P )
(away from the singularities which actually turn this into an orbifold). This be-
comes important in the study of moduli spaces of Yang-Mills connections, e.g.
in Donaldson theory and Floer homology. However, for the compactness results
which we fokus on here, it is enough to know that the gauge action is continuous.

The weak Uhlenbeck compactness theorem (for compact base manifolds) as-
serts that every subset of the quotient A1,p(P )/G2,p(P ) that satisfies an Lp-bound
on the curvature is weakly compact. This theorem holds for compact manifolds
with boundary as well as for closed manifolds.

Theorem A (Weak Uhlenbeck Compactness)
Assume M is a compact Riemannian n-manifold and let 1 < p < ∞ be such
that p > n

2 . Let (Aν)ν∈N ⊂ A1,p(P ) be a sequence of connections and suppose
that ‖FAν‖p is uniformly bounded. Then there exists a subsequence (again denoted
(Aν)ν∈N) and a sequence of gauge transformations uν ∈ G2,p(P ) such that uν ∗Aν

converges weakly in A1,p(P ).

Here the compactness ofM is crucial. There also is a version of weak Uhlenbeck
compactness for manifolds M =

⋃
k∈N

Mk that are exhausted by an increasing se-
quence of compact submanifolds, i.e. each compact submanifold Mk is contained
in the interior of the next, Mk+1. In order to extend the weak Uhlenbeck com-
pactness theorem to this situation we shall also assume that each submanifold Mk

is a deformation retract of M .2 This includes for example manifolds with finitely
many punctures and cylindrical ends. The following theorem gives the precise
formulation of weak Uhlenbeck compactness in this situation. It is a slight gen-
eralization of theorem A. Its proof uses an extension argument of Donaldson and
Kronheimer [DK].

2This condition ensures that every gauge transformation on Mk extends to M . It is an open
question whether theorem A′ holds for more general manifolds.
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Theorem A′

Assume that M =
⋃
k∈N

Mk is a Riemannian n-manifold exhausted by an increas-
ing sequence of compact submanifolds Mk that are deformation retracts of M .
Let 1 < p < ∞ be such that p > n

2 . Let (Aν)ν∈N ⊂ A1,p
loc(P ) be a sequence of

connections and for all k ∈ N suppose that ‖FAν‖Lp(Mk) is uniformly bounded.
Then there exists a subsequence (again denoted (Aν)ν∈N) and a sequence of

gauge transformations uν ∈ G2,p
loc (P ) such that uν ∗Aν |Mk

converges weakly in
A1,p(P |Mk

) for all k ∈ N.

The first step towards the proof of these weak compactness results is to establish
the existence of a Coulomb type gauge over small trivializing neighbourhoods
U ⊂ M . In a fixed trivialization of P |U connections are represented by elements
of A1,p(U), the W 1,p-space of 1-forms with values in g (the Lie algebra of G).
Gauge transformations are represented by elements of G2,p(U), the W 2,p-space of
G-valued functions. Now for A ∈ A1,q(U) the Lq-energy is defined by

E(A) :=

∫

U

|FA|q .

Theorem B (Uhlenbeck Gauge)
Fix a Riemannian n-manifold M , a compact Lie group G, and let 1 < q ≤ p <∞
such that q ≥ n

2 and p > n
2 . In case q < n assume in addition p ≤ nq

n−q . Then
there exist constants CUh and εUh > 0 such that the following holds:

Every point in M has a neighbourhood U ⊂ M with smooth boundary such
that for every connection A ∈ A1,p(U) with E(A) ≤ εUh, there exists a gauge
transformation u ∈ G2,p(U) such that

(i) d∗(u∗A) = 0, (iii) ‖u∗A‖W 1,q ≤ CUh‖FA‖q ,
(ii) ∗ (u∗A)|∂U = 0, (iv) ‖u∗A‖W 1,p ≤ CUh‖FA‖p.

The domains U ⊂ M here will be diffeomorphic to the n-ball. For the proof
of theorem A it would suffice to establish (i) and (ii) with respect to a metric
that is pulled back from the Euclidean metric (on a ball in Rn whose diameter is
comparable to the diameter of U in the given metric on M). However, if one wants
to use theorem B for the ’standard’ proof of the strong Uhlenbeck compactness
theorem E below, then it is important to establish the gauge conditions (i) and
(ii) with respect to the fixed metric on the manifold.

The proof of theorem B boils down to solving the boundary value problem
posed by (i) and (ii) for the gauge transformation. In Uhlenbeck’s original proof
she first finds a gauge transformation that meets the boundary condition (ii) and
then solves the homogeneous boundary value problem for (i). In this book we
will solve the inhomogeneous boundary value problem right away using boundary
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value spaces (as was suggested by Uhlenbeck in [U2]). That way one needs an
existence theorem for the Neumann problem with inhomogeneous boundary con-
ditions. This will be provided in the preliminary part I. The relevant estimate was
proven in [ADN] in high generality. In our case it suffices to establish the following
fact that also implies the existence of a gauge transformation that satisfies (ii). So
this is an alternative proof of [U2, Lemma 2.6].

Theorem C (Agmon, Douglis, Nirenberg)
Let M be a compact Riemannian manifold, let k ∈ N0, and let 1 < p <∞. Then
there is a constant C such that for every f ∈ W 1,p(M) there exists a u ∈W 2,p(M)
that satisfies

∂u
∂ν

= f
∣∣
∂M

, ‖u‖W 2,p ≤ C‖f‖W 1,p .

This will be proven along the lines of [ADN] using the Calderon-Zygmund in-
equality for the Poisson kernel. The Calderon-Zygmund inequality also lies at the
heart of theorem D below. Assertion b) was stated by Uhlenbeck [U2] for the unit
ball and was proven there in the case p = 2.

Theorem D
Let M be a compact Riemannian manifold and let 1 < p <∞. Then the following
holds.

a) There is a constant C such that for all A ∈W 1,p(M,T∗M) with ∗A|∂M = 0

‖A‖W 1,p ≤ C
(
‖dA‖p + ‖d∗A‖p + ‖A‖p

)
.

b) Suppose in addition H1(M ; R) = 0. Then there exists a constant C such
that for all A ∈ W 1,p(M,T∗M) with ∗A|∂M = 0

‖A‖W 1,p ≤ C
(
‖dA‖p + ‖d∗A‖p

)
.

Note that assertion b) provides an a priori estimate for connections that satisfy
the Uhlenbeck gauge conditions (i) and (ii). This estimate will be used to establish
(iii) and (iv) and thus to prove theorem B.

The second step in the proof of the weak Uhlenbeck compactness is a patching
argument. One has to patch together the local gauge transformations obtained
from theorem B to construct a sequence of global gauge transformations. In the
case of a compact base manifold one can use the exponential map and cutoff func-
tions in the Lie algebra. Topological obstructions only arise in the continuation
of gauge transformations from a compact subset to the whole exhausted manifold.
An argument of Donaldson and Kronheimer [DK, Lemma 4.4.5] proves theorem
A′, but this requires the restriction to manifolds exhausted by deformation retracts.
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The strong Uhlenbeck compactness theorem concerns sequences of connections
that satisfy the Yang-Mills equation

{
d∗AFA = 0,

∗FA|∂M = 0.
(YM)

Note that our Yang-Mills equation incorporates a boundary condition. This is the
natural boundary condition arising from the variational principle for the Yang-
Mills functional on manifolds with boundary. Extrema of the Yang-Mills functional

YM(A) =

∫

M

|FA|2

solve the Yang-Mills equation in its weak form: For every β ∈ Ω1(P ; g) with
compact support (but not necessarily β = 0 on ∂M)

∫

M

〈FA , dAβ 〉 = 0. (wYM)

The solutions A ∈ A1,p
loc(P ) of this weak equation will be called weak Yang-Mills

connections. In order for this equation to make sense the Sobolev exponent p
has to be sufficiently large depending on the dimension dimM = n of the base
manifold. 3 In the case of smooth connections this weak Yang-Mills equation
(wYM) is equivalent to the boundary value problem (YM), i.e. the strong Yang-
Mills equation. If moreover the base manifold M has no boundary then the weak
Yang-Mills equation for smooth connections is equivalent to the usual Yang-Mills
equation d∗AFA = 0 without boundary condition.

The strong Uhlenbeck compactness theorem for G-bundles over manifolds with
(possibly empty) boundary uses above definition of weak Yang-Mills connections
(including the boundary condition).

Theorem E (Strong Uhlenbeck Compactness)
Assume M is a compact Riemannian n-manifold. Let 1 < p < ∞ be such that
p > n

2 and in case n = 2 assume p > 4
3 . Let (Aν)ν∈N ⊂ A1,p(P ) be a sequence of

weak Yang-Mills connections and suppose that ‖FAν‖p is uniformly bounded.
Then there exists a subsequence (again denoted (Aν)ν∈N) and a sequence of

gauge transformations uν ∈ G2,p(P ) such that uν ∗Aν converges uniformly with all
derivatives to a smooth connection A ∈ A(P ).

Again, this theorem generalizes to manifolds which can be exhausted by com-
pact deformation retracts. Moreover, one can perturb the Yang-Mills equation by
considering a C∞-convergent sequence of metrics gν and weak Yang-Mills connec-
tions Aν with respect to the metrics gν .

3If we assume 1 < p < ∞ and p > n
2
, then this is enough for n = 1 and n ≥ 3. Only for n = 2

we need the additional condition p ≥ 4

3
, see chapter 9.
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Theorem E′

Assume M =
⋃
k∈N

Mk is a Riemannian n-manifold exhausted by an increasing
sequence of compact submanifolds Mk that are deformation retracts of M . Let
1 < p <∞ be such that p > n

2 and in case n = 2 assume p > 4
3 . Let (gν)ν∈N be a

sequence of metrics on M that converges uniformly with all derivatives on every
compact set. For all ν ∈ N let Aν ∈ A1,p

loc(P ) be a weak Yang-Mills connection with
respect to gν and suppose that for all k ∈ N

sup
ν∈N

‖FAν‖Lp(Mk) <∞.

Then there exists a subsequence (again denoted (Aν)ν∈N) and a sequence of gauge
transformations uν ∈ G2,p

loc (P ) such that uν ∗Aν converges uniformly with all deriva-
tives on every compact set to a smooth connection A ∈ A(P ).

The key to the proofs of these two theorems is the existence of a global relative
Coulomb gauge ensured by the local slice theorem F below. The weak Uhlenbeck
compactness theorem provides a W 1,p-weakly convergent subsequence and a limit
connection. After a common gauge transformation the limit connection is smooth.
Now a further subsequence can be put into relative Coulomb gauge with respect
to that limit connection. The strong Uhlenbeck compactness then follows from
elliptic estimates for the operator

α 7→
(
d∗
Ã+α

FÃ+α , ∗FÃ+α

∣∣
∂M

, d∗
Ã
α , ∗α|∂M

)
,

where Ã ∈ A(P ) is a smooth connection. This approach by Salamon is different
from the proofs of Uhlenbeck [U2] and Donaldson-Kronheimer [DK] (whose ’stan-
dard’ proof will also be explained in chapter 10). It reduces the strong Uhlenbeck
compactness theorem E to the weak compactness theorem A without using a fur-
ther patching argument (in the case of a compact base manifold). The proof of
theorem E′ moreover uses the same extension argument as the proof of theorem A′.

Theorem F (Local Slice Theorem)
Let M be a compact Riemannian n-manifold with smooth boundary (that might be
empty). Let 1 < p ≤ q <∞ such that

p > n
2 and 1

n
> 1

q
> 1

p
− 1

n
.

Fix a reference connection Â ∈ A1,p(P ) and a constant c0 > 0. Then there exist
constants δ > 0 and C such that the following holds: For every A ∈ A1,p(P ) with

‖A− Â‖q ≤ δ and ‖A− Â‖W 1,p ≤ c0
there exists a gauge transformation u ∈ G2,p(P ) such that

(i) d∗
Â
(u∗A− Â) = 0, (iii) ‖u∗A− Â‖q ≤ C‖A− Â‖q,

(ii) ∗ (u∗A− Â)|∂M = 0, (iv) ‖u∗A− Â‖W 1,p ≤ C‖A− Â‖W 1,p .
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This theorem asserts the existence of a local slice through Â that is transversal
to the orbits of the gauge action. (This is because the infinitesimal action of the
gauge group at Â is given by d

Â
.) For every Lq-close connection A one then finds

a gauge equivalent connection in the local slice, but can keep control of the W 1,p-
norm. This goes beyond a simple application of the implicit function theorem
since it only requires a W 1,p-bound on A, not W 1,p-closeness to Â.

There also is an Lp-version of the local slice theorem that will be proven in this
book. In order to state the weak Coulomb equation involved we use the notation
gP = P ×Ad g for the associated bundle arising from the adjoint representation of
G on its Lie algebra g. Then the difference of any two smooth connections is an
element of Γ(T∗M ⊗ gP ).

Theorem F′ (Lp-Local Slice Theorem)
Let M be a compact Riemannian n-manifold with smooth, possibly empty boundary.
Let 2 ≤ p < ∞ be such that p > n and fix a reference connection Â ∈ A0,p(P ).
Then there exist constants δ > 0 and C such that the following holds.

For every A ∈ A0,p(P ) with ‖A− Â‖p ≤ δ there exists a gauge transformation
u ∈ G1,p(P ) such that

∫

M

〈
u∗A− Â , d

Â
η
〉

= 0 ∀η ∈ Γ(gP )

and ‖u∗A− Â‖p ≤ C‖A− Â‖p.

Following [CGMS] both local slice theorems F and F′ will be proven by New-
ton’s iteration method. In fact, theorem F′ could also be proven by the implicit
function theorem and one extra estimate. However, we use this easier case to
illustrate the iteration method. For theorem F this iteration is considerably more
complicated due to the boundary terms and the fact that the W 1,p-norm of the
connection is only assumed to be bounded, not small. This, however, is just the
setting that is obtained from the weak Uhlenbeck compactness theorem A: The
connections converge in the weak W 1,p-topology, so they are W 1,p-bounded and
they converge strongly only with respect to an Lq-norm.

Theorem F′ is used in [W] to generalize the regularity of flat connections to
Lp-connections: A connection of class W 1,p is called flat if its curvature vanishes,
which is a partial differential equation of first order. One can use theorem F
to prove that every flat connection is gauge equivalent to a smooth connection.
For connections of class Lp one can introduce the notion of ’weak flatness’ by
a weak equation. The combination of the weak flatness and the weak relative
Coulomb gauge provided by theorem F′ then constitutes an elliptic system whose
Lp-solutions are in fact smooth. This proves that every weakly flat connection is
gauge equivalent to a smooth connection.
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Outline

This book is organized in four parts. Part I is of preliminary nature. It gives
an exposition of the Neumann problem in chapters 1 to 3. We give proofs of a
number of results that are wellknown but for which there seem to be no explicit
proofs in the standard textbooks. For example, the L2-regularity theorem 1.3 for
weak solutions of the Neumann problem requires no minimum regularity of the
solution. We also prove the regularity and existence results for Lp-spaces with
general p > 1. Moreover, theorem C is of central importance for the Neumann
problem with inhomogeneous boundary conditions, but some textbooks simply
omit it. Here we give a proof that uses the methods of [ADN] but is considerably
easier than their treatment of general boundary value problems, see theorem 3.4.

In chapter 4 some results on the Neumann problem are generalized to sections
of vector bundles with nonsmooth connections. These are used in the Newton
iteration for the local slice theorems F and F′.

In part II we prove the weak Uhlenbeck compactness theorems A and A′,
see theorems 7.1 and 7.5. Firstly, chapter 5 provides regularity results for 1-
forms which correspond to Hodge theory on manifolds with boundary. These are
used to prove the Lp-estimates of theorem D for the operator d ⊕ d∗, restated in
theorem 5.1. Moreover, the regularity theory for Yang-Mills connections will again
make use of these results.

In chapter 6 we then prove the Uhlenbeck local gauge theorem B, restated
as theorem 6.1. We use boundary value spaces instead of Uhlenbeck’s explicit
construction of a gauge transformation that meets the boundary condition. We
also filled in a lot of technicalities: Uhlenbeck proves the theorem for one model
domain, that is the Euclidean unit ball [U2, Thm.2.1]. We show in theorem 6.3
that the theorem on the unit ball in fact holds for all metrics that are sufficiently
C2-close to the Euclidean metric. Moreover, in order to generalize the theorem to
manifolds with boundary and a fixed metric, we prove the same result for a second
model domain, the ”egg squeezed to the boundary”. We furthermore explain the
rescaling trick that proves the existence of the Uhlenbeck gauge in sufficiently
small neighbourhoods on general manifolds.

Chapter 7 provides the patching constructions that complete the proof of the
weak Uhlenbeck compactness theorems. In the case of a compact base manifold
we have slightly modified Uhlenbeck’s patching argument. The basic result is that
every set of transition functions posesses a C0-neighbourhood of sets of transition
functions that all define the same bundle. In [U2, Prop.3.2] the underlying cover
has to be finite and the radius of the C0-neighbourhood depends on the number of
covering patches and the set of transition functions. Our patching lemma 7.2 works
for all countable covers of manifolds and the radius of the C0-neighbourhood simply
is the radius of a convex geodesic ball in the Lie group. The proof of theorem A
(restated as theorem 7.1) is based on this patching lemma.

The generalization of weak Uhlenbeck compactness to noncompact manifolds
uses the extension argument of Donaldson and Kronheimer [DK, Lemma 4.4.5].
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We explain that argument in lemma 7.8 and use it to prove proposition 7.6, which
is a general tool for extending compactness results for moduli spaces over compact
manifolds to base manifolds that are exhausted by compact deformation retracts.
This result is then used to prove theorem A′, restated as theorem 7.5. It can again
be used for the proof of theorem E′. It should be stressed that the extension argu-
ment requires that every gauge transformation on one of the exhausting compact
submanifolds extends to the whole manifold. This is ensured by our assumption
that the exhausting submanifolds are deformation retracts of the manifold.

Part III concerns the strong Uhlenbeck compactness theorems E and E′ (theo-
rems 10.1 and 10.3). Here the generalization to manifolds with boundary requires
to supplement the Yang-Mills equation with a boundary condition. This boundary
value problem also occurs in the generalization to manifolds that are exhausted
by compact sets, since these compact submanifolds necessarily have boundaries.

In chapter 8 we give proofs of the local slice theorem F and its Lp-version,
theorem F′ (see theorem 8.1 and 8.3). These are adaptations of the Newton
iteration method used for [CGMS, Thm.A.1] to manifolds with boundary and to
Lp-connections. Moreover, we construct the relative Coulomb gauge with respect
to different metrics under the same assumptions on the connection. This is needed
for the case of varying metrics in theorem E′.

Chapter 9 introduces the Yang-Mills equation with boundary condition. We
prove the smoothness of Yang-Mills connections up to a gauge transformation both
on compact manifolds and on manifolds that are exhausted by compact deforma-
tion retracts, see theorem 9.4. This is done by the iteration of two regularity
results. These already include estimates for the proof of the strong Uhlenbeck
compactness.

Chapter 10 is devoted to the proofs of theorem E (theorem 10.1) and theorem
E′ (theorem 10.3). Unlike to the ’standard’ proof (which we also explain) this
approach by Salamon requires no further patching construction for the proof of
theorem E due to the use of the global relative Coulomb gauge provided by the
local slice theorem F. For theorem E′ one again uses proposition 7.6, which relies
on the extension argument of Donaldson and Kronheimer.

These last two chapters and chapter 5 contain careful details of the boot-
strapping analysis. These are standard procedures but they did not seem entirely
obvious, especially not for manifolds with boundary, and they have to be adapted
separately to the case of noncompact manifolds exhausted by compact sets. More-
over, in order to obtain the compactness results for varying metrics, one has to
obtain uniform constants for a small neighbourhood of metrics in all these esti-
mates. This does not require a lot of extra work, but one always has to take care
of what the constants depend on.

Part IV consists of a number of appendices that are designed to make this
book as selfcontained as possible. Appendix A gives a brief introduction to gauge
theory. This is not meant as an exposition but rather sets up the notation that
is used throughout the book. Moreover, we prove some fundamental estimates on
the energy and gauge transformations which will be needed frequently.
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In appendix B one can find the definition of Sobolev spaces of sections of vector
bundles and – more generally – fibre bundles. This leads to the definition of the
Sobolev spaces of connections and gauge transformations. We also state all Sobolev
embedding results that will be needed in the book and we give a coordinate free
proof of a trace theorem (concerning the restriction of Sobolev functions to the
boundary of a compact manifold).

Theorem C.2 in appendix C states a criterion for Lp-multipliers due to Mihlin
[M]. It is much easier to check than the usual criteria e.g. in [St1]. We show how
the criterion of Mihlin implies the standard criterion. Then we use this criterion
to prove the Calderon-Zygmund inequality (theorem C.3). Furthermore, we use
techniques of [ADN] to give a proof of the estimates on the Poisson kernel (theorem
C.4) that are needed for theorem C. Similar techniques are used to prove a version
of the mollifier theorem C.5 that again is more general than the one in most
standard textbooks: We do not require compact support of the functions that are
proven to converge to the Dirac distribution.

Appendix D states (without proofs) the main results on the Dirichlet problem.
Appendix E states some results from Functional Analysis that are used at crucial
places in this book.





Part I

The Neumann Problem

15
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Throughout this part let M be a compact oriented Riemannian manifold with
(possibly empty) boundary ∂M . We shall denote by ∆ = d∗d the Hodge Laplacian
on functions and by ν the outward unit normal vector field to ∂M . This part deals
with the Neumann boundary value problem

{
∆u = f on M,

∂u
∂ν

= 0 on ∂M.
(NP)

Let D(M) be the space of continuous linear functionals on C∞(M) and

C∞ν (M) :=
{
ψ ∈ C∞(M)

∣∣ ∂ψ
∂ν

= 0
}
.

We denote by 〈u , φ 〉 the pairing of a distribution u ∈ D(M) with ψ ∈ C∞(M).
A distribution u ∈ D(M) is called a weak solution of (NP) if

〈u , ∆ψ 〉 = 〈 f , ψ 〉 ∀ψ ∈ C∞ν (M). (wNP)

Lemma N Let p ≥ 1, f ∈ D(M), and u ∈ W 2,p(M). Then u satisfies (NP) if
and only if it satisfies (wNP). If this is the case then f ∈ Lp(M).

Proof: Choose a sequence ui ∈ C∞(M) that converges to u in the W 2,p-norm.
Then ∂ui

∂ν
converges to ∂u

∂ν
in L1(∂M) by theorem B.10. Moreover, lemma 5.6 (i)

asserts that ∗dv|∂M = ∂v
∂ν

dvol∂M holds for all functions v. Thus for every ψ ∈ C∞ν
Stokes’ theorem gives

∫

M

u∆ψ dvolM = − lim
i→∞

∫

M

ui d ∗ dψ

= lim
i→∞

(
−
∫

M

ψ d ∗ dui +

∫

M

d(ψ ∗ dui − ui ∗ dψ)

)

= lim
i→∞

(∫

M

ψ∆ui dvolM +

∫

∂M

(
ψ ∂ui

∂ν
− ui ∂ψ∂ν

)
dvol∂M

)

=

∫

M

ψ∆u dvolM +

∫

∂M

ψ ∂u
∂ν

dvol∂M .

This immediately implies (wNP) if u satisfies (NP). Now assume (wNP), then the
previous calculation implies

∫

M

ψ∆u+

∫

∂M

∂u
∂ν
ψ = 〈 f , ψ 〉 ∀ψ ∈ C∞ν (M).

Testing with ψ ∈ C∞(M) that have compact support in the interior of M we
obtain f = ∆u ∈ Lp(M). Hence

∫
∂M

∂u
∂ν
ψ = 0 for all ψ ∈ C∞ν (M) . This implies

∂u
∂ν

= 0 since every smooth function on ∂M can be smoothly extended to M such
that the normal derivative at the boundary vanishes. 2
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This part is organized as follows: We start with an exposition of the L2-theory
for the Neumann problem with homogeneous boundary condition. The subsequent
chapter 2 shows how these results extend to Lp-spaces for 1 < p < ∞. Then,
in chapter 3, we establish the required results for the Neumann problem with
inhomogeneous boundary conditions.

All these results are formulated for real-valued functions, but they generalize
directly to functions with values in a Hilbert space. One just has to replace the
multiplication of two functions by the pointwise inner product on the Hilbert space.
However, there is no natural extension of this regularity theory to functions with
values in a Banach space – the complete metric on the target space is crucial.

In chapter 4 we generalize some of these results to a Neumann type boundary
value problem for sections of vector bundles. This will be needed for the local slice
theorem in chapter 8.



Chapter 1

L2-Theory

The regularity theory makes use of the generalization of W k,2-Sobolev spaces to
k ≤ 0. We denote W 0,2(M) := L2(M).

Definition 1.1 Let k ∈ N0. Then W−k,2(M) ⊂ D(M) is defined as the space of
distributions u ∈ D(M) for which there exists a constant C such that

| 〈u , ψ 〉 | ≤ C‖ψ‖Wk,2 ∀ψ ∈ C∞(M). (1.1)

The natural norm on this space is the operator norm ‖ · ‖W−k,2 , i.e. the smallest
constant C such that (1.1) holds.

Remark 1.2

(i) W−k,2(M) can be naturally identified with the dual space of W k,2(M):

On the one hand, every continuous linear functional onW k,2(M) also belongs
to W−k,2(M) since C∞(M) ⊂ W k,2(M). Conversely, every distribution
that lies in W−k,2(M) uniquely extends to a continuous linear functional
on W k,2(M) since C∞(M) is dense in W k,2(M).

We extend the notation 〈 ·, · 〉 to the pairing of W−k,2(M) with W k,2(M).

(ii) For k = 0 the spaces W−0,2(M) and W 0,2(M) = L2(M) are identified by
the Riesz representation theorem. In this case 〈 ·, · 〉 is the L2-inner product.

(iii) The Sobolev embedding theorem implies

C∞(M) =
⋂

k∈N

W k,2(M).

The space of distributions can thus be represented by

D(M) =
⋃

k∈N

W−k,2(M).

19
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Assume otherwise that there exist u ∈ D(M) and φk ∈ C∞(M) such that
| 〈u , φk 〉 | ≥ k‖φk‖Wk,2 and ‖φk‖Wk,2 = 1 for all k ∈ N. Then the sequence
1
k
φk converges to 0 in C∞(M) since ‖ 1

k
φk‖W j,2 ≤ 1

k
for all k ≥ j. But

|〈u , 1
k
φk〉| ≥ 1 for all k ∈ N hence u is not a continuous functional on

C∞(M).

In this chapter we give proofs of the following L2-estimate, regularity, and
existence results for the Neumann boundary value problem:

Theorem 1.3 Let k ∈ Z and suppose that u ∈ D(M) is a weak solution of the
Neumann problem (wNP) with f ∈W k,2(M). Then u ∈ W k+2,2(M).

Theorem 1.4 Let k ∈ N0. Then there exist constants C, C ′ such that for all
u ∈ W k+2,2(M)

‖u‖Wk+2,2 ≤ C
(
‖∆u‖Wk,2 + ‖u‖Wk,2

)
if ∂u

∂ν
= 0,

‖u‖Wk+2,2 ≤ C ′‖∆u‖Wk,2 if ∂u
∂ν

= 0 and
∫
M
u = 0.

Theorem 1.5 Let f ∈ W k,2(M) for some k ∈ N0. Then there exists a solution
u ∈ W k+2,2(M) of (NP) if and only if

∫
M
f = 0. This solution is unique up to an

additive constant.

In most textbooks theorem 1.3 can only be found under the assumption of
some minimum regularity of u, e.g. in [T, ch.5,Prop.7.4] this is proven under the
assumptions k ≥ 0 and u ∈ W 1,2(M).

In order to prove theorems 1.3 and 1.4 we first consider the operator ∆ + 1. It
is represented by the following bilinear form on W 1,2(M): For all u, v ∈W 1,2(M)

A(u, v) :=

∫

M

(du ∧ ∗dv + uv dvolM ) .

For ψ ∈ C∞ν (M) Stokes’ theorem gives

A(u, ψ) =

∫

M

du ∧ ∗dψ + 〈u , ψ 〉

=

∫

∂M

u∂ψ
∂ν

dvol∂M −
∫

M

u d ∗ dψ + 〈u , ψ 〉

= 〈u , ∆ψ + ψ 〉 .

From this identity and lemma N we draw the following conclusion.



Chapter 1. L2-Theory 21

Remark 1.6

(i) Let f ∈ W−1,2(M) and u ∈W 1,2(M) satisfy

A(u, ψ) = 〈 f , ψ 〉 ∀ψ ∈ W 1,2(M). (1.2)

Then u is a weak solution of the Neumann problem (wNP) where f is re-
placed by f − u.

(ii) Let f ∈ W−1,2(M) and u ∈ W 2,2(M). Then (1.2) holds if and only if u is a
strong solution of {

∆u+ u = f on M,
∂u
∂ν

= 0 on ∂M.
(1.3)

If this is the case then f ∈ L2(M).

The ellipticity of ∆ + 1 is reflected in the fact that the bilinear form A is
coercive. A first consequence is the following lemma.

Lemma 1.7 For every f ∈W−1,2(M) there is a unique solution u ∈ W 1,2(M) of
(1.2). This moreover satisfies

‖u‖W 1,2 ≤ ‖f‖W−1,2 .

Proof: The bilinear form A is bounded and coercive: For all u, v ∈ W 1,2(M)

|A(u, v)| ≤ ‖u‖W 1,2‖v‖W 1,2 and A(u, u) ≥ ‖u‖2W 1,2 .

Thus the Lax-Milgram theorem E.2 asserts that for every f ∈ W−1,2(M) there
exists a unique u ∈ W 1,2(M) that solves (1.2). The estimate follows from

‖u‖2W 1,2 ≤ A(u, u) = 〈 f , u 〉 ≤ ‖f‖W−1,2‖u‖W 1,2 .

2

It is then a matter of the regularity of u to prove that ∆ + 1 is a bijection
between W k,2(M) and W k+2,2(M).

Theorem 1.8 Let k ≥ −1 be an integer. Then for every f ∈ W k,2(M) there exists
a unique solution u ∈ W k+2,2(M) of (1.2). Moreover, there exists a constant C
such that

‖u‖Wk+2,2 ≤ C‖f‖Wk,2 . (1.4)

Proof: Lemma 1.7 proves the theorem in case k = −1. In case k ≥ 0 it remains to
prove that the unique u ∈ W 1,2(M) from the lemma actually lies in W k+2,2(M)
and satisfies (1.4). This regularity will be proven by induction on k. An interme-
diate step is the following:
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Claim: Let X be a smooth vector field on M that is tangential to ∂M and whose
flow φt preserves the unit normal, dφt(ν) = ν. Then for every k ∈ N0 there is a
constant C such that the following holds: Let f ∈ W k,2(M) and u ∈ W k+1,2(M)
satisfy (1.2). Then LXu ∈W k+1,2(M) and

‖LXu‖Wk+1,2 ≤ C
(
‖f‖Wk,2 + ‖u‖Wk+1,2

)
. (1.5)

We will first prove the claim and the theorem for k = 0. Then as induction
step we assume the theorem to hold for some k ≥ 0, prove the claim for k+1, and
then deduce the theorem for k + 1.

Proof of the claim for k = 0:
The time-t-flow φt of the vector field X is a diffeomorphism of M since X is
tangential to the boundary. Thus one can consider

Dtu := 1
t
(φ∗tu− u) ∈ W 1,2(M).

When t → 0 then Dtu converges to LXu in the L2-norm. Now indicating the
dependence on a metric by subscripts we calculate for all ψ ∈W 1,2(M)

A(Dtu , ψ)

=

∫

M

dψ ∧ ∗gd(Dtu) +

∫

M

ψ ·Dtu · dvolM

= 1
t

[∫

M

φ∗t
(
dφ∗−tψ ∧ ∗φ∗

−tg
du
)
−
∫

M

dψ ∧ ∗gdu
]

+ 1
t

[∫

M

φ∗t
(
φ∗−tψ · u · φ∗−t dvolM

)
−
∫

M

ψ · u · dvolM

]

=

∫

M

1
t
d
(
φ∗−tψ − ψ

)
∧ ∗gdu+

∫

M

dφ∗−tψ ∧ 1
t

(
∗φ∗

−t
g − ∗g

)
du

+

∫

M

1
t

(
φ∗−tψ − ψ

)
· u · dvolM +

∫

M

φ∗−tψ · u · 1
t

(
φ∗−t dvolM − dvolM

)

= −A(u,D−tψ) +

∫

M

dψ ∧ 1
t
(∗g − ∗φ∗

t g
)dφ∗tu

+

∫

M

ψ · φ∗tu · 1
t

(
dvolM − φ∗t dvolM

)

= −〈 f , D−tψ 〉 −
∫

M

dψ ∧HSt(dφ
∗
tu)−

∫

M

ψ · φ∗tu ·Dt dvolM . (1.6)

Here we denote by HSt := 1
t
(∗φ∗

t g
− ∗g) a pointwise operator on 1-forms. When

t → 0 this operator uniformly converges to the continuous operator HS0 defined
as follows: For every 1-form A =

∑n
j=1 Ajdx

j

HS0(A) =

n∑

i,j=1

∂
∂t

(√
det(φ∗−tg)(φ

∗
−tg)

ij
)∣∣∣
t=0

(−1)i−1Ajdx
1 ∧ . . .

∨
dxi . . . ∧ dxn.
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Moreover, we have extended the notation Dt to denote the difference quotient that
converges to the Lie derivative of the volume form. So if Dt dvolM = ∆t · dvolM
then the functions ∆t uniformly converge to divX as t→ 0. Now we find constants
δ > 0 (depending on u) and C (independent of u) such that for all t ∈ (0, δ) and
ψ ∈W 1,2(M)

∣∣A(Dtu , ψ)
∣∣ ≤ ‖f‖2‖D−tψ‖2 + ‖dψ‖2‖HSt‖∞‖dφ∗tu‖2 + ‖ψ‖2‖φ∗tu‖2‖∆t‖∞
≤ C

(
‖f‖2 + ‖u‖W 1,2

)
‖ψ‖W 1,2 . (1.7)

Firstly, we used that φt depends smoothly on t, so φ∗tu converges to u in the
W 1,2-norm as t → 0. Thus one has ‖φ∗tu‖2 ≤ 2‖u‖2 and ‖dφ∗tu‖2 ≤ 2‖u‖W 1,2

for sufficiently small t > 0. (If ‖u‖2 = 0 then u = 0 and hence φ∗tu ≡ 0 for
all t > 0.) The uniform convergence of the functions ∆t and the operators HSt
provides further constants, so it remains to consider the term ‖D−tψ‖2. For this
purpose first assume that ψ is smooth, then for all t > 0 and x ∈M

∣∣φ∗−tψ(x) − ψ(x)
∣∣ =

∣∣∣∣
∫ t

0

∂
∂s

(
φ∗−sψ(x)

)
ds

∣∣∣∣

≤
∫ t

0

∣∣dφ−s(x)ψ(X(φ−s(x))
∣∣ ds

≤ ‖X‖∞t
1
2

(∫ t

0

∣∣dφ−s(x)ψ
∣∣2ds

) 1
2

.

Note that φ−s is a diffeomorphism of M for all s ∈ R, thus there are nonvanishing
functions gs such that φ∗−s dvolM = gs · dvolM . Here g0 ≡ 1 and thus ‖g−1

s ‖∞ ≤ 2
for all s ∈ [0, δ) if we make a sufficiently small choice of δ > 0. Now use the
previous inequality to obtain for all t ∈ (0, δ)

∥∥D−tψ
∥∥2

2
=

∫

M

t−2
∣∣φ∗−tψ − ψ

∣∣2 dvolM

≤ ‖X‖2∞t−1

∫

M

∫ t

0

|dψ|2◦φ−s ds dvolM

≤ ‖X‖2∞t−1

∫ t

0

∫

M

|dψ|2◦φ−s · 2φ∗−sdvolM ds

= 2‖X‖2∞‖dψ‖22.

So we find a constant C such that ‖D−tψ‖2 ≤ C‖ψ‖W 1,2 holds for all smooth ψ
and sufficiently small t > 0 (not depending on ψ), and this inequality extends to
all ψ ∈W 1,2(M). Thus we have established (1.7).

For all t ∈ (0, δ) this shows that A(Dtu , ·) is a continuous linear functional on
W 1,2(M) and thus equals 〈Ft , · 〉 for some Ft ∈ W−1,2 with

‖Ft‖W−1,2 ≤ C
(
‖f‖2 + ‖u‖W 1,2

)
.



24 The Neumann Problem

Here C is a t-independent constant and now the theorem for the case k = −1
(lemma 1.7) asserts that for all t ∈ (0, δ)

‖Dtu‖W 1,2 ≤ C
(
‖f‖2 + ‖u‖W 1,2

)
.

Finally, by the Banach-Alaoglu theorem B.4 there exists a sequence ti → 0
such that Dtiu weakly converges in W 1,2(M). The limit has to be LXu since
the sequence already converges L2-strongly to this function. This proves that
LXu ∈W 1,2(M), and due to the lower semicontinuity of the norm with respect to
weak convergence the estimate carries over to the limit,

‖LXu‖W 1,2 ≤ C
(
‖f‖2 + ‖u‖W 1,2

)
.

Proof of the theorem for k = 0:
Let f ∈ L2(M), then lemma 1.7 provides a unique solution u ∈ W 1,2(M) of (1.2)
and we have to prove that in fact u ∈ W 2,2(M). Moreover, in order to obtain the
estimate on u it suffices to find a constant C such that

‖u‖W 2,2 ≤ C
(
‖f‖2 + ‖u‖W 1,2

)
.

Then estimate (1.4) follows from lemma E.3 due to the uniqueness of u (i.e. injec-
tivity of the operator D : u 7→ f) and the compactness of the Sobolev embedding
W 2,2(M) ↪→W 1,2(M).

Choose a finite atlas M =
⋃N
i=1 Ui with charts Φi : Ui

∼→ Vi ⊂ Rn. Let xi and
∂i denote the coordinate functions and vector fields respectively. The coordinate
charts that intersect the boundary can be chosen such that ∂M is mapped to the
hyperplane {x1 = 0} and Φ∗i ∂1|∂M is the outward unit normal ν. In order to
achieve this one extends ν to a vector field on M . Then the flow of this vector
field defines a tubular neighbourhood diffeomorphism (−ε, 0]×∂M →M . Its first
component can be combined with a chart of ∂M to give the required chart of M .

Now by remark B.1 it suffices to prove that ∂j∂`(u◦Φ
−1
i ) lies in L2(Vi) for all

i = 1, . . .N and j, ` = 1, . . . n and that for some finite constant C

‖∂j∂`(u◦Φ−1
i )‖2 ≤ C

(
‖f‖2 + ‖u‖W 1,2

)
. (1.8)

Unless Ui intersects the boundary and j = ` = 1 this follows from the already
proven claim (for k = 0). For that purpose consider a smooth vector field X on
M that equals Φ∗i ∂j on Ui and is cut off as follows:

If Ui ∩ ∂M = ∅ then X is cut off such that it vanishes near ∂M and hence
satisfies the requirements of the claim.

If Ui intersects ∂M but j 6= 1 then X is automatically tangential to ∂M ∩ Ui.
Moreover, both X and ν are coordinate vector fields on ∂M ∩Ui, thus their flows
commute. Now X is cut off such that still dφt(ν) = ν holds on ∂M . For this
purpose let Ui lie within a slightly larger chart Φ̃i : Ũi → (−ε̃, 0] × W̃ , where
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U i ⊂ Ũi ⊂M , 0 < ε < ε̃, and W with W ⊂ W̃ ⊂ Rn−1 is the chart of ∂M . In this
chart of M a suitable cutoff function for Φ̃∗i ∂j is f ·g, where f = f(x2, . . . , xn) ≡ 1

on W and vanishes near ∂W̃ , and g = g(x1) ≡ 1 on (−ε, 0] and vanishes near −ε̃.
Then X and its flow φt are independent of the x1-coordinate in a neighbourhood
of the boundary {x1 = 0}, and hence dφt(ν) = ν holds on ∂M .

Since the vector field X satisfies the requirements of the claim we obtain
LXu ∈ W 1,2(M) and ‖LXu‖W 1,2 ≤ C(‖f‖2 + ‖u‖W 1,2) for some constant C.
Thus ∂j∂`(u◦Φ

−1
i ) = ∂`(LXu◦Φ−1

i ) lies in L2(Vi) and (1.8) holds.
It remains to prove (1.8) for charts at the boundary and j = ` = 1. So let the

chart Ui intersect the boundary, then we have to consider the function v := u◦Φ−1
i

on V := Φi(Ui) ⊂ Rn. Let ψ be any smooth function with compact support in
the interior of V . Denote by e the unit vector in x1-direction, then for sufficiently
small t also te+ suppψ lies in V and we obtain

∫

V

1
t

(
∂1v(x+ te)− ∂1v(x)

)
ψ(x) dnx

= 1
t

(∫

te+suppψ

∂1v(y)ψ(y − te) dny −
∫

suppψ

∂1v(x)ψ(x) dnx

)

=

∫

V

∂1v(x)
1
t

(
ψ(x− te)− ψ(x)

)
dnx

−→
t→0
−
∫

V

∂1v(x)∂1ψ(x) dnx. (1.9)

This limit is estimated using the coordinate expression of the functional A,

∣∣∣∣
∫

V

∂1v ∂1ψ

∣∣∣∣ =
∣∣∣∣
∫

V

1
g11

(∑

i,j

gij∂iv ∂jψ −
∑

i·j>1

gij∂iv ∂jψ
)∣∣∣∣

≤
∥∥ 1
g11

∥∥
∞
∣∣A(u, ψ)− 〈 u , ψ 〉

∣∣+
∑

i·j>1

∣∣∣∣
∫

V

gij

g11
∂iv ∂jψ

∣∣∣∣

=
∥∥ 1
g11

∥∥
∞
∣∣〈 f − u , ψ 〉

∣∣+
∑

i·j>1

∣∣∣∣
∫

V

∂j

(
gij

g11
∂iv
)
ψ

∣∣∣∣

≤ C ′
(
‖f‖2 + ‖u‖2 +

∑

i·j>1

∥∥∥∂j
(
gij

g11
∂iv
)∥∥∥

2

)
‖ψ‖2

≤ C
(
‖f‖2 + ‖u‖W 1,2

)
‖ψ‖2. (1.10)

Here the partial integration works just as in (1.9), and we have used the results
on ∂j∂iv when either i or j differs from 1. The constants C ′, C are finite since the
metric and its inverse are smooth and positive definite on the closure of V .

Now (1.10) holds for all ψ ∈ C∞(V ) that are compactly supported in the
interior of V , but these form a dense subset of L2(V ). So the limit in (1.9) can be
extended to a continuous linear functional on L2(V ), i.e. there exists F ∈ L2(V )
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with ‖F‖2 ≤ C(‖f‖2 + ‖u‖W 1,2) such that for all ψ ∈ L2(V )
∫

V

1
t

(
∂1v(x + te)− ∂1v(x)

)
ψ(x) dnx −→

t→0

∫

V

Fψ.

Thus ∂1∂1v = F weakly exists, lies in L2(V ), and satisfies the estimate

‖∂1∂1v‖2 ≤ C
(
‖f‖2 + ‖u‖W 1,2

)
.

This finishes the proof in the case k = 0.

Now we assume the theorem to hold for some k ≥ 0, then the induction step
is to first establish the claim for k + 1 and then deduce the theorem for k + 1.

Induction step for the claim (k + 1 ≥ 1):

Let f ∈W k+1,2(M) and u ∈ W k+2,2(M) satisfy (1.2) and let X be as assumed in
the claim. Then from the calculation (1.6) one obtains for all ψ ∈ W 1,2(M)

A(LXu , ψ) =
〈
LXf + (f − u) · divX + ∗d

(
HS0(du)

)
, ψ
〉
. (1.11)

Indeed, in the first and second term of (1.6)

−〈 f , D−tψ 〉 = 1
t

[∫

M

φ∗−t
(
φ∗t f · ψ · φ∗t dvolM

)
−
∫

M

f · ψ · dvolM

]

=

∫

M

Dtf · ψ · dvolM +

∫

M

φ∗t f · ψ ·Dt dvolM

−→
t→0

∫

M

LXf · ψ · dvolM +

∫

M

f · ψ · divX · dvolM ,

−
∫

M

dψ ∧HSt(dφ
∗
tu)

=

∫

M

ψ · d
(
HSt(dφ

∗
tu)
)

− 1
t

[∫

∂M

ψ · (φ∗t du)(νφ∗
t g

) · φ∗t dvol∂M −
∫

∂M

ψ · (φ∗t du)(νg) · dvol∂M

]

−→
t→0

∫

M

ψ · d
(
HS0(du)

)
.

Here we used the fact from lemma 5.6 (i) that ∗gA|∂M = A(νg) dvolg,∂M for
A ∈ Ω1(M), where the dependence on the metric is indicated by subscripts. Both
boundary terms vanish since φt preserves the boundary and unit normal ν = νg ,
so (φ∗t du)(νφ∗

t g
) = dφt

u(νg) = 0 and (φ∗t du)(νg) = dφt
u(νg) = 0.

The convergence as t → 0 of the further terms in (1.6) to the terms claimed
in (1.11) is due to Dtu → LXu in W k+1,2(M), φ∗tu → u in W k+2,2(M), and
Dt dvolM → divX · dvolM uniformly.



Chapter 1. L2-Theory 27

This proves (1.11). Now the induction hypothesis (the theorem for k) implies
that in fact LXu ∈W k+2,2(M) and for some constants C and C ′

‖LXu‖Wk+2,2 ≤ C
∥∥LXf + (f − u) · divX + ∗d

(
HS0(du)

)∥∥
Wk,2

≤ C ′
(
‖f‖Wk+1,2 + ‖u‖Wk+2,2

)
.

In case k+1 ≥ 2 this induction step can be proven by an even easier argument
(which however requires u ∈W 3,2(M)):

From remark 1.6 one sees that u is in fact a strong solution of (1.3). Now LXu
also meets the Neumann boundary condition:

∂LXu
∂ν

∣∣
∂M

=
(
LX ∂u

∂ν

)∣∣
∂M
−L[X,ν]u

∣∣
∂M

= 0.

This is due to the fact that ∂u
∂ν

vanishes on ∂M , X is tangential to ∂M , and its
flow preserves ν, so the Lie bracket [X, ν] = LXν vanishes on ∂M .

Also observe that [∆,LX ] is a second order operator (this is clear from the
local formula), and hence (1.3) provides

∆LXu+ LXu = LXf + [∆,LX ]u ∈W k,2(M).

So LXu solves (1.3) with f replaced by LXf + [∆,LX ]u ∈ W k,2(M). Then the
induction hypothesis (the theorem for k) implies that LXu ∈ W k+2,2(M) and for
some constants C, C ′

‖LXu‖Wk+2,2 ≤ C
(
‖LXf‖Wk,2 + ‖[∆,LX ]u‖Wk,2

)

≤ C ′
(
‖f‖Wk+1,2 + ‖u‖Wk+2,2

)
.

Induction step for the theorem (k + 1 ≥ 1):

Assume the theorem to hold for k ≥ 0 and let f ∈ W k+1,2(M). Then it is already
known that u ∈ W k+2,2(M) and thus is a strong solution of (1.3). Now choose
an atlas as in the case k = 0, then the task is to prove that ∂j∂`(u◦Φ

−1
i ) lies in

W k+1,2(Vi) for all i = 1, . . .N and j, ` = 1, . . . n and that for some finite constant
C

‖∂j∂`(u◦Φ−1
i )‖Wk+1,2 ≤ C

(
‖f‖Wk+1,2 + ‖u‖Wk+2,2

)
. (1.12)

The estimate (1.4) then follows as for k = 0 from lemma E.3, the uniqueness of u,
and the compactness of the embedding W k+3,2(M) ↪→W k+2,2(M).

Also as for k = 0 the established claim (for k + 1) fulfills this task in all cases
except for when Ui intersects the boundary ∂M and j = ` = 1. In that case
denote v := u◦Φ−1

i and V := Φi(Ui) ⊂ Rn and simply use the local formula for
the Laplace operator,

∂1∂1v = 1
g11

(
∆v −

∑

i·j>1

gij∂i∂jv +
∑

i,j,`

gijΓ`ij∂`v
)
.
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Every term on the right hand side lies in W k+1,2(V ): For the first term this is
due to the assumption ∆v = f◦Φ−1

i − v. In the second term there are only second
derivatives of v that were already covered by the claim and the first derivatives of v
in the third term lie in W k+1,2(V ) since u ∈W k+2,2(M). Moreover, the metric, its
inverse, and the Christoffel symbols are smooth and g11 is bounded away from zero
since the inverse metric is positive definite. This proves that ∂1∂1v ∈ W k+1,2(V )
and the estimate (1.12) also follows from the induction hypothesis and the claim:

‖∂1∂1v‖Wk+1,2

≤
∥∥ 1
g11

∥∥
∞

(
‖f◦Φ−1

i − v‖Wk+1,2 +
∑

i·j>1

‖gij‖Wk+1,∞‖∂i∂jv‖Wk+1,2

+
∑

`

∥∥∥
∑

i,j

gijΓ`ij

∥∥∥
Wk+1,∞

‖∂`v‖Wk+1,2

)

≤ C
(
‖f‖Wk+1,2 + ‖u‖Wk+2,2

)

for some finite constant C. This finishes the proof. 2

Now all the hard work is done and we can prove the regularity theorem.

Proof of theorem 1.3 :
Let u ∈ D(M) and f ∈ W k,2(M) solve (wNP). By remark 1.2 (iii) we can assume
u ∈ W `,2(M) for some ` ∈ Z and then prove u ∈ W k+2,2(M) by bootstrapping `.
The equation for this procedure is provided by the assumption:

〈u , ∆ψ + ψ 〉 = 〈 f + u , ψ 〉 ∀ψ ∈ C∞ν (M). (1.13)

Now depending on the regularity u ∈ W `,2(M) that is already established
different arguments apply to prove that u is of even higher regularity, up to
W k+2,2(M):

If ` ≤ −2 and ` ≤ k then f + u ∈ W `,2(M) and thus

|〈u , ∆ψ + ψ 〉| ≤ ‖f + u‖W `,2‖ψ‖W−`,2 ∀ψ ∈ C∞ν (M).

Now given any φ ∈ C∞(M) we use theorem 1.8 to find ψ ∈ C∞ν (M) that solves
∆ψ+ψ = φ and also meets ‖ψ‖W−`,2 ≤ C‖φ‖W−`−2,2 for some constant C. Hence
u ∈ W `+2,2(M) since for some other constant C ′

|〈u , φ 〉| ≤ C ′‖φ‖W−`−2,2 ∀φ ∈ C∞(M).

In case k ≤ −2 one can repeat this argument to obtain u ∈ W k+2,2(M), which
finishes the proof. For k ≥ −1 the iteration of the argument stops at u ∈ L2(M).
Then the bootstrapping proceeds with the following argument starting at ` = −1.

In case −1 ≤ ` ≤ k theorem 1.8 (with f replaced by f+u ∈ W `,2(M)) provides
ũ ∈ W `+2,2(M) such that

〈 ũ , ∆ψ + ψ 〉 = 〈 f + u , ψ 〉 ∀ψ ∈ C∞ν (M).
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But now as before ∆ψ+ψ runs through all of C∞(M) and by assumption u solves
the same equation as ũ, hence

〈 ũ− u , φ 〉 = 0 ∀φ ∈ C∞(M).

This implies u = ũ ∈ W `+2,2(M) and this argument can be repeated up to ` = k
to prove u ∈ W k+2,2(M). 2

As a first consequence of the regularity theorem we can determine the solutions
of the homogeneous Neumann problem:

Corollary 1.9 If u ∈ D(M) solves the homogeneous Neumann problem, (wNP)
with f = 0, then u is a constant function on M . Conversely, every constant
function solves the homogeneous Neumann problem.

Proof: Assume u ∈ D(M) is a weak solution of the homogeneous Neumann prob-
lem, then theorem 1.3 implies that u ∈ ⋂k∈N

W k,2(M) = C∞(M), and so by
lemma N it actually is a strong solution. Thus Stokes’ theorem can be applied to
deduce that du = 0:

‖du‖22 =

∫

M

du ∧ ∗du =

∫

M

u∆u dvolM +

∫

∂M

u ∂u
∂ν

dvol∂M = 0.

Hence u must be constant. On the other hand, every constant function obviously
solves the homogeneous Neumann problem in the strong sense. 2

This corollary answers the question of uniqueness: every solution of the Neu-
mann problem is unique up to adding a constant. Moreover, this uniqueness result
is essential for the proof of the second estimate in theorem 1.4.

Proof of theorem 1.4 :
The first estimate follows directly from the estimate for the operator ∆+1: Every
u ∈W k+2,2(M) with ∂u

∂ν
= 0 obviously is a solution of (1.3) with f = ∆u+ u. By

remark 1.6 it also solves (1.2) and hence theorem 1.8 provides a finite constant C
such that

‖u‖Wk+2,2 ≤ C‖f‖Wk,2 ≤ C
(
‖∆u‖Wk,2 + ‖u‖Wk,2

)
.

This estimate can be improved by using the corresponding estimate for the term
‖u‖Wk,2 on the right hand side. But there will always remain some term in addition
to ‖∆u‖Wk,2 due to the fact that the Laplace operator is not injective on the
considered space of functions. This is the reason for the restriction to functions
with zero mean value for the second estimate. For these corollary 1.9 provides the
injectivity.

So let X ⊂W k+2,2(M) be the subspace of functions with Neumann boundary
condition and zero mean value. Then ∆ : X → W k,2(M) is a bounded injective
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linear operator and the inclusion X ↪→ W k,2(M) is compact by the Sobolev em-
bedding theorem B.2. Now a consequence of the closed graph theorem, lemma E.3,
implies the second estimate. 2

For the existence consider the Laplace operator as unbounded operator on
L2(M) with domain

W 2,2
ν (M) :=

{
u ∈ W 2,2(M)

∣∣ ∂u
∂ν

= 0
}
.

Proof of theorem 1.5 :
Firstly, if u ∈ W k+2,2(M) solves (NP) then by lemma N it also solves (wNP).
Testing (wNP) with ψ ≡ 1 then yields

∫
M
f = 0.

In order to prove the sufficiency of this condition for the existence of a solution
it suffices to consider the case k = 0. In case k ≥ 1 the higher regularity of the
unique solution then follows from theorem 1.3.

Firstly, the Laplace operator ∆ with domain W 2,2
ν (M) is densely defined on

L2(M). Indeed, the set of smooth functions with compact support in the interior
of M is a subset of W 2,2

ν (M) and a dense subset of L2(M).

Secondly, our operator is symmetric: For every u, v ∈ W 2,2
ν (M) Stokes’ theorem

yields

〈∆u , v 〉 =

∫

M

dv ∧ ∗du−
∫

∂M

(
v ∂u
∂ν
− u ∂v

∂ν

)
dvol∂M = 〈 u , ∆v 〉 .

Next, the image im(∆) is closed. To see this consider a sequence un ∈W 2,2
ν (M)

such that ∆un converges to some f ∈ L2(M). One can add a constant to every un
to achieve

∫
M
un = 0 but not change the sequence ∆un. Then the second estimate

from theorem 1.4 implies that un is a Cauchy sequence in W 2,2(M):

‖un − um‖W 2,2 ≤ C‖∆un −∆um‖2 −→
m,n→∞

0.

Thus the un converge to some u ∈ W 2,2(M). Due to the continuity of the embed-
ding W 1,2(M) ↪→ L1(∂M) (theorem B.10) and by the continuity of the operator
∆ : W 2,2(M) → L2(M), this limit solves ∂u

∂ν
= 0 and f = ∆u. Hence f also lies

in im(∆) = ∆(W 2,2
ν (M)).

The first two facts already imply ker(∆) = im(∆)⊥: For u ∈W 2,2
ν (M)

∆u = 0 ⇐⇒ 〈∆u , ψ 〉 = 0 ∀ψ ∈ L2(M)

⇐⇒ 〈∆u , ψ 〉 = 0 ∀ψ ∈W 2,2
ν (M)

⇐⇒ 〈u , ∆ψ 〉 = 0 ∀ψ ∈W 2,2
ν (M)

⇐⇒ u ∈ im(∆)⊥,
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hence ker(∆) = im(∆)⊥∩W 2,2
ν (M). But im(∆)⊥∩W 2,2

ν (M) = im(∆)⊥ since every
function orthogonal to im(∆) is a weak solution of the homogeneous Neumann
problem and thus by corollary 1.9 automatically lies in W 2,2

ν (M).
Moreover, im(∆) is closed and im(∆)⊥ = ker(∆), hence taking the orthogo-

nal complement implies im(∆) = ker(∆)⊥ and this proves the theorem: There
exists a solution u ∈ W 2,2

ν (M) of ∆u = f if and only if the function f lies in
im(∆) = ker(∆)⊥, that is 〈 f , c 〉 = 0 for all constants c, and this is just the
condition that f has vanishing mean value,

∫
M
f = 0. 2

We also note the following consequence for the Laplace operator.

Corollary 1.10 The Hodge Laplace operator ∆ with domain W 2,2
ν (M) is a self-

adjoint operator on L2(M).

Proof: In the preceding proof we have already established that this operator is
densely defined and symmetric. This also implies that the domain of the dual
operator

D∗ =
{
u ∈ L2(M)

∣∣ | 〈u , ∆ψ 〉 | ≤ C‖ψ‖2 ∀ψ ∈W 2,2
ν (M)

}

contains the domain D = W 2,2
ν (M). But actually D = D∗ and thus the op-

erator is selfadjoint. To see this note that for every u ∈ D∗ the density of
W 2,2
ν (M) ⊂ L2(M) implies that ψ 7→ 〈u , ∆ψ 〉 extends to a continuous linear func-

tional on L2(M). Hence there exists an f ∈ L2(M) such that 〈 u , ∆ψ 〉 = 〈 f , ψ 〉
for all ψ ∈ C∞ν (M). Then the regularity theorem 1.3 and lemma N imply that
u ∈W 2,2

ν (M). 2





Chapter 2

Lp-Theory

In this chapter we extend the existence and regularity results to Lp-spaces for
1 < p <∞.

Theorem 2.1 Let k ∈ N0 and suppose that u ∈ D(M) is a weak solution of the
Neumann problem (wNP) with f ∈ W k,p(M). Then u ∈W k+2,p(M).

Theorem 2.2 Let f ∈ W k,p(M) for some k ∈ N0. Then there exists a solution
u ∈W k+2,p(M) of (NP) if and only if

∫
M
f = 0. This solution is unique up to an

additive constant.

These two theorems are corollaries of the L2-results once the following elliptic
estimate is established.

Theorem 2.3 For every k ∈ N0 and 1 < p <∞ there exist constants C, C ′ such
that for every u ∈W k+2,p(M)

‖u‖Wk+2,p ≤ C
(
‖∆u‖Wk,p + ‖u‖Wk+1,p

)
if ∂u

∂ν
= 0,

‖u‖Wk+2,p ≤ C ′‖∆u‖Wk,p if ∂u
∂ν

= 0 and
∫
M
u = 0.

Theorem 2.1 generalizes the L2-regularity theorem 1.3 for f ∈ W k,2(M) with
k ∈ N0. The generalization of the assumption f ∈ W−k,2(M) with k ∈ N to the
case p 6= 2 is f ∈ W−k,p(M) := (W k,p∗(M))∗ ⊂ D(M), where p∗ = p

p−1 is the
dual Sobolev exponent. This leads to the following extension of the theorems 2.1
and 2.3.

Theorem 2.3′ For every k ∈ N and 1 < p < ∞ there exists a constants C
such that the following holds: Suppose that u ∈ D(M) is a weak solution of the
Neumann problem (wNP) for f ∈W−k,p(M). Then u ∈W−k+2,p(M) and

‖u‖W−k+2,p ≤ C
(
‖f‖W−k,p + | 〈u , 1 〉 |

)
.

33
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The proof of theorem 2.3’ in case k = 1 will rely on theorem 4.3, which is
proven independently of theorem 2.3 ’. In fact, there is no application of theorem
2.3 ’ in this book – we only included it for the sake of completeness.

Remark 2.4

(i) In theorem 2.3 ′ we denote by 1 the constant function ψ ≡ 1 on M . So if

u ∈ Lp(M), then | 〈u, 1 〉 | ≤ (VolM)
1
p
∗

‖u‖p .

(ii) Let u ∈ Lp(M) and suppose that for some constant cu
∣∣∣∣
∫

M

u ·∆ψ
∣∣∣∣ ≤ cu‖ψ‖W 1,p∗ ∀ψ ∈ C∞ν (M).

Then u solves (wNP) for some f ∈ W−1,p(M) with ‖f‖W−1,p ≤ cu (to see
this use the Hahn-Banach theorem, e.g. [R, Thm.5.16] ). So theorem 2.3 ′

asserts that u ∈W 1,p(M) and for some constant C

‖u‖W 1,p ≤ C
(
cu + ‖u‖p

)
.

Proof of theorem 2.3 :
By corollary 1.9 the Hodge Laplace operator is injective when restricted to the
domain of functions u ∈W k+2,p(M) that satisfy ∂u

∂ν
= 0 and

∫
M
u = 0. Moreover,

the embedding W k+2,p(M) ↪→ W k+1,p(M) is compact. Hence by lemma E.3 the
second estimate follows from the first one. So it remains to prove the first estimate.
We will first consider functions u ∈W 2,p(Rn) with compact support and establish
the Calderon-Zygmund inequality for general W 1,∞-metrics on Rn,

‖u‖W 2,p ≤ C
(
‖∆u‖p + ‖u‖W 1,p

)
. (2.1)

We then use a patching argument to prove the theorem in the case k = 0. Finally,
we establish the estimate for k ≥ 1 by induction.

Step 1 (Euclidean metric on Rn) : The Calderon-Zygmund inequality implies the

estimate (2.1) with the Euclidean metric on Rn: For u ∈W 2,p(Rn) with compact
support we obtain from theorem C.3

‖u‖W 2,p ≤ ‖u‖W 1,p + ‖∇2u‖p ≤ ‖u‖W 1,p + C0‖∆u‖p.

The constant C0 in the Calderon-Zygmund inequality only depends on 1 < p <∞.

Step 2 (Constant metric on Rn) : We extend the estimate (2.1) for functions with
compact support to all constant metrics g ≡ (Gij)i,j=1,...,n :

Let ∇g , ∆g , and ‖ · ‖g,Wk,p denote the Levi-Civita connection, the Laplace
operator, and the W k,p-metric with respect to a metric g. The estimate in step 1
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then holds for ∇1l, ∆1l and ‖ · ‖1l,Wk,p . Since G is a symmetric, positive definite,
real matrix, there is a linear diffeomorphism Ψ : Rn → Rn such that Ψ∗g = 1l (i.e.
ΨTGΨ = 1l). Now consider u ∈ W 2,p(Rn) with compact support. Then step 1
applies to u◦Ψ (which obviously also is W 2,p-regular with compact support),

‖∇2
gu‖g,Lp = ‖∇2

Ψ∗g(u◦Ψ)‖Ψ∗g,Lp ≤ C0‖∆Ψ∗g(u◦Ψ)‖Ψ∗g,Lp = C0‖∆gu‖g,Lp .

Here we have used the naturality of ∇ and ∆, that is ∇2
Ψ∗g(u◦Ψ) = Ψ∗(∇2

gu) and
∆Ψ∗g(u◦Ψ) = (∆gu)◦Ψ. Now the claimed estimate follows,

‖u‖g,W 2,p ≤ ‖u‖g,W 1,p + ‖∇2
gu‖g,Lp ≤ ‖u‖g,W 1,p + C0‖∆gu‖g,Lp .

Step 3 (Metric L∞-close to a constant metric on Rn) :

Let g0 ∈ Rn×n be some constant metric on Rn. Then we find ε > 0 such that
for all compact subsets B ⊂ Rn and for all metrics g ∈ W 1,∞(B,Rn×n) with
‖g − g0‖g0,L∞(B) ≤ ε there exists a constant C such that the (2.1) holds for all
u ∈W 2,p(Rn) with suppu ⊂ B.

Firstly, we choose ε > 0 such that ‖√det g −√det g0‖L∞(B) ≤ 1
2

√
det g0 and thus

1
2

√
det g ≤

√
det g0 ≤ 2

√
det g.

This ensures that the Lp-norms on B with respect to g and g0 are equivalent: For
every f ∈ Lp(Rn)

1
2‖f‖g,Lp(B) ≤ ‖f‖g0,Lp(B) ≤ 2‖f‖g,Lp(B). (2.2)

In the following, all Sobolev norms are to be understood as taken over B. The
above equivalence actually does not require g to be close to g0 if we fix B and
allow for any constant instead of 2. However, the control of |g−g0| on B is crucial
for comparing the Laplace operators for the two metrics:

∣∣∆gu−∆g0u
∣∣ =

∣∣(gij − gij0
)
∂i∂ju− gijΓkij∂ku

∣∣
≤
∥∥g−1 − g−1

0

∥∥
g0,L∞(B)

∣∣∇2
g0
u
∣∣
g0

+ C
∣∣∇u

∣∣
g0
.

Here ∇g and | · |g denote the Levi-Civita connection and the pointwise norm on
tensors with respect to a metric g respectively. Note that for functions ∇gu = du
as well as |u|g is actually independent of the metric, so in that case we drop the
subscript indicating the metric. Moreover, the Christoffel symbols Γkij for g are
bounded on B, giving rise to the constant C, and the Christoffel symbols for g0

vanish. We now insert ∆gu into the estimate from step 2,
∥∥∇2

g0
u
∥∥
g0,Lp

≤ C0

∥∥∆g0u
∥∥
g0,Lp

≤ C0

∥∥∆gu
∥∥
g0,Lp + C0

∥∥∆gu−∆g0u
∥∥
g0,Lp

≤ C0

∥∥∆gu
∥∥
g0,Lp + C0

(∥∥g−1 − g−1
0

∥∥
g0,L∞

∥∥∇2
g0
u
∥∥
g0,Lp + C

∥∥∇u
∥∥
g0,Lp

)
.
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Now it is crucial to choose ε > 0 such that C0

∥∥g−1−g−1
0

∥∥
g0,L∞(B)

≤ 1
2 , since then

this inequality can be rearranged to

∥∥∇2
g0
u
∥∥
g0,Lp ≤ 2C0

∥∥∆gu
∥∥
g0,Lp + 2C0C

∥∥∇u
∥∥
g0,Lp . (2.3)

Next, it is again enough to have a W 1,∞-bound on g in order to estimate the
following norm of 2-tensors on B,

∣∣∇2
gu−∇2

g0
u
∣∣
g

=
∣∣Γkij∂ku

∣∣
g
≤ C

∣∣∇u
∣∣
g
.

As before, the constant C depends on g. We then obtain

∥∥∇2
gu
∥∥
g,Lp ≤

∥∥∇2
g0
u
∥∥
g,Lp + C

∥∥∇u
∥∥
g,Lp ≤ 4

∥∥∇2
g0
u
∥∥
g0,Lp + C

∥∥∇u
∥∥
g,Lp . (2.4)

Here the second step uses (2.2) and the equivalence of the pointwise norms on
2-tensors, ∣∣∇2

g0
u
∣∣
g
≤ 2
∣∣∇2

g0
u
∣∣
g0
.

This again requires a small choice of ε > 0, which however is independent of B.
Similarly, we will have

|∇u|g0 ≤ 2|∇u|g.
Finally, we put (2.3) and (2.4) together to obtain for all u ∈ W 2,p(Rn) with support
suppu ⊂ B

‖u‖g,W 2,p ≤
∥∥∇2

gu
∥∥
g,Lp + ‖u‖g,W 1,p

≤ 4
∥∥∇2

g0
u
∥∥
g0,Lp + (C + 1)‖u‖g,W 1,p

≤ 8C0

∥∥∆gu
∥∥
g0,Lp + 8C0C

∥∥∇u
∥∥
g0,Lp + (C + 1)‖u‖g,W 1,p

≤ C ′
(∥∥∆gu

∥∥
g,Lp + ‖u‖g,W 1,p

)
.

The last step again uses (2.2), and the finite constant C ′ will depend on g.

Step 4 (General metric on Rn) :

For every compact subset K ⊂ Rn equipped with a metric g ∈ W 1,∞(K,Rn×n)
we find a constant C such that (2.1) holds for all u ∈ W 2,p(Rn) with support
suppu ⊂ K.

Fix any x ∈ K and let ε > 0 be the constant from step 3 for the metric g0 = g(x).
Since the metric g is continuous, we then have ‖g−g(x)‖g(x),L∞ ≤ ε on some open
Euclidean ball Bδ(x)(x) ⊂ Rn with δ(x) > 0. The compact set K is covered by
finitely many of these balls, K ⊂ B1∪. . .∪BN . For each ball Bi, the estimate (2.1)
holds by step 3 with some constant Ci for all u ∈W 2,p(Rn) with suppu ⊂ Bi.

Next, we choose a partition of unity φi ∈ C∞(Rn, [0, 1])), suppφi ⊂ Bi such

that
∑N

i=1 φi
∣∣
K
≡ 1. Then for any u ∈ W 2,p(Rn) and i = 1, . . . , N step 3 applies
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to φiu ∈W 2,p(Rn) and yields

‖φiu‖W 2,p(Bi) ≤ Ci
(
‖∆(φiu)‖Lp(Bi) + ‖φiu‖W 1,p(Bi)

)

≤ C ′i
(
‖∆u‖Lp(K) + ‖u‖W 1,p(K)

)
.

Here all norms and operators are defined with respect to the metric g, and the
new constants C ′i depend on ‖φi‖W 2,∞ . Summing this up yields the claim with

C =
∑N

i=1 C
′
i,

‖u‖W 2,p(K) ≤
N∑

i=1

‖φiu‖W 2,p(Bi) ≤ C
(
‖∆u‖Lp(K) + ‖u‖W 1,p(K)

)
.

Step 5 (Proof in case k = 0) :

Since M is compact it is covered by finitely many coordinate charts ψi : Ui →M
for i = 1, . . . , N . In the interior, the domains Ui of the coordinate charts can be
chosen as the open unit ball Ui = Dn ⊂ Rn. At the boundary, the coordinate
charts Ui can be chosen as Ui = [0, 1) × Dn−1 ⊂ Rn. This construction uses
a coordinate chart of ∂M defined on Dn−1 ⊂ Rn−1 and combines it whith the
flow of a vector field −ν̃ that extends −ν. If we denote the normal coordinate by
x0 ∈ [0, 1), then this construction maps {x0 = 0} to ∂M , and the pullback of the
outer unit normal is ψ∗ν = − ∂

∂x0 . In both cases we equip Ui with the (smooth)
pullback metric ψ∗i g induced by the metric on M .

Moreover, we choose a subordinate partition of unity φi ∈ C∞(M, [0, 1]),

suppφi ⊂ ψi(Ui) such that
∑N

i=1 φi ≡ 1 on M . This can be constructed such
that ∂

∂ν
φi = 0 : We start off with a partition of unity on ∂M subordinate to

the cover by ψi(Ui) ∩ ∂M . These functions can be extended constantly along the
flowlines of ν̃ to give a partition of unity in a tubular neighbourhood of ∂M , sup-
ported in the ψi([0, 1)×Dn−1. One can then interpolate via a cutoff function on
M between this partition and any given partition of unity on the the cover of M
by all ψi(Ui).

Now let a function u ∈ W 2,p(M) with ∂
∂ν
u = 0 be given. We write it as

u =
∑N

i=1 φiu and note that ψ∗i (φiu) ∈ W 2,p(Ui). In the interior case Ui = D1

this function is supported in the open ball D1 and thus extends trivially to a
W 2,p-function on Rn. So we apply step 4 with the metric ψ∗i g to obtain

‖φiu‖W 2,p(ψi(Ui)) = ‖ψ∗i (φiu)‖ψ∗
i g,W

2,p(Ui)

≤ Ci
(
‖∆ψ∗

i g
ψ∗i (φiu)‖ψ∗

i g,L
p(Ui) + ‖ψ∗i (φiu)‖ψ∗

i g,W
1,p(Ui)

)

≤ C ′i
(
‖∆u‖Lp(ψi(Ui)) + ‖u‖W 1,p(ψi(Ui))

)
. (2.5)

Here the final constant C ′i includes a bound on the first and second derivatives of
the cutoff function φi ∈ C∞(M).

In the boundary case, when Ui = [0, 1)×Dn−1, we need to use the boundary
condition on u, which becomes ∂

∂x0 (ψ∗i u)
∣∣
x0=0

= 0 in the coordinates. Due to the
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appropriate construction of the φi we also have

∂

∂x0
(ψ∗i (φiu))

∣∣∣
x0=0

= −
(∂φi
∂ν

u+ φi
∂u

∂ν

)
◦ψi
∣∣∣
x0=0

= 0.

This allows us to extend ψ∗i (φiu) across the boundary as follows: We denote the
coordinates by (x0, x) ∈ (−1, 1)×Dn−1 and introduce the reflection

τ :
(−1, 0]×Dn−1 −→ [0, 1)×Dn−1

(x0, x) 7−→ (−x0, x)

We then extend ψ∗i (φiu) ∈ W 2,p([0, 1)×Dn−1) to ũi ∈W 2,p((−1, 1)×Dn−1) by

ũi(x0, x) =

{
ψ∗i (φiu) (x0, x), x0 ≥ 0

τ∗ψ∗i (φiu) (x0, x) = ψ∗i (φiu) (−x0, x), x0 ≤ 0.

This indeed defines a W 2,p-regular function since ∂
∂x0 ũi

∣∣
x0=0

= 0 is welldefined.

Now ũi is supported in the open domain (−1, 1)×Dn−1 ⊂ Rn, so we could apply
the estimate in step 4 to it. For that purpose we also extend the metric ψ∗i g to a
metric g̃i ∈W 1,∞((−1, 1)×Dn−1,Rn×n) by the same reflection,

g̃i(x0, x) =

{
ψ∗i g (x0, x), x0 ≥ 0

τ∗ψ∗i g (x0, x), x0 ≤ 0.

To see that this metric is W 1,∞-regular we only need to check its continity at
x0 = 0. This is automatic from the construction except for the pairing of ∂

∂x0 with
tangent vectors X to Dn−1. For that pairing recall that ψi maps {0} ×Dn−1 to
∂M , which is perpendicular to ν. So we indeed obtain continuity:

ψ∗i g(
∂
∂x0 , X) = g(−ν, (ψi)∗X) = 0 = g(ν, (ψi)∗X) = τ∗ψ∗i g(

∂
∂x0 , X).

We can thus apply the estimate in step 4 on K = (−1, 1)×Dn−1 with the metric
g̃i to the function ũi. Dropping the subscript i and denoting D = Dn−1 this yields

‖ũ‖g̃,W 2,p(K)

≤ C
(
‖∆g̃ũ‖g̃,Lp(K) + ‖ũ‖g̃,W 1,p(K)

)

≤ C
(
‖∆ψ∗gψ

∗(φu)‖ψ∗g,Lp((0,1)×D) + ‖∆τ∗ψ∗gτ
∗ψ∗(φu)‖τ∗ψ∗g,Lp((−1,0)×D)

+‖ψ∗(φu)‖ψ∗g,W 1,p((0,1)×D) + ‖τ∗ψ∗(φu)‖τ∗ψ∗g,W 1,p((−1,0)×D)

)

= 2C
(
‖∆(φu)‖Lp(ψ(U)) + ‖φu‖W 1,p(ψ(U))

)

≤ C ′
(
‖∆u‖Lp(ψ(U)) + ‖u‖W 1,p(ψ(U))

)
.
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Here the constant C ′ depends on the choice of the cutoff function φ. Thus we
obtain on all coordinate patches Ui = [0, 1)×D at the boundary

‖φiu‖W 2,p(ψi(Ui))

= 1
2

(
‖ψ∗i (φiu)‖ψ∗

i g,W
2,p((0,1)×D) + ‖τ∗ψ∗i (φiu)‖τ∗ψ∗

i g,W
2,p((−1,0)×D)

)

= 1
2‖ũ‖g̃,W 2,p((−1,1)×D)

≤ C ′i
(
‖∆u‖Lp(ψi(Ui)) + ‖u‖W 1,p(ψi(Ui))

)
. (2.6)

Now we can sum up over all coordinate patches, using (2.5) and (2.6) respectively
for the interior and boundary patches,

‖u‖W 2,p(M) ≤
N∑

i=1

‖φiu‖W 2,p(ψi(Ui)) ≤ C
(
‖∆u‖Lp(M) + ‖u‖W 1,p(M)

)
.

This proves the first estimate in the theorem for k = 0 with the constant C =∑N
i=1 C

′
i. The second estimate follows from the injectivity of the operator as ex-

plained in the beginning.

Step 6 (Proof in case k ≥ 1) :

For k ≥ 1 the theorem now follows by induction. It remains to prove the first
estimate and here the induction step works as in the proof of theorem 1.8 so we
only give a sketch:

Assume the estimate to hold for some ` ≥ 0. First consider vector fields X on
M that are tangential to ∂M and satisfy [LX ,Lν ] = 0. (This holds when the flow
of X preserves ν since [LX ,Lν ] = LLXν .) Then for u ∈ W `+3,p(M) with ∂u

∂ν
= 0

one also has ∂
∂ν
LXu = 0, and since [∆,LX ] is a second order operator one obtains

from the induction hypothesis

‖LXu‖W `+2,p ≤ C
(
‖∆LXu‖W `,p + ‖u‖W `+1,p

)

≤ CX
(
‖∆u‖W `+1,p + ‖u‖W `+2,p

)
.

The constant CX depends on X . This estimate can be applied to X being any
cut off coordinate vector field except for the normal direction on charts near the
boundary. On these charts it remains to consider the `+3-rd derivative of u in the
normal direction. Here one can use the local formula of ∆u to express the second
normal derivative of u by ∆u and other derivatives of u for which the estimate
was already established. Thus one obtains the estimate for k = `+ 1,

‖u‖W `+3,p ≤ C
(
‖∆u‖W `+1,p + ‖u‖W `+2,p

)
.

2



40 The Neumann Problem

Proof of theorem 2.2 :
The necessity of the condition

∫
M
f = 0 for the existence of a solution of the

Neumann problem follows as in the case p = 2: If u ∈ W k+2,p(M) solves (NP)
then by lemma N it also solves (wNP), which (tested with ψ ≡ 1) yields

∫
M
f = 0.

In order to prove the sufficiency of that condition let f ∈ W k,p(M) be given
such that

∫
M
f = 0. Choose a sequence f̃i ∈ C∞(M) that converges to f in the

Lp-norm. Then also
∫
M
f̃i converges to

∫
M
f = 0 since M has finite volume. Thus

fi := f̃i − 1
Vol(M)

∫

M

f̃i ∈ C∞(M)

is a sequence of functions with vanishing mean value that still converges to f in
the Lp-norm. Then the L2-theorems 1.5 and 1.3 provide solutions ui ∈ C∞(M) of
the Neumann problem (NP) with f replaced by fi. We can choose the ui to have
vanishing mean value such that theorem 2.3 provides

‖ui − uj‖W 2,p ≤ C‖∆ui −∆uj‖p = C‖fi − fj‖p −→
i,j→∞

0.

Thus these ui converge to some u ∈ W 2,p(M). The limit solves ∆u = f due to
the continuity of ∆ : W 2,p(M) → Lp(M) and theorem B.10 implies that u also
meets the Neumann boundary condition. Uniqueness follows from corollary 1.9. 2

Proof of theorem 2.1 :
From the already established theorem 2.2 we obtain a solution ũ ∈W k+2,p(M) of
the Neumann problem (NP) for any given f ∈ W k,p(M). By lemma N this also is
a weak solution, hence for any other weak solution u ∈ D(M)

〈u− ũ , ∆ψ 〉 = 0 ∀ψ ∈ C∞ν (M).

Now for every φ ∈ C∞(M) with
∫
M
φ = 0 there exists a ψ ∈ C∞ν (M) with ∆ψ = φ

and hence

〈u− ũ− C , φ 〉 = 0.

Here we can choose the finite constant C := 1
VolM 〈 u− ũ , 1 〉 such that the equal-

ity holds in fact for all φ ∈ C∞(M). Indeed, every constant can be slotted in as
long as

∫
M
φ = 0. With the special constant the equality then also holds for φ

equalling any constant. But every integrable function can be written as a sum
of a constant and a function with vanishing mean value. Now this proves that
u = ũ+ C ∈ W k+2,p(M). 2
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Proof of theorem 2.3 ′ :
In case k ≥ 2 this theorem is a corollary of the theorems 2.2 and 2.3 : Every
φ ∈ C∞(M) can be written as φ = ∆ψ + cφ, where cφ = (VolM)−1

∫
M
φ and

ψ ∈ C∞ν (M) such that ‖ψ‖Wk,p∗ ≤ C ′‖φ − cφ‖Wk−2,p∗ . Let c := 〈u, 1 〉 then for
some constant C

|〈u− c , φ 〉| = |〈u− c , φ− cφ 〉| =
∣∣〈u , ∆ψ 〉 − c

∫
M

∆ψ
∣∣ = |〈 f , ψ 〉|

≤ C‖f‖(Wk,p∗(M))∗‖φ‖Wk,p∗ .

This inequality extends to all φ ∈W k,p∗(M) and thus proves that u− c and hence
also u lie in

(
W k,p∗(M)

)∗
with

‖u‖(Wk,p∗(M))∗ ≤ ‖u− c‖(Wk,p∗(M))∗ + ‖c‖(Wk,p∗(M))∗

≤ C‖f‖(Wk,p∗(M))∗ + (VolM)
1
p | 〈u , 1 〉 |.

In case k = 1 the theorem can be proven in the same way using the fact that for
φ ∈ C∞(M) with

∫
M
φ = 0 there exists a solution ψ ∈ C∞ν (M) of ∆ψ = φ with

‖ψ‖W 1,p∗ ≤ C‖φ‖(W 1,p∗ (M))∗ . We do not prove that here, however, it follows from

theorem 4.3 1, which is proven independently of theorem 2.3 ’. 2

Again, the existence result can be reformulated as a statement about the
Laplace operator.

Corollary 2.5 For all k ∈ N0 and 1 < p <∞ the Hodge Laplace operator ∆ with
domain

W k+2,p
ν (M) :=

{
u ∈W k+2,p(M)

∣∣ ∂u
∂ν

= 0
}
.

and range W k,p(M) is a Fredholm operator of index 0.

Proof: By corollary 1.9 the kernel is finite dimensional and in fact just consists of
the constants. Theorem 2.2 asserts that the image is closed and that the cokernel
is isomorphic to the constants, too. Indeed, the vanishing of the mean value is a
closed condition on W k,p(M), and given any function in W k,p one only has to add
a constant to achieve mean value zero, i.e. a function in the image of ∆. Thus the
operator is Fredholm with index 0. 2

1Theorem 4.7 asserts that im∇′ = im∇′∇ is closed. In this case (im∇′)⊥ = H0(M,∇) are
the constants and thus φ ∈ im∇′.





Chapter 3

Inhomogeneous Boundary

Conditions

In this chapter we consider the Neumann problem with inhomogeneous boundary
conditions, {

∆u = f on M,
∂u
∂ν

= g on ∂M.
(3.1)

Throughout this chapter let 1 < p < ∞ and k ∈ N0. If f lies in W k,p(M) then
the natural space for the boundary values g is

W k+1,p
∂ (M) :=

{
G|∂M

∣∣G ∈W k+1,p(M)
} ∼= W k+1,p(M) /W k+1,p

δ (M).

Here W k+1,p
δ (M) ⊂ W k+1,p(M) is defined as the W k+1,p-closure of the set of

smooth functions on M that vanish on the boundary ∂M . We equip W k+1,p
∂ (M)

with the quotient norm

‖g‖
W

k+1,p

∂

= inf
{
‖G‖Wk+1,p

∣∣G ∈W k+1,p(M), G|∂M = g
}
.

This makes W k+1,p
∂ (M) a Banach space. (The quotient of a Banach space by a

closed subspace is indeed complete with respect to the quotient norm.) A necessary
condition for the existence of a solution u ∈W 2,p(M) of (3.1) is

∫

M

f +

∫

∂M

g = 0. (3.2)

This is due to Stokes’ theorem (of course, Stokes’ theorem only applies to smooth
functions, but this is overcome by smooth approximation of u as for lemma N):

∫

M

∆u dvolM = −
∫

M

d ∗ du = −
∫

∂M

∗du = −
∫

∂M

∂u
∂ν

dvol∂M .

The main goal of this chapter is to prove that this condition is in fact sufficient.
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Theorem 3.1 Let f ∈ Lp(M) and g ∈ W 1,p
∂ (M). Then there exists a solution

u ∈ W 2,p(M) of (3.1) if and only if (3.2) holds. This solution is unique up to an
additive constant.

This essentially follows from the existence theorem for the Neumann problem
with homogeneous boundary condition, however there is one crucial point:

One way of solving the problem is to first solve it for smooth fi and gi that
meet (3.2) and converge to f and g. The solutions ui exist since for gi ∈ C∞(∂M)
one easily finds a vi ∈ C∞(M) that satisfies the boundary condition. Then one
solves the Neumann problem (NP) with f replaced by fi − ∆vi ∈ C∞(M). It
remains to prove that these solutions ui (that can in addition be chosen to satisfy∫
M
ui = 0) converge to a solution of (3.1) in W 2,p(M). For this purpose one needs

the estimate
‖u‖W 2,p ≤ C

(
‖∆u‖p +

∥∥∂u
∂ν

∥∥
W

1,p
∂

)
(3.3)

for all u ∈ W 2,p(M) with
∫
M
u = 0. This was proven by Agmon, Douglis,

and Nirenberg in their general treatment of elliptic boundary value problems,
see [ADN, Thm.15.2] .

The alternative approach is to first find a function v ∈W 2,p(M) that satisfies
the boundary condition ∂v

∂ν
= g and then solve the Neumann problem (NP) with

f replaced by f − ∆v ∈ L2(M). But to establish the existence of v is no easier
than proving (3.3). It seems that the easiest proof is to use the explicit solution
of the Neumann problem with inhomogeneous boundary conditions on the half
space, that is convolution with the Poisson kernel. We will give this proof, from
this also deduce (3.3), and more generally obtain the following regularity result.

Theorem 3.2 (Agmon, Douglis, Nirenberg)

Let f ∈ W k,p(M) and g ∈ W k+1,p
∂ (M) for some k ∈ N0. Assume that u ∈ D(M)

is a weak solution of (3.1), that is

〈 u , ∆ψ 〉 =
∫

M

f ψ +

∫

∂M

g ψ ∀ψ ∈ C∞ν (M). (3.4)

Then u ∈ W k+2,p(M) and this actually solves (3.1) in the strong sense. Moreover,
there exist constants C,C ′ such that for all u ∈ W k+2,p(M)

‖u‖Wk+2,p ≤ C ′
(
‖∆u‖Wk,p +

∥∥∂u
∂ν

∥∥
W

k+1,p
∂

+ ‖u‖Wk+1,p

)
,

‖u‖Wk+2,p ≤ C
(
‖∆u‖Wk,p +

∥∥∂u
∂ν

∥∥
W

k+1,p
∂

)
if
∫
M
u = 0.

Remark 3.3

(i) In this theorem f and g automatically satisfy (3.2) – this follows from testing
the weak equation (3.4) with ψ ≡ 1.

(ii) As in lemma N every strong solution u ∈ W 2,p(M) of (3.1) also solves the
weak equation (3.4).



Inhomogeneous Boundary Conditions 45

(iii) We will see in the proof of theorem 3.2 that the optimal constants C and C ′

for k ∈ N0 depend continuously on the metric of M : For C ′ this dependence
is with respect to the W k+1,∞-topology, for C one has to use the W k+2,∞-
topology on the space of metrics.

The key to the previously described results is theorem C, which we now restate
and prove.

Theorem 3.4 (Agmon, Douglis, Nirenberg)
Let k ∈ N0 and 1 < p < ∞. Then there is a constant C such that for every
G ∈W k+1,p(M) there exists u ∈W k+2,p(M) that satisfies

∂u
∂ν

= G
∣∣
∂M

, ‖u‖Wk+2,p ≤ C‖G‖Wk+1,p . (3.5)

Proof: In a first step we will give an explicit construction on a bounded part of
the Euclidean half space. This will then be used for a patching construction in the
general case.

1.) Local construction:
Let a > 0, let V ⊂ Rn be a bounded domain, and equip the subset [0, a)× V of the
half space Hn+1 = [0,∞) × Rn with the coordinates (t, x) = (t, x1 . . . , xn). Then
there exists a constant C such that the following holds:

For every G ∈ W k+1,p(Hn+1) that is supported in [0, a) × V there exists
u ∈W k+2,p([0, a)× V ) such that

−∂u
∂t

∣∣
t=0

= G|t=0 and ‖u‖Wk+2,p ≤ C‖G‖Wk+1,p . (3.6)

We will prove this by an explicit construction for u, and for that purpose we
introduce the Poisson kernel on Rn+1,

K(t, x) = Kt(x) =

{
1

2ω2
log(t2 + x2) if n = 1,

− 1
(n−1)ωn+1

(t2 + |x|2)−n−1
2 if n ≥ 2.

Here ωn = 2π
n
2 Γ(n2 )−1 is the volume of the unit sphere in Rn. We restrict G to the

boundary to obtain G0 := G|t=0 ∈ Lp(Rn) (this is due to theorem B.10 and the
fact that G has compact support). Now G0 is integrable and has compact support,
and Kt is smooth for t > 0, so we can define the function u on (0,∞) × Rn by
convolution in Rn,

u(t, x) := −(Kt ∗G0)(x).

This function satisfies ∆u = 0 since ∆K(t, x) = 0 for all (t, x) 6= 0. Moreover,
−∂u
∂t

= σt ∗G0 for t > 0, where

σt(x) := ∂tK(t, x) = t−n

ωn+1

(
1 +

∣∣x
t

∣∣2
)−n+1

2

.
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Note that σt(x) = t−nβ(x
t
), where β(x) = ω−1

n+1(1+ |x|2)−n+1
2 is a smooth function

on Rn that satisfies
∫

Rn

β(x) dnx = ωn

ωn+1

∫ ∞

−∞
rn−1

√
1+r2

n+1 dr = 1.

Now the mollifier theorem C.5 asserts that −∂tu|t=ε = σε ∗ G0 converges to G0

in the Lp-norm as ε → 0. Once we have established that u is a W k+2,p-function
on (0, a) × V it is then clear that −∂tu(0, x) = G(0, x) almost everywhere. This
is due to the fact that W 1,p-functions restrict to Lp-functions on the boundary of
compact domains, see theorem B.10. So it remains to prove the regularity of u
and the corresponding estimate.

The Poisson kernel K is smooth for t > 0 and by assumption G(t, y) = 0 for all
t ≥ a and y ∈ Rn. Thus u(t, x) can be rewritten as the sum of two convolutions
in Rn+1,

u(t, x) = −
∫

Rn

K(t, x− y)G(0, y) dny

=

∫

Rn

∫ ∞

0

∂
∂s

[K(t− s, x− y)G(s, y)] ds dny

= −
∫

Rn

∫ ∞

0

∂tK(t− s, x− y)G(s, y) ds dny

+

∫

Rn

∫ ∞

0

K(t− s, x− y) ∂tG(s, y) ds dny

= −∂tK ∗ G̃+K ∗ ∂̃tG.

Here for every function h on Hn+1 we define an extended function on Rn+1 (with
coordinates (t, x)) by

h̃(t, x) :=

{
h(t, x) if t ≥ 0,

0 if t < 0.

The above expression can be used to define u on all of Rn+1 since both K and

∂tK are integrable on compact sets and G̃, ∂̃tG ∈ Lp(Rn) have compact sup-
port. Now let J = (j1, . . . , j`) with 1 ≤ ji ≤ n and ` ≤ k and denote by

∂J a multiple derivative in the x-directions. Then ∂JG̃ = ∂̃JG ∈ Lp(Rn) and

∂J ∂̃tG = ∂̃J∂tG ∈ Lp(Rn), and hence

∂Ju = −∂tK ∗ ∂̃JG+K ∗ ∂̃J∂tG. (3.7)

For the second term on the right hand side one can use theorem C.4, which asserts

that K ∗ ∂̃J∂tG ∈W 2,p([0, a)× V ) and for some constant C

‖K ∗ ∂̃J∂tG‖W 2,p([0,a)×V ) ≤ C‖∂̃J∂tG‖Lp([0,a)×V ) ≤ C‖G‖Wk+1,p([0,a)×V ).
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Theorem C.4 also provides a constant C such that the Lp-norm of the first term
in (3.7) can be estimated by

‖∂tK ∗ ∂̃JG‖Lp([0,a)×V ) ≤ C‖∂̃JG‖Lp([0,a)×V ) ≤ C‖G‖Wk,p([0,a)×V ).

Moreover, the derivatives in x-direction of ∂tK ∗ ∂̃JG can be expressed as

∂i
(
∂tK ∗ ∂̃JG

)
= ∂tK ∗ ∂̃i∂JG

since ∂i∂̃JG = ∂̃i∂JG ∈ Lp(Rn) for i = 1, . . . , n. Now again theorem C.4 yields a
constant C such that

∥∥∂i
(
∂tK ∗ ∂̃JG

)∥∥
Lp([0,a)×V )

≤ C‖∂̃i∂JG‖Lp([0,a)×V ) ≤ C‖G‖Wk+1,p([0,a)×V ).

Also, for i = 1, . . . , n and all derivatives ∂α in t- or x-direction one has

∂α∂i
(
∂tK ∗ ∂̃JG

)
= ∂α∂t

(
K ∗ ∂̃i∂JG

)
.

Here the Calderon-Zygmund inequality (theorem C.3) can be applied since (by

theorem C.4) we have ∆(K ∗ ∂̃i∂JG) = ∂̃i∂JG. Thus for some constant C

∥∥∂α∂i
(
∂tK ∗ ∂̃JG

)∥∥
Lp([0,a)×V )

≤ C‖∂̃i∂JG‖Lp([0,a)×V )

≤ C‖G‖Wk+1,p([0,a)×V ).

So far we have proven that all derivatives of u up to order k + 2 and including at
most one derivative in t-direction lie in Lp([0, a)×V ) and satisfy the corresponding
estimate. For the derivatives including a higher number of t-derivatives this follows
inductively from the fact that u is harmonic for t > 0. Thus we have on (0, a)×V

∂t∂tu = −∂1∂1u− . . .− ∂n∂nu.

Assume that the regularity and estimate are established for derivatives including
up to ` derivatives in t-direction (which was shown for ` = 1). Now differentiate
above equality by ∂`−1

t ∂I , where I is allowed to run through all multiple derivatives
in x-direction of order at most k− `+1. Then by assumption all terms ∂`−1

t ∂I∂
2
i u

on the right hand side lie in Lp([0, a)×V ) and satisfy the corresponding estimate,
hence so does the left hand side. Thus we obtain regularity for up to `+ 1 deriva-
tives in t-direction. This can be iterated until ` = k+ 2. So it follows that in fact
u restricted to [0, a)× V is a W k+2,p-function satisfying (3.6), and this proves the
claim.
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2.) Proof of the theorem:
Now consider a compact manifold M with boundary ∂M . There exists a tubular
neighbourhood diffeomorphism τ : [0, a)×∂M ∼−→ N ⊂M such that τ |t=0 = Id∂M
and ∂tτ |t=0 = −ν . (This can be constructed from the flow of a smooth vector
field ν̃ that equals −ν on ∂M .)

We construct coordinate charts for this neighbourhood N of ∂M as follows:
Choose a finite atlas of the boundary, that is φi : Vi → Rn on ∂M =

⋃K
i=1 Vi. Then

an atlas of N is given by N =
⋃K
i=1 Ui with Ui = τ([0, a) × Vi) and coordinate

maps

Φi :
Ui −→ [0, a)× φi(Vi) ⊂ Hn+1

τ(t, z) 7→ (t, φi(z)).

Also choose a smooth partition of unity 1|∂M ≡
∑K

i=1 ψi, suppψi ⊂ Vi and a
smooth cutoff function ρ : [0, a]→ [0, 1] with ρ ≡ 1 near 0 and ρ ≡ 0 near a. Use
these to define functions Ψi with support in Ui by Ψi(τ(t, z)) := ρ(t)ψi(z). These

have the property that
∑K
i=1 Ψi equals 1 in a neighbourhood of ∂M and that this

sum can be smoothly extended by zero on M \N .

Every given G ∈W 1,p(M) defines W 1,p-functions Gi on Hn+1 with support in
[0, a)× φi(Vi),

Gi :=
(
Ψ

1
2

i ·G
)
◦Φ−1

i .

The local construction in 1.) now provides functions ui ∈ W 2,p([0, a)×φi(Vi)) that
satisfy (3.6) for G = Gi. These can be used to define the required function u:

u :=

K∑

i=1

Ψ
1
2

i · ui◦Φi. (3.8)

Here every summand Ψ
1
2

i · ui◦Φi is extended by 0 on M \Ui. This defines a W 2,p-
function on M since both the cutoff function Ψi and the chart map Φi are smooth.
Moreover, the estimate (3.6) between ui and Gi implies

‖Ψ
1
2

i · ui◦Φi‖W 2,p(M) ≤ Ci‖ui‖W 2,p([0,a)×φi(Vi))

≤ Ci
∥∥(Ψ

1
2

i ·G
)
◦Φ−1

i

∥∥
W 1,p([0,a)×φi(Vi))

≤ C ′‖G‖W 1,p(M).

Here Ci denotes any constant depending on i, but the final constant C ′ can be
chosen such that it only depends on M and p. (For the equivalence of Sobolev
norms on the manifold and in the charts see remark B.1.)



Inhomogeneous Boundary Conditions 49

Now the regularity of the summands in (3.8) proves that u ∈ W 2,p(M), and the
above estimates for the summands can be summed up to get ‖u‖W 2,p ≤ C‖G‖W 1,p

with a finite constant C. It remains to check that u has the required normal
derivative at the boundary: For x ∈ ∂M

∂u
∂ν

(z) = dzu(ν)

= − ∂
∂t

∣∣
t=0

u(τ(t, z))

= − ∂
∂t

∣∣∣
t=0

K∑

i=1

ψi(z)
1
2 · ρ(t) 1

2 · ui(t, φi(z))

=
K∑

i=1

ψi(z)
1
2 ·Gi(0, φi(z))

=

K∑

i=1

ψi(z)
1
2 · ρ(0)

1
2 · ψi(z)

1
2 ·G(z)

= G(z).

Here we have used (3.6) and the facts that ρ ≡ 1 near t = 0 and
∑K
i=1 ψi ≡ 1 on

∂M . 2

This construction can now be used to prove the sufficiency of the condition
(3.2) for the existence of a solution of the Neumann problem (3.1) with inhomo-
geneous boundary conditions.

Proof of theorem 3.1 :
The remark just before the theorem shows the necessity of (3.2) for the existence
of a solution of (3.1).

For the sufficiency let functions f ∈ Lp(M) and g ∈ W 1,p
∂ (M) be given that

satisfy (3.2). Choose some G ∈ W 1,p(M) with G|∂M = g then by theorem 3.4
there exists v ∈ W 2,p(M) that solves the boundary condition ∂v

∂ν
= G|∂M = g.

Now we have by assumption

∫

M

(f −∆v) =

∫

M

f +

∫

∂M

∂v
∂ν

=

∫

M

f +

∫

∂M

g = 0.

Thus theorem 2.2 asserts the existence of a solution ũ ∈W 2,p(M) of the Neumann
problem (NP) with f replaced by f − ∆v. The solution of the inhomogeneous
problem (3.1) is then given by u = ũ + v ∈ W 2,p(M). Uniqueness follows from
lemma 1.9. 2

From the previous results we can deduce the Agmon-Douglis-Nirenberg esti-
mate (3.3) and the more general regularity theorem 3.2.
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Proof of theorem 3.2
Assume that u ∈ D(M) is a weak solution of the Neumann problem (3.4) for some

given f ∈ W k,p(M) and g ∈ W k+1,p
∂ (M). Then (3.2) is satisfied automatically as

follows from testing the weak equation with ψ ≡ 1. Thus by theorem 3.1 there
exists a solution v ∈ W k+2,p(M) in the strong sense of the Neumann problem (3.1)
for f and g. Then partial integration as in lemma N yields for all ψ ∈ C∞ν (M)

∫

M

(u− v)∆ψ =

∫

M

f ψ +

∫

∂M

g ψ −
∫

M

∆v ψ −
∫

∂M

∂v
∂ν
ψ = 0.

So u − v is a weak solution of the homogeneous Neumann problem, hence by
lemma 1.9 we have u = v + C ∈W k+2,p(M) for some constant C.

To prove the estimates extend the unit normal vector field ν to a smooth
vector field ν̃ on M . Then we have ∂u

∂ν
= du(ν̃)|∂M ∈ W k+1,p

∂ (M) for every

u ∈ W k+2,p(M). Consider any G ∈ W k+1,p(M) such that G|∂M = ∂u
∂ν

. By
theorem 3.4 there exists v ∈W k+2,p(M) such that

∂v
∂ν

= G|∂M = ∂u
∂ν
, ‖v‖Wk+2,p ≤ C‖G‖Wk+1,p .

Now u− v ∈ W k+2,p(M) meets the homogeneous Neumann boundary condition,
hence theorem 2.3 gives

‖u‖Wk+2,p ≤ ‖u− v‖Wk+2,p + ‖v‖Wk+2,p

≤ C
(
‖∆u−∆v‖Wk,p + ‖u− v‖Wk+1,p

)
+ ‖v‖Wk+2,p

≤ C̃
(
‖∆u‖Wk,p + ‖G‖Wk+1,p + ‖u‖Wk+1,p

)
.

This holds with the same constant for all G ∈W k+1,p(M) that satisfy G|∂M = ∂u
∂ν

,
hence taking the infimum implies

‖u‖Wk+2,p ≤ C̃
(
‖∆u‖Wk,p +

∥∥∂u
∂ν

∥∥
W

k+1,p
∂

+ ‖u‖Wk+1,p

)

for every u ∈W k+2,p(M). Finally, by lemma E.3 we can drop the term ‖u‖Wk+1,p

on the right hand side for functions with
∫
M
u = 0. This is due to the compactness

of the Sobolev embedding W k+2,p(M) ↪→ W k+1,p(M) and the injectivity (see
corollary 1.9) of the operator

{
u ∈W k+2,p(M)

∣∣ ∫
M
u = 0

}
−→ W k,p(M)×W k+1,p

∂ (M)
u 7→ (∆u, ∂u

∂ν
).

The proof of the continuity of the constants claimed in remark 3.3 works analo-
gously to the proof of theorem 5.1. So here we omit the technical details and only
give the main arguments.
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Firstly, the W k+2,p-norm of a function u contains its Lp-norm and the W k+1,p-
norm of du. Now du does not depend on the metric, and the covariant derivatives
in the W k+1,p-norm depend on the Christoffel symbols, i.e. the metric and its first
derivatives. Hence ‖u‖Wk+2,p depends continuously on the metric with respect to
the W k+1,∞-topology. Next, ∆u = d∗du contains the metric and its Christoffel
symbols, hence ‖∆u‖Wk,p also depends continuously on the metric with respect
to the W k+1,∞-topology. The same holds for

∥∥∂u
∂ν

∥∥
W

k+1,p

∂

since for two different

metrics g and h

∥∥ ∂u
∂νg
− ∂u

∂νh

∥∥
W

k+1,p

∂

≤ ‖du(ν̃g − ν̃h)‖Wk+1,p ≤ ‖ν̃g − ν̃h‖Wk+1,∞‖u‖Wk+2,p .

Here ν̃g is some fixed vector field on M that extends the unit normal νg with
respect to g and ν̃ih = hijgjkν̃

k
g is defined such that it extends the unit normal νh

with respect to h. Now

‖ν̃g − ν̃h‖Wk+1,∞ ≤ ‖g−1 − h−1‖Wk+1,∞‖g‖Wk+1,∞‖ν̃g‖Wk+1,∞ ,

and by (E.4) this becomes arbitrarily small when h lies in a sufficiently small
W k+1,∞-neighbourhood of g. These continuous dependencies prove the claimed
continuity of C ′.

For the continuity of C in the second estimate note that the condition
∫
M
u = 0

depends on the metric. So if u ∈ W k+2,p(M) meets it with respect to a metric
h then the estimate with respect to the metric g only applies to

√
det(g−1h) · u.

Thus the derivatives of the metric occur up to order k+2 in the estimate and hence
we need the metrics to be W k+2,∞-close for the continuity of the constant C. 2

The results on the Neumann problem with inhomogeneous boundary conditions
can also be summarized in the Fredholm property of the corresponding operator.

Corollary 3.5 Let k ∈ N0 and 1 < p < ∞. Then the operator of the Neumann
problem with boundary conditions,

D :
W k+2,p(M) −→ W k,p(M)×W k+1,p

∂ (M)
u 7→ (∆u , ∂u

∂ν
),

is a Fredholm operator of index 0.

Proof: The estimate in corollary 3.2 shows that D has a finite dimensional kernel
and a closed image, see lemma E.3 (i). In fact, by corollary 1.9 the kernel just
consists of the constants. Theorem 3.1 asserts that the cokernel is isomorphic to
the constants, too. Indeed, after adding a common constant every given pair (f, g)
satisfies (3.2) and hence lies in the image of D. Thus the operator is Fredholm
and its index is 0. 2





Chapter 4

Sections of Vector Bundles

In this chapter we consider a generalized Neumann problem with inhomogenous
boundary conditions for sections of vector bundles. In particular, we allow for the
connections on the vector bundles to be not smooth but only of some lower Sobolev
regularity. In principle one could directly deal with the Neumann problem in this
generality since the leading terms are the same as in the scalar case. However,
for simplicity we decided to treat this general situation seperately and only prove
the results that will be needed for the local slice theorems F and F′. This does
require an extension of the Lp-regularity result, and some more work arises from
the lower order terms.

Let V be a finite dimensional vector space with an inner product and let M
be a compact oriented Riemannian manifold with boundary ∂M and exterior unit
normal vector field ν. In this chapter we consider a Riemannian vector bundle
V ↪→ E →M with fibre V over M that is equipped with a Riemannian covariant
derivative

∇ : Γ(E)→ Γ(T∗M ⊗E).

Note that Γ(·) generally denotes the set of smooth sections of a bundle. Fix a
bundle atlas (Uα,Φα) of E then sections u ∈ Γ(E) and τ ∈ Γ(T∗M⊗E) are locally
represented by maps uα : Uα → V and 1-forms τα ∈ Ω1(Uα;V ). The covariant
derivative ∇ is locally represented by connection potentials Aα ∈ Ω1(Uα; EndV )
in the sense that

∇uα := (∇u)α = duα +Aαuα.

This evaluates as follows: For X ∈ TpM with p ∈ Uα
∇Xu := (∇u)(X) = duα(X) +Aα(X)uα(p),

where the endomorphism Aα(X) acts on uα(p) ∈ V . Next, the formally adjoint
operator of ∇ is the coderivative

∇∗ : Γ(T∗M ⊗E)→ Γ(E)

53
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defined by its local representation

∇∗τα := (∇∗τ)α := d∗τα + ∗(A∗α ∧ ∗τα).

This notation is to be understood as follows: The value of A∗α on a vector in M is
the adjoint (as an endomorphism of V ) of the value of Aα on that vector and this
endomorphism acts on the value of ∗τα in V . One can check that this defines a
global section of E and the subsequent lemma shows that it is in fact the formal
adjoint of the covariant derivative.

However, due to a boundary term ∇∗ is not actually dual to ∇. Thus for every
p ≥ 1 let 1

p
+ 1

p∗
= 1 (that is p∗ = ∞ in case p = 1) and denote by ∇′ the dual

operator of ∇ : W 1,p∗(M,E)→ Lp
∗

(M,T∗M ⊗E), i.e.

∇′ : Lp(M,T∗M ⊗E) → W−1,p(M,E) :=
(
W 1,p∗(M,E)

)∗
.

For τ ∈ Lp(M,T∗M ⊗E) the linear form ∇′τ acts on u ∈ W 1,p∗(M,E) by

(∇′τ)(u) =

∫

M

〈 τ ∧ ∗∇u 〉 .

The notation 〈 . . . 〉 indicates that the values of differential forms (in the fibres
of E or in V ) are combined with the corresponding inner product. Moreover, in
the following functions on M or ∂M are always integrated with respect to the
corresponding volume form (determined by the metric) – we suppress dvolM and
dvol∂M .

Lemma 4.1 Let τ ∈ Γ(T∗M ⊗E) and u ∈ Γ(E) then

(∇′τ)(u) =

∫

M

〈 τ ∧ ∗∇u 〉 =

∫

M

〈∇∗τ , u 〉+
∫

∂M

〈 τ(ν) , u 〉 .

Proof: Choose a finite bundle atlas over M =
⋃N
α=1 Uα and a subordinate smooth

partition of unity 1|M ≡
∑N

α=1 ψα. Then on every Uα

∫

Uα

ψα 〈 τα ∧ ∗∇uα 〉

=

∫

Uα

ψα 〈 duα ∧ ∗τα 〉+
∫

Uα

ψα 〈Aαuα ∧ ∗τα 〉

=

∫

Uα

ψα 〈uα , d∗τα 〉 −
∫

Uα

dψα ∧ 〈uα ∗ τα 〉+
∫

∂Uα

ψα 〈uα ∗ τα 〉

+

∫

Uα

ψα 〈uαA∗α ∧ ∗τα 〉

=

∫

Uα

ψα 〈∇∗τα , uα 〉 −
∫

Uα

dψα ∧ 〈uα ∗ τα 〉+
∫

∂M∩∂Uα

ψα 〈uα ∗ τα 〉 .
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Note that the cutoff functions ψα vanish on the parts of ∂Uα that lie in the interior
of M . Now we use the fact that the bundle is Riemannian, hence the values of the
inner products below are independent of the choice of the trivialization. Hence we
can use

∑N
α=1 ψα = 1 and

∑N
α=1 dψα = 0 to obtain

∫

M

〈 τ ∧ ∗∇u 〉 =
N∑

α=1

∫

Uα

ψα 〈 τα ∧ ∗(∇u)α 〉

=

N∑

α=1

(∫

Uα

ψα 〈 (∇∗τ)α , uα 〉 −
∫

Uα

dψα ∧ 〈uα ∗ τα 〉

+

∫

∂M∩∂Uα

ψα 〈uα ∗ τα 〉
)

=

∫

M

〈∇∗τ , u 〉+
∫

∂M

〈u , τ(ν) 〉 .

Here we also used the fact ∗τ |∂M = τ(ν) dvol∂M from lemma 5.6 (i). 2

This chapter deals with the following generalized Neumann boundary value
problem for sections u of E :

{
∇∗∇u = f on M,

∇νu = g on ∂M.
(4.1)

Denote by C∞ν (M,E) the space of smooth sections ψ ∈ Γ(E) with ∇νψ = 0 on
∂M . Then a section u ∈ L1(M,E) is called a weak solution of (4.1) if

∫

M

〈u , ∇∗∇ψ 〉 =

∫

M

〈 f , ψ 〉+
∫

∂M

〈 g , ψ 〉 ∀ψ ∈ C∞ν (M,E). (4.2)

If u ∈ W 1,p(M,E) for some p ≥ 1 and f and g are sufficiently regular then this
weak equation can be written with the help of ∇′,

∇′∇u = (f, g). (4.3)

This is understood as follows: Every pair (f, g) ∈ G(E)×G(E|∂M ) defines a linear
functional on W 1,p∗(M,E) by

ψ 7→
∫

M

〈 f , ψ 〉+
∫

∂M

〈 g , ψ 〉 .

These strong and weak equations are equivalent for sufficiently regular sections as
will be shown in the subsequent lemma. For that purpose we introduce spaces of
W k,p-sections restricted to the boundary analogous to the spaces W k,p

∂ (M) of real
valued functions: For k ∈ N and p ≥ 1 define

W k,p
∂ (M,E) :=

{
v|∂M ∈ Γ(E|∂M )

∣∣ v ∈W k,p(M,E)
}
.

As in the real valued case this becomes a Banach space when equipped with the
norm ‖u‖

W
k,p
∂

= inf{‖v‖Wk,p | v ∈W k,p(M,E), v|∂M = u}.
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Lemma 4.2 Let f ∈ Lp(M,E), g ∈ W 1,p
∂ (M,E), and u ∈ W 2,p(M,E) with

p ≥ 1. Then the equations (4.1), (4.2), and (4.3) for u are all equivalent.

Proof: Let f , g, and u be given as supposed. Then lemma 4.1 provides (after
approximation by smooth functions) for all ψ ∈W 1,p∗(M,E)

(∇′∇u)(ψ) =

∫

M

〈∇u ∧ ∗∇ψ 〉

=

∫

M

〈∇∗∇u , ψ 〉+
∫

∂M

〈∇νu , ψ 〉 .

This shows that (4.1) implies (4.3). If in fact ψ ∈ C∞ν (M,E) then again by
lemma 4.1

(∇′∇u)(ψ) =

∫

M

〈∇u ∧ ∗∇ψ 〉 =

∫

M

〈u , ∇∗∇ψ 〉

If u satisfies (4.3) then this immediately gives (4.2). It remains to show that (4.2)
implies (4.1). So assume that u solves (4.2), then above calculations show that for
all ψ ∈ C∞ν (M,E)

∫

M

〈∇∗∇u , ψ 〉+
∫

∂M

〈∇νu , ψ 〉 = (∇′∇u)(ψ)

=

∫

M

〈u , ∇∗∇ψ 〉

=

∫

M

〈 f , ψ 〉+
∫

∂M

〈 g , ψ 〉 .

From testing with ψ ∈ C∞ν (M,E) that have compact support in the interior of M
one obtains ∇∗∇u = f . Now locally in a trivialization over Uα ⊂ M and for all
ψα ∈ C∞(Uα, V ) that are supported in Uα and satisfy ∇νψα = 0 on ∂M ∩ Uα

∫

∂M∩Uα

〈∇νuα , ψα 〉 =

∫

∂M∩Uα

〈 gα , ψα 〉 .

Here ψα|∂M∩Uα
runs through all compactly supported smooth V -valued functions

on ∂M ∩ Uα. Indeed, every such function ψ on ∂M ∩ Uα can be smoothly ex-
tended to a function with support in Uα that has the prescribed normal derivative
∂ψ
∂ν

= −Aα(ν)ψ, hence ∇νψ = 0. So above identitiy implies ∇νuα = gα in all
bundle charts, and thus globally ∇νu = g. 2

Here we have dealt with the following operators that are extensions of one
another:

∇′∇ : W 1,p(M,E) −→ W−1,p(M,E)
∪ ∪

∇∗∇⊕∇ν : W 2,p(M,E) −→ Lp(M,E)⊕W 1,p
∂ (M,E)

∪ ∪
∇∗∇ : W 2,p

ν (M,E) −→ Lp(M,E)
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The inclusion Lp(M,E)⊕W 1,p
∂ (M,E) ⊂W−1,p(M,E) =

(
W 1,p∗(M,E)

)∗
is to be

understood as explained for (4.3), just note that for g = G|∂M ∈W 1,p
∂ (M,E) and

ψ ∈W 1,p∗(M,E) the function 〈G , ψ 〉 lies in W 1,1(M) and hence restricts to an
L1-function on ∂M that can be integrated (see lemma B.10).

Moreover, W 2,p
ν (M,E) denotes the space of W 2,p-sections u that satisfy the

boundary condition ∇νu = 0. On this space the Laplace type operator ∇∗∇ coin-
cides with ∇′∇. However, for the treatment of inhomogenous boundary conditions
one uses the intermediate operator ∇∗∇⊕∇ν .

Now let n denote the dimension of M , then the main results of this chapter –
required for the local slice theorems F and F′ – are the following.

Theorem 4.3 Let 2 ≤ r < ∞ such that r > n and suppose that the connection
potentials Aα are of class Lr. Then there exists a constant C such that for every
τ ∈ Lr(M,T∗M ⊗E) there exists a solution u ∈ W 1,r(M,E) of

∇′∇u = ∇′τ with ‖u‖W 1,r ≤ C‖∇′τ‖W−1,r .

Theorem 4.4 Let 1 < p ≤ q <∞ be such that

p > n
2 and 1

n
> 1

q
≥ 1

p
− 1

n
.

Suppose that the connection potentials Aα are of class W 1,p. Then there exists
a constant C such that for every τ ∈ W 1,p(M,T∗M ⊗ E) there exists a solution
u ∈W 2,p(M,E) of

{
∇∗∇u = ∇∗τ,
∇νu = τ(ν)

with
‖u‖W 2,p ≤ C

(
‖∇∗τ‖p + ‖τ(ν)‖W 1,p

∂

)
,

‖u‖W 1,q ≤ C‖τ‖q .

Remark 4.5 For later applications it will be necessary to vary the metric in the
Neumann problem of theorem 4.4 (this affects ∇∗ and ν). However, the constants
in the estimates are not affected if the variation is small. More precisely, we will
show the following:

In the situation of theorem 4.4 fix in addition a metric g on M . Then there
exist constants ε > 0 and C such that the assertion of the theorem holds for all
metrics g′ with ‖g− g′‖W 1,∞ ≤ ε. (Here we use g′ in the boundary value problem
but not for the Sobolev norms – these are equivalent anyway.)

In theorem 4.3 one considers the operator D̃ = ∇′∇ on W 1,r(M,E) and the-
orem 4.4 concerns the operator D = ∇∗∇⊕∇ν on W 2,p(M,E). The operator D
generalizes the operator ∆⊕ ∂

∂ν
onW 2,p(M) that is a Fredholm operator of index 0

as seen in corollary 3.5. The following two theorems generalize this Fredholm re-
sult to sections of vector bundles and to the weak problem (4.3), that is to the
operators D and D̃. These theorems only concern the case of smooth connection
potentials. The generalization to less regular covariant derivatives is part of the
proof of theorem 4.3 and 4.4.
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Theorem 4.6 Let 1 < p < ∞ and let ∇ be a covariant derivative on E with
smooth connection potentials. Then

D :
W 2,p(M,E) −→ Lp(M,E)×W 1,p

∂ (M,E)
u 7→ (∇∗∇u , ∇νu)

is a Fredholm operator of index 0. Its kernel is the space of horizontal sections,

kerD = H0(M,∇) :=
{
u ∈ Γ(E)

∣∣∇u = 0
}
⊂ C∞(M,E),

the cokernel is isomorphic to (imD)⊥ =
{
(v, v|∂M )

∣∣ v ∈ H0(M,∇)
}
,

and the image is imD =
{
(∇∗τ, τ(ν))

∣∣ τ ∈ W 1,p(M,T∗M ⊗E)
}
.

Theorem 4.7 Let 1 < q, q∗ < ∞ such that 1
q∗

+ 1
q

= 1 and let ∇ be a covariant
derivative on E with smooth connection potentials, then

D̃ :
W 1,q(M,E) −→ W−1,q(M,E)

u 7→ ∇′∇u
is a Fredholm operator of index 0 with

ker D̃ = H0(M,∇) ⊂ C∞(M,E),

im D̃ =
{
∇′τ

∣∣ τ ∈ Lq(M,T∗M ⊗E)
}
.

Although the operator D locally has the same leading term as the operator of
the Neumann problem in corollary 3.5, theorem 4.6 is not simply a corollary of
the results on the Neumann problem. The difficulty lies in the lower order terms
of the operator. Since there are also lower order terms in the operator ∇ν on the
boundary, one can not even use the construction of the Agmon-Douglis-Nirenberg
theorem 3.4 to directly solve the inhomogenous boundary condition.

The hard part of theorem 4.6 is to verify the orthogonal complement (imD)⊥.

This requires a regularity result on spaces
(
W k,2
∂ (M,E)

)∗
and a special trick to

show that for (v,Φ) ∈ (imD)⊥ the linear functional Φ on W 1,p(M,E) satisfies
Φ(u) =

∫
∂M
〈 v , u 〉.

Proof of theorem 4.6 :
The proof consists of several steps: Firstly, we verify the kernel. Secondly, we
prove that the image is closed, and then use this in III) to verify the cokernel.
This proves the Fredholm property and index. Then in IV) we obtain the image
explicitly.

I) First consider the kernel of D. We claimed that every u ∈ W 2,p(M,E) with
Du = 0 is in fact smooth. Indeed, one sees inductively that its local representatives
uα lie in W k,p(Uα, V ) for all k ≥ 2: If uα ∈W k,p(Uα, V ) for some k ≥ 2 then due
to Du = 0

∆uα = −d∗(Aαuα)− ∗
(
A∗α ∧ ∗(duα +Aαuα)

)
,

∂uα

∂ν
= −Aαuα. (4.4)
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These functions lie in W k−1,p(Uα, V ) and W k,p
∂ (Uα, V ) respectively. Thus the

regularity theorem 3.2 implies that uα ∈ W k+1,p(Uα, V ). Hence all u ∈ kerD are
smooth and we can apply lemma 4.1 to deduce ∇u = 0 :

∫

M

〈∇u ∧ ∗∇u 〉 =

∫

M

〈 u , ∇∗∇u 〉+
∫

∂M

〈u , ∇νu 〉 = 0.

This proves kerD = H0(M,∇). Now horizontal sections are uniquely determined
on connected components by their value at one point. (This is since there is a well
defined horizontal transport map along every smooth curve in M .) So H0(M,∇)
is finite dimensional since the dimension of V is finite and M has finitely many
components.

II) Choose a finite bundle atlas over M =
⋃N
α=1 Uα and a subordinate smooth

partition of unity 1|M ≡
∑N
α=1 ψα. Then we can use theorem 3.2 in the local

trivializations. Denote the local representatives of u ∈ W 2,p(M,E) by uα, then
ψαu is represented by ψαuα over Uα and vanishes outside of Uα. Moreover, denote
by να the outward unit normal to ∂Uα. We have assumed that all derivatives of
the connection potentials Aα are bounded, hence we obtain on every Uα

‖ψαuα‖W 2,p ≤ C
(
‖∆(ψαuα)‖p + ‖ ∂

∂να
(ψαuα)‖W 1,p

∂
+ ‖ψαuα‖W 1,p

)

≤ Cα
(
‖d∗duα‖p + ‖ψα(duα)(να)‖W 1,p

∂
+ ‖uα‖W 1,p

)

≤ Cα
(
‖∇∗∇uα‖p + ‖ ∗ (A∗α ∧ ∗∇uα)‖p + ‖d∗(Aα ∧ uα)‖p
+ ‖ψα∇να

uα‖W 1,p
∂

+ ‖ψαAα(να)uα‖W 1,p
∂

+ ‖uα‖W 1,p

)

≤ Cα
(
‖∇∗∇uα‖p + ‖ψα∇να

uα‖W 1,p
∂

+ ‖uα‖W 1,p

)
.

Here Cα denotes any constant depending on Aα and ψα.
Summing this up yields

‖u‖W 2,p ≤
N∑

α=1

‖ψαuα‖W 2,p(Uα)

≤
N∑

α=1

Cα

(
‖∇∗∇uα‖Lp(Uα) + ‖ψα∇να

uα‖W 1,p
∂

(Uα) + ‖uα‖W 1,p(Uα)

)

≤ C
(
‖∇∗∇u‖p + ‖∇νu‖W 1,p

∂
+ ‖u‖W 1,p

)
.

The W 1,p
∂ -norm on the boundary of Uα can be replaced by the norm on the bound-

ary of M since the ψα vanish on ∂Uα except for where it intersects ∂M . By
lemma E.3 (i) and the compactness of the Sobolev embedding W 2,p ↪→ W 1,p this
inequality asserts that the image of D is closed.

III) To establish the Fredholm property and the index 0 it remains to show
that the codimension of the image of D is equal to the dimension of the kernel
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H0(M,∇). The cokernel
(
Lp(M,E) × W 1,p

∂ (M,E)
)
/imD is is a Banach space

since it is the quotient of a Banach space by a closed subspace. Its dimen-
sion is the same as the dimension of its dual space, and this is isomorphic to
the annihilator (imD)⊥ ⊂

(
Lp(M,E)×W 1,p

∂ (M,E)
)∗

of the image. So consider

(v,Φ) ⊂ (imD)⊥, that is v ∈ Lp∗(M,E) and Φ ∈
(
W 1,p
∂ (M,E)

)∗
such that

∫

M

〈 v , ∇∗∇u 〉+ Φ(∇νu) = 0 ∀u ∈W 2,p(M,E). (4.5)

Our aim is to prove that v ∈ H0(E,∇) and that Φ = v|∂M in the sense that
Φ(u) =

∫
∂M
〈 v , u 〉 for all u ∈W 1,p

∂ (M,E). The proceeding of the proof is to first
obtain better regularity of v in order to be able to perform partial integration in
the first term of (4.5). This will then allow to deduce Φ = v|∂M , and the remaining
equality with u = v will assert ∇v = 0.

So firstly, one obtains v ∈ W 1,2(M,E) and Φ ∈
(
W 1,2
∂ (M,E)

)∗
from iteration

of the following claim.

Claim: Suppose v ∈ W−k,2(M,E) and Φ ∈
(
W k+1,2
∂ (M,E)

)∗
, then it follows

from (4.5) that in fact v ∈W−k+1,2(M,E), and as long as k ≥ 1 one also obtains

Φ ∈
(
W k,2
∂ (M,E)

)∗
.

To establish this claim choose a finite bundle atlas over M =
⋃N
α=1 Uα and find

subsets Wα ⊂ Uα that still cover M , but such that Wα is disjoint from U{
α. Then

there exist cutoff functions ψα ∈ C∞(M) that are supported in Uα and equal 1
on Wα. For all smooth sections u ∈ Γ(E) we apply (4.5) to ψαu instead of u and
obtain

0 =

∫

M

〈 v , ∇∗∇(ψαu) 〉+ Φ
(
∇ν(ψαu)

)

=

∫

Uα

〈ψαvα , ∆uα 〉 −
∫

Uα

〈 vα , R(uα) 〉+ Φ
(
∂ψα

∂ν
ua + ψαAα(ν)uα + ψα

∂uα

∂ν

)

with
R(φ) = (∆−∇∗∇)(ψαφ) + 2 〈dψα , dφ 〉 −∆ψα · φ.

For all φ ∈ C∞(Uα, V ) with ∂φ
∂ν
|∂Uα

= 0 above equality with uα = φ yields

∣∣∣∣
∫

Uα

〈ψαvα , ∆φ 〉
∣∣∣∣ ≤

∣∣∣∣
∫

Uα

〈 vα , R(φ) 〉
∣∣∣∣+
∣∣∣Φ
(
∂ψα

∂ν
φ+ ψαAα(ν)φ

)∣∣∣

≤ ‖vα‖W−k,2‖R(φ)‖Wk,2 + C‖Φ‖(Wk+1,2
∂

)∗‖φ‖Wk+1,2
∂

≤ C ′‖φ‖Wk+1,2 .

Here the constant C depends on Aα and ψα, and C ′ depends in addition on v
and Φ. This asserts that ψαvα solves the weak (V -valued) Neumann problem
(wNP) for some f ∈ W−k−1,2(Uα, V ). Hence ψαvα ∈ W−k+1,2(Uα, V ) by the
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L2-regularity theorem 1.3. Then vα ∈ W−k+1,2(Wα, V ) for all α and hence (see
remark B.1) v ∈ W−k+1,2(M,E).

This can be used to improve the regularity of Φ in case k ≥ 1. For that purpose
fix a partition of unity 1|M ≡

∑N
α=1 ψα with suppψα ⊂ Uα and assume the bundle

charts to have smooth boundaries ∂Uα. Consider any section g ∈ Γ(E|∂M ) and
choose some extension G ∈ Γ(E) such that G|∂M = g and ‖G‖Wk,2 ≤ 2‖g‖

W
k,2
∂

. 1

Then by theorem 3.4 one finds uα ∈W k+1,2(Uα, V ) for all α such that ∂uα

∂να
= Gα

on ∂Uα, in particular ∂uα

∂ν
= gα on ∂M ∩ Uα, and for some constant Cα

‖uα‖Wk+1,2 ≤ Cα‖Gα‖Wk,2 ≤ 2Cα‖g‖Wk,2
∂
.

Now apply (4.5) to every ψαuα and obtain

|Φ(g)| ≤
N∑

α=1

|Φ(ψαg)|

≤
N∑

α=1

(∣∣Φ
(
∇ν(ψαuα)

)∣∣+
∣∣Φ
(
∂ψα

∂ν
uα + ψαAα(ν)uα

)∣∣
)

≤
N∑

α=1

(∣∣∣∣
∫

Uα

〈 vα , ∇∗∇(ψαuα) 〉
∣∣∣∣+ Cα‖Φ‖(Wk+1,2

∂
)∗‖uα‖Wk+1,2

∂

)

≤
N∑

α=1

Cα

(
‖vα‖W−k+1,2 + ‖Φ‖(Wk+1,2

∂
)∗

)
‖uα‖Wk+1,2

≤ C‖g‖
W

k,2
∂
.

Here Cα denotes any constant depending on α and the constant C depends on v
and Φ. This holds for all g ∈ Γ(E|∂M ) and hence assserts that Φ ∈

(
W k,2
∂ (M,E)

)∗
,

which proves the claim.

Remember that we consider v ∈ Lp
∗

(M,E) and Φ ∈
(
W 1,p
∂ (M,E)

)∗
that

satisfy (4.5). These meet the assumptions of above claim for some integer k ≥ n
2

due to the dual of the Sobolev embedding W k,2 ↪→ Lp. So iteration of the claim
proves that v ∈ L2(M,E) and Φ ∈

(
W 1,2
∂ (M,E)

)∗
. Then the first part of the

claim moreover implies that v ∈W 1,2(M,E). Now one can use lemma 4.1 in (4.5)

1To see that an extension exists one uses a tubular neighbourhood U ∼= ∂M × [0, a) of ∂M :
Extend the section from ∂M to U by horizontal transport along the [0, a)-curves and multiply
it with a smooth cutoff function with respect to the [0, a)-coordinate. This section can then be
smoothly extended by 0 to the rest of M .

One moreover finds an extension whose W k,2-norm is arbitrarily close to the W
k,2
∂

-norm of
the given section on the boundary. (In the first place, this section will not be smooth, but one

can choose a nearby smooth section.) This gives the required inequality unless the W
k,2
∂

-norm
vanishes. If g ≡ 0 then one simply chooses the extension G ≡ 0.
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to obtain for all u ∈ Γ(E)

0 =

∫

M

〈 v , ∇∗∇u 〉+ Φ(∇νu)

=

∫

M

〈∇v ∧ ∗∇u 〉 −
∫

∂M

〈 v , ∇νu 〉+ Φ(∇νu). (4.6)

This will now be used to prove Φ = v|∂M , that is Φ(g) =
∫
∂M
〈 v , g 〉 for every

g ∈ Γ(E|∂M ). Actually, by the use of a partition of unity it suffices to establish
this equality in the case when g is supported in some ∂M ∩ Uα.

Ideally one would like to find u ∈ Γ(E) with ∇νu = g such that (4.6) gives∣∣Φ(g) −
∫
∂M
〈 v , g 〉

∣∣ ≤ ‖∇v‖2‖∇u‖2. If now ∇u was arbitrarily small in the
L2-norm then that would show Φ = v|∂M . However, the lower order terms in
∇ν provide some difficulties, so we only solve ∂uα

∂ν
= gα. More precisely, given

any g ∈ Γ(E|∂M ) that is supported in ∂M ∩ Uα (and hence is represented by
gα ∈ C∞(∂M ∩ Uα, V )) we will construct u ∈ Γ(E) supported in Uα such that
‖u‖W 1,2 is arbitrarily small and ∂uα

∂ν
= gα holds on ∂M ∩ Uα:

There exists a tubular neighbourhood
τ : supp g × [0, a) → Uα such that
∂
∂t

∣∣
t=0

τ(z, t) = −ν(z) for all z ∈ supp g,
where t is the [0, a)-coordinate. Next,
for every a > ε > 0 there is a smooth
cutoff function φ : [0, a) → [0, ε2 ] as
in figure 4.1 that satisfies φ′(0) = −1,
φ(t) = 0 for t ≥ ε, and |φ′| ≤ 1. We
also restrict to ε ≤ 2 such that |φ| ≤ 1.

Figure 4.1: Cutoff function φ

φ(t)

ε
2

tε

We define u ∈ Γ(E) by uα(τ(z, t)) := φ(t)gα(z), which extends smoothly by 0 to
all of M . Then indeed

∂uα

∂ν
(z) = − ∂

∂t

∣∣
t=0

uα(τ(z, t)) = −φ′(0)gα(z) = gα(z).

Moreover, all derivatives of τ−1 and gα are bounded and also φ and φ′ are bounded
independently of ε. Thus uα and its first derivatives are bounded independently of
ε and its support is contained in τ(supp g× [0, ε]). Hence for some finite constants
C and C ′

‖u‖W 1,2 ≤ C ′Vol(τ(supp g × [0, ε]))
1
2 ≤ Cε

1
2 .

Here we used the fact that all derivatives of τ are bounded, hence the volume in
M can be bounded above by some multiple of the volume in supp g× [0, a). So by
the choice of ε > 0 one can make ‖u‖W 1,2 arbitrarily small.

Now for every g ∈ Γ(E|∂M ) let u ∈ Γ(E) be constructed as above, then ∇νu−g
is a section of E|∂M that is supported in ∂M ∩ Uα where it is represented by
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Aα(ν)uα ∈ C∞(∂M ∩ Uα, V ). Insert this section u in (4.6) to obtain
∣∣∣∣Φ(g)−

∫

∂M

〈 v , g 〉
∣∣∣∣

≤
∣∣∣∣Φ(∇νu)−

∫

∂M

〈 v , ∇νu 〉
∣∣∣∣+
∣∣∣∣
∫

∂M

〈 v , ∇νu− g 〉
∣∣∣∣+
∣∣Φ
(
∇νu− g

)∣∣

≤
∣∣∣∣
∫

M

〈∇v ∧ ∗∇u 〉
∣∣∣∣+ ‖v‖L2(∂M)‖∇νu− g‖L2(∂M) + ‖Φ‖(W 1,2

∂
)∗‖∇νu− g‖W 1,2

∂

≤ ‖∇v‖2‖∇u‖2 + C
(
‖v‖W 1,2 + ‖Φ‖(W 1,2

∂
)∗

)
‖Aα(ν̃)uα‖W 1,2(Uα)

≤ C
(
‖v‖W 1,2 + ‖Φ‖(W 1,2

∂
)∗

)
‖u‖W 1,2 .

Here C denotes any finite constant and ν̃ ∈ Γ(TM) is an extension of ν. Moreover,
we have used the trace theorem B.10 to estimate the L2-norms on ∂M by the
W 1,2-norms on M .

Now ‖u‖W 1,2 can be chosen arbitrarily small, so above inequality shows that
indeed Φ(g) =

∫
∂M
〈 v , g 〉 for all considered sections g ∈ Γ(E|∂M ), and hence

Φ = v|∂M . Use this in (4.6) to obtain for all u ∈ Γ(E)
∫

M

〈∇v ∧ ∗∇u 〉 = 0.

Since v ∈ W 1,2(M,E) this identity extends to all u ∈ W 1,2(M,E) and thus also
holds for u = v. This proves ∇v = 0. The regularity v ∈ C∞(M,E) follows
by induction: Suppose v ∈ W k,2(M,E) (we have established that for k = 1)
then in all charts dvα = −Aαvα ∈ W k,2(Uα,T

∗Uα ⊗ V ) and hence actually
v ∈W k+1,2(M,E). So we have shown

(imD)⊥ =
{
(v, v|∂M

∣∣ v ∈ H0(M,∇)
} ∼= H0(M,∇).

This proves that the cokernel of D is of finite dimension equal to the dimension of
the kernel, hence D is Fredholm and its index is 0.

IV) Consider

Z :=
{(
∇∗τ, τ(ν)

) ∣∣ τ ∈W 1,p(M,T∗M ⊗E)
}
.

Note that we have Z ⊂ (imD)⊥⊥ = imD = imD since by lemma 4.1 for all
v ∈ H0(M,∇) and τ ∈ W 1,p(M,T∗M ⊗E)

∫

M

〈 v , ∇∗τ 〉+
∫

∂M

〈 v , τ(ν) 〉 =

∫

M

〈∇v ∧ ∗τ 〉 = 0.

But imD ⊂ Z also holds since ∇ maps W 2,p(M,E) to W 1,p(M,T∗M⊗E). Hence
Z is indeed the image of D. 2
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One can use the results in theorem 4.6 to determine ker D̃ and (im D̃)⊥ for
theorem 4.7. The only hard part of the proof is then the closedness of im D̃ that
will be proven by an estimate.

Proof of theorem 4.7 :
Let u ∈ ker D̃, then lemma 4.1 asserts for all ψ ∈ W 2,q∗(M,E)

0 = ∇′∇u(ψ) =

∫

M

〈∇u ∧ ∗∇ψ 〉 =

∫

M

〈u , ∇∗∇ψ 〉+
∫

∂M

〈 u , ∇νψ 〉 .

Thus (u, u|∂M ) ∈ (imD)⊥ with the operator D of theorem 4.6 for p = q∗, and this
implies that u ∈ H0(M,∇). On the other hand every horizontal section obviously
lies in the kernel of D̃, so ker D̃ = H0(M,∇) and this is of finite dimension as
before in theorem 4.6.

The same argument can be used to show that (im D̃)⊥ = H0(M,∇): Let
u ∈ (im D̃)⊥ ⊂W 1,q∗(M,E), i.e. D̃ψ(u) = 0 for all ψ ∈W 1,q(M,E). Then for all
ψ ∈W 2,q(M,E) by lemma 4.1

0 = ∇′∇ψ(u) =

∫

M

〈∇ψ ∧ ∗∇u 〉 =

∫

M

〈u , ∇∗∇ψ 〉+
∫

∂M

〈 u , ∇νψ 〉 .

This shows (u, u|∂M ) ∈ (imD)⊥ with p = q, and thus theorem 4.6 asserts that
u ∈ H0(M,∇). Conversely, every u ∈ H0(M,∇) satisfies

D̃ψ(u) =

∫

M

〈∇ψ ∧ ∗∇u 〉 = 0

for all ψ ∈ W 1,q(M,E). So we have established (im D̃)⊥ = H0(M,∇).
If we can moreover show that im D̃ is closed then the quotient norm is wellde-

fined on the cokernelW 1,q(M,E)/im D̃ and makes it a Banach space. The cokernel
has the same dimension as its dual space, which is isomorphic to (im D̃)⊥. Thus
codim im D̃ = dim H0(M,∇) = dim ker D̃ proving the Fredholm property and in-
dex 0 of D̃.

The closedness of im D̃ will follow from lemma E.3 (i). This requires an esti-
mate that uses some topological direct sums. In the following we indicate by a
subscript the spaces that ∇ and ∇′ act on, e.g.

∇′q∗ : Lq
∗

(M,T∗M ⊗E) −→ W−1,q(M,E),

∇q∗ : W 1,q∗(M,E) −→ Lq
∗

(M,T∗M ⊗E).

Firstly, ker∇q∗ = H0(M,E) is finite dimensional, so (e.g. by [Z, 3.9,Ex.17]) it has
a topological (i.e. closed) complement Y ⊂W 1,q∗(M,E),

W 1,q∗(M,E) = H0(M,E)⊕ Y. (4.7)
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If we restrict ∇ to this complement then it becomes injective. Moreover, we
have ‖u‖W 1,q∗ ≤ ‖∇u‖q∗ + ‖u‖q∗ for all u ∈ W 1,q∗(M,E), and the Sobolev em-
bedding W 1,q∗ ↪→ Lq

∗

is compact. So im∇q∗ ⊂ Lq
∗

(M,T∗M ⊗E) is closed by
lemma E.3 (i), and then (ii) implies that there exists a constant C such that

‖u‖W 1,q∗ ≤ C‖∇u‖q∗ ∀u ∈ Y. (4.8)

Secondly, we claim the following topological direct sum:

Lq
∗

(M,T∗M ⊗E) = ker∇′q∗ ⊕ im∇q∗ . (4.9)

Both factors are closed subsets of Lq
∗

(M,T∗M ⊗ E) (for im∇q∗ this was seen
above) and the intersection ker∇′q∗ ∩ im∇q∗ is trivial. Indeed, let τ lie in the

intersection, that is τ = ∇v for some v ∈ W 1,q∗(M,E) such that D̃v = ∇′τ = 0.
Then v ∈ ker D̃ = H0(M,∇) (as was already established with q replaced by q∗)
and hence τ = ∇v = 0.

In order to see that the closed subspace X := ker∇′q∗ ⊕ im∇q∗ is in fact the

whole space Lq
∗

(M,T∗M⊗E) assume the contrary, i.e. that there exists an element
in Lq

∗

(M,T∗M ⊗ E) that has nonzero distance from X . The theorem of Hahn-
Banach (e.g. [Z, 1.2,Prop.3]) then provides a nonzero ω ∈ Lq(M,T∗M ⊗ E) such
that ω ∈ X⊥ = (ker∇′q∗)⊥ ∩ (im∇q∗)⊥ = im∇q ∩ ker∇′q . But as before this in-

tersection is trivial, so we arrived at a contradiction. Here (im∇q∗)⊥ = ker∇′q fol-
lows directly from the definition of ∇′. This also holds with q and q∗ interchanged,
and the closedness of im∇q then provides (ker∇′q∗)⊥ = (im∇q)⊥⊥ = im∇q.

We now want to use (4.7) - (4.9) to estimate ∇u by D̃u, which is the crucial
estimate for the closedness of im D̃. For that purpose we use the duality of Lq and
Lq

∗

to write

‖∇u‖q = sup

{ ∣∣∫
M
〈∇u ∧ ∗τ 〉

∣∣
‖τ‖q∗

∣∣∣∣∣ τ ∈ L
q∗(M,T∗M ⊗E)

}
. (4.10)

By (4.9) one can write all τ ∈ Lq
∗

(M,T∗M ⊗ E) in the form τ = ∇v + ω
for some v ∈ W 1,q∗(M,E) and ω ∈ ker∇′q∗ . This splitting is continuous, so
‖∇v‖q∗ ≤ C ′‖τ‖q∗ for some constant C ′. Due to (4.7) one can moreover choose
v ∈ Y , then (4.8) provides a constant C such that

C‖τ‖q∗ ≥ ‖v‖W 1,q∗ .

Moreover, the splitting τ = ∇v + ω gives
∫

M

〈∇u ∧ ∗τ 〉 = (∇′∇u)(v) + (∇′ω)(u) = (D̃u)(v).

Now insert this into (4.10), then for all u ∈ W 1,q(M,E)

‖∇u‖q ≤ sup

{
|D̃u(v)|

1
C
‖v‖W 1,q∗

∣∣∣∣∣ v ∈ Y
}
≤ C‖D̃u‖W−1,q
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and hence

‖u‖W 1,q ≤ ‖∇u‖q + ‖u‖q ≤ C‖D̃u‖W−1,q + ‖u‖q.

The embedding W 1,q ↪→ Lq is compact, so by lemma E.3 (i) this estimate implies
that im D̃ is closed.

To determine the image of D̃ explicitly note that im D̃ ⊂ im∇′q since ∇ maps
W 1,q(M,E) to Lq(M,T∗M ⊗E). On the other hand, by the definition of ∇′ one
has im∇′q ⊂ H0(M,∇)⊥ = (im D̃)⊥⊥ = im D̃. Hence indeed im D̃ = im∇′q as
claimed. 2

So far we have assumed that the connection potentials are smooth. But for
the Fredholm property of the operators D and D̃ it actually suffices to assume
a certain Sobolev regularity as in theorem 4.4. This follows from the fact that
these operators are compact perturbations of the operators with smooth connec-
tion potentials. As previously one can determine the kernel and image of D and
D̃ explicitly, which can then be used to establish theorem 4.3 and 4.4. For the
first one only considers the operator D̃ on W 1,r(M,E), establishes its Fredholm
property, kernel and image, and exploits these to solve the equation. The proof
of theorem 4.4 is similar but more complicated since one has to solve an equation
for D̃ on W 1,q(M,E) and D on W 2,p(M,E) at the same time.

Proof of theorem 4.3 :
Let 2 ≤ r < ∞ with r > n and choose a finite bundle atlas of the vector bundle
V ↪→ E over the n-manifold M =

⋃N
α=1 Uα. Then the covariant derivative ∇ is

given by connection potentials Aα ∈W 1,r(Uα,T
∗Uα ⊗ EndV ). Now consider

D̃ :
W 1,r(M,E) −→ W−1,r(M,E)

u 7→ ∇′∇u.

We claim that this is well defined and a Fredholm operator of index 0. For
that purpose let D̃0 be the operator obtained by replacing ∇ in the above def-
inition with a covariant derivative ∇0 that has smooth connection potentials
A0
α ∈ C∞(Uα,T

∗Uα ⊗ EndV ). Theorem 4.7 asserts that this is a Fredholm oper-
ator of index 0. so for the Fredholm property and index of D̃ it suffices to prove
that D̃ − D̃0 is compact (see e.g. [Z, 5.8,Thm.5.E]). So we have to consider the
separate terms in

D̃ − D̃0 = ∇′◦(∇−∇0) + (∇′ −∇′0)◦∇0. (4.11)

For the compactness of both terms one can use the fact that the composition of
bounded and compact operators is again compact, so we establish the following:

(i) ∇−∇0 : W 1,r(M,E)→ Lr(M,T∗M ⊗ E) is a compact operator.

This again is a composition of the compact embedding W 1,r ↪→ L∞ with the
bounded operator ∇−∇0 on L∞(M,E). For the continuity of that operator
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it suffices to consider all u ∈ Γ(E):

‖(∇−∇0)u‖r ≤ C ′
∑

α

‖Aα −A0
α‖r‖uα‖∞ ≤ C‖u‖∞.

Here the constants C ′ and C are finite due to remark B.1 and since the Aα
are of class Lr.

(ii) ∇′ −∇′0 : Lr(M,T∗M ⊗E)→W−1,r(M,E) is a compact operator.

A theorem of Schauder (e.g. [Z, 5.1,Thm.5.A]) says that the dual operator
of a compact operator between Banach spaces is again compact. This is the
dual operator of ∇ − ∇0 : W 1,r∗(M,E) → Lr

∗

(M,T∗M ⊗ E), so we only
have to establish its compactness.

Let 1
s

= 1
r∗
− 1

r
= 1− 2

r
, then the embedding W 1,r∗ ↪→ Ls is compact since

due to r > n
1
n
− 1

r∗
= 1

n
− 1 + 1

r
> −1 + 2

r
= − 1

s
.

The operator ∇ − ∇0 is bounded on Ls(M,E) since for all u ∈ Γ(E) and
some finite constants C,C ′

‖(∇−∇0)u‖r∗ ≤ C ′
∑

α

‖Aα −A0
α‖r‖uα‖s ≤ C‖u‖s.

Firstly, these estimates show that D̃ indeed maps intoW−1,r(M,E). Moreover,
∇′ : Lr(M,T∗M ⊗ E) → W−1,r(M,E) is bounded by (ii). Hence both terms in
the decomposition (4.11) of D̃− D̃0 are compositions of a bounded and a compact
map, and thus D̃ − D̃0 is in fact compact. This proves that D̃ is a Fredholm
operator of index 0.

Now consider u ∈ W 1,r(M,E) such that D̃u = 0. Note that r∗ ≤ r due to
r ≥ 2, so one can test this equation with u ∈W 1,r∗(M,E) to obtain

0 = (D̃u)(u) = (∇′∇u)(u) =

∫

M

〈∇u ∧ ∗∇u 〉 .

This shows that ∇u = 0 and hence the kernel of D̃ is the set of horizontal sections,

ker D̃ = H0(M,∇) :=
{
u ∈W 1,r(M,E)

∣∣∇u = 0
}
.

Note that horizontal sections are not necessarily smooth in this case. Next, one
can use the index of D̃ to determine its image:

im D̃ =
{
∇′τ

∣∣ τ ∈ Lr(M,T∗M ⊗E)
}

=: Z.

One has im D̃ ⊂ Z since ∇ maps W 1,r(M,E) to Lr(M,T∗M ⊗ E). More-
over, we know that the codimension of im D̃ is equal to the (finite) dimension
of ker D̃ = H0(M,∇), so for the equality of the two spaces it remains to prove that
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the codimension of Z is greater or equal to the dimension of H0(M,∇). This then
follows from

H0(M,∇) ⊂ Z⊥ =
{
∇′τ

∣∣ τ ∈ Lr(M,T∗M ⊗ E)
}⊥
,

which holds since for all u ∈ H0(M,∇)

(∇′τ)(u) =

∫

M

〈 τ ∧ ∗∇u 〉 = 0.

Now ker D̃ = H0(M,∇) is finite dimensional, hence there exists a topological
complement (e.g. by [Z, 3.9,Ex.17])

W 1,r(M,E) = H0(M,∇)⊕ Y.

Moreover, im D̃ is closed, so the restriction D̃ : Y → im D̃ is a bounded isomor-
phism between Banach spaces. Then by lemma E.3 (ii) it has a bounded inverse,
i.e. there exists a constant C such that

‖u‖W 1,r ≤ C‖D̃u‖W−1,r ∀u ∈ Y

Now let any τ ∈ W 1,r(M,T∗M ⊗ E) be given, then ∇′τ ∈ im D̃, so there exists
a preimage u ∈ Y ⊂ W 1,r(M,E). This means that ∇′∇u = ∇′τ , and by the
previous estimate

‖u‖W 1,r ≤ C‖D̃u‖W−1,r = C‖∇′τ‖W−1,r .

2

Proof of theorem 4.4 and remark 4.5 :
Let 1 < p ≤ q <∞ be as assumed for the theorem, that is

p > n
2 and 1

n
> 1

q
≥ 1

p
− 1

n
.

Choose a finite bundle atlas of the vector bundle V ↪→ E over M =
⋃N
α=1 Uα, then

the covariant derivative under consideration, ∇, is given by connection potentials
Aα ∈W 1,p(Uα,T

∗Uα ⊗ EndV ). We will first show that the following are still well
defined Fredholm operators of index 0 :

D :
W 2,p(M,E) −→ Lp(M,E)×W 1,p

∂ (M,E)
u 7→ (∇∗∇u , ∇νu),

D̃ :
W 1,q(M,E) −→ W−1,q(M,E)

u 7→ ∇′∇u.
Let ∇0 be a covariant derivative on E that has smooth connection potentials
A0
α ∈ C∞(Uα,T

∗Uα ⊗ EndV ) and denote by D0 and D̃0 the operators obtained
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by replacing∇ with ∇0 in above definition. These are Fredholm operators of index
0 by theorem 4.6 and 4.7.

We will see that D and D̃ are compact perturbations of D0 and D̃0, hence they
themselves are Fredholm operators of index 0 (see e.g. [Z, 5.8,Thm.5.E]). In both
cases the operators are composed of covariant derivatives, their adjoint and dual
operators, so let us first consider differences of those operators:

(i) ∇−∇0 : W 2,p(M,E)→W 1,p(M,T∗M ⊗E) is a compact operator.

Indeed, it is the composition of the compact embedding W 2,p ↪→W 1,2p with
the bounded operator ∇−∇0 on W 1,2p(M,E). For the Sobolev embedding
one checks that 1− n

p
> − 1

2p due to p > n
2 . For the continuity of the second

operator it suffices to consider all u ∈ Γ(E):

‖(∇−∇0)u‖W 1,p ≤ C ′
∑

α

‖(Aα −A0
α)uα‖W 1,p

≤
∑

α

Cα‖Aα −A0
α‖W 1,p‖uα‖W 1,2p

≤ C‖u‖W 1,2p .

In the first step, C ′ is finite due to remark B.1. In the second step one obtains
finite constants Cα from lemma B.3 with r = p and s = 2p (it applies due
to 2p > n). This leads to a finite constant C since the Aα are of class W 1,p.

(ii) ∇∗ −∇∗0 : W 1,p(M,T∗M ⊗E)→ Lp(M,E) is a compact operator.

This is composed of the compact embedding W 1,p ↪→ L2p and a bounded
operator: There exist constants C,C ′ such that for all τ ∈ Γ(T∗M ⊗E)

‖(∇∗ −∇∗0)τ‖p ≤ C ′
∑

α

∥∥∗
(
(Aα −A0

α)∗ ∧ ∗τα
)∥∥
p

≤ C ′
∑

α

‖Aα −A0
α‖2p‖τα‖2p

≤ C‖τ‖2p.

(iii) ∇−∇0 : W 1,q(M,E)→ Lq(M,T∗M ⊗E) and
∇−∇0 : W 1,q∗(M,E)→ Lq

∗

(M,T∗M ⊗E) are both compact operators.

This is however not true on every space W 1,r(M,E). In the first case one has
the compact embedding W 1,q ↪→ C0 due to q > n and there exist constants
C,C ′ such that for all u ∈ Γ(E)

‖(∇−∇0)u‖q ≤ C ′
∑

α

‖(Aα −A0
α)uα‖q

≤ C ′
∑

α

‖Aα −A0
α‖q‖uα‖∞

≤ C‖u‖∞.
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Here one also needs 1
q
≥ 1

p
− 1

n
in order that the Sobolev inequality for

W 1,p ↪→ Lq holds and hence the ‖Aα −A0
α‖q are finite.

In the second case one has a compact embedding W 1,q∗ ↪→ Ls and a contin-
uous embedding W 1,p ↪→ Lp

′

with 1
q∗

= 1
p′

+ 1
s
. In case n = 1 this is achieved

by p′ = s = 2q∗ since the Sobolev embedding W 1,r ↪→ C0 is compact for all
r > 1. In case n ≥ 2 one chooses p′ = 2p and 1

s
= 1

q∗
− 1

2p . This is possible
since due to q > n and p > n

2

1
q∗
− 1

2p = 1− 1
q
− 1

2p > 1− 1
n
− 1

n
≥ 0.

Now W 1,p ↪→ L2p holds as before and for the first embedding one uses p > n
2

to check
1
n
− 1

q∗
> 1

2p − 1
q∗

= − 1
s
.

Then use the Sobolev inequality for W 1,p ↪→ Lp
′

to obtain for all u ∈ Γ(E)
and some finite constants C,C ′

‖(∇−∇0)u‖q∗ ≤ C ′
∑

α

‖Aα −A0
α‖p′‖uα‖s ≤ C‖u‖s.

(iv) ∇′ −∇′0 : Lq(M,T∗M ⊗ E)→W−1,q(M,E) is a compact operator.

This is the dual operator of ∇ − ∇0 : W 1,q∗(M,E) → Lq
∗

(M,T∗M ⊗ E),
which is compact by (iii). Now by a theorem of Schauder (see e.g. [Z,
5.1,Thm.5.A]) the dual operator of a compact operator between Banach
spaces is again compact.

Firstly, one can see from above estimates that D and D̃ are well defined, i.e. they
indeed map into the spaces that are indicated. For the second component of D we
should mention in addition that the map

W 1,p(M,T∗M ⊗E) −→ W 1,p
∂ (M,E)

τ 7→ τ(ν)

is continuous and independent of the choice of the covariant derivative. This is
due to the fact that ν can be extended to a smooth vector field ν̃ on all of M and
then τ(ν) = τ(ν̃)|∂M .

Secondly, we can now check that D−D0 and D̃−D̃0 are compact since they are
given by compositions of bounded and compact operators. The first component of
D−D0 is∇∗◦(∇−∇0)+(∇∗−∇∗0)◦∇0, where∇∗ : W 1,p(M,T∗M⊗E)→ Lp(M,E)
is bounded by (ii). The second component of D −D0 is a composition of ∇−∇0

with above continuous map to W 1,p
∂ (M,E).

Analogously, we can write D̃ − D̃0 = ∇′◦(∇ − ∇0) + (∇′ − ∇′0)◦∇0, where
∇′ : Lq(M,T∗M⊗E)→W−1,q(M,E) is bounded since it is the dual of a bounded
operator (see (iii)). This establishes the Fredholm property and index 0 for both
D and D̃.
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As next step we will show that the kernel of both operators again is the set of
horizontal sections,

kerD = ker D̃ = H0(M,∇) :=
{
u ∈ W 2,p(M,E)

∣∣∇u = 0
}
.

Note that horizontal sections are not necessarily smooth in this case. However, if
u ∈ W 1,p(M,E) satisfies ∇u = 0 then duα = −Aαuα ∈ W 1,p(Uα,T

∗Uα ⊗ V ) in
all bundle charts and hence in fact u ∈ W 2,p(M,E). So for u ∈ kerD it remains
to obtain ∇u = 0 from lemma 4.1 :

∫

M

〈∇u ∧ ∗∇u 〉 =

∫

M

〈 u , ∇∗∇u 〉+
∫

∂M

〈u , ∇νu 〉 = 0.

This works via approximation by smooth sections due to the Sobolev embeddings
W 2,p ↪→ L∞ and W 1,p ↪→ L2 and it proves that kerD = H0(M,∇).

Moreover, we know from the index of D that (imD)⊥ has the same dimension
as H0(M,∇). But

{
(u, u|∂M )

∣∣ u ∈ H0(M,∇)
}
⊂
(
Lp(M,E)×W 1,p

∂ (M,E)
)∗

annihilates imD by lemma 4.1, so for dimensional reasons it is identical to (imD)⊥.
As in the proof of theorem 4.7 this helps to determine ker D̃ : Note that the Sobolev
embedding W 2,p ↪→W 1,q∗ holds due to 1

q∗
= 1− 1

q
> 1

p
− 1

n
. So if u ∈ ker D̃ then

for all v ∈ W 2,p(M,E) one obtains from lemma 4.1

0 = ∇′∇u(v) =

∫

M

〈∇u ∧ ∗∇v 〉 =

∫

M

〈u , ∇∗∇v 〉+
∫

∂M

〈u , ∇νv 〉 .

This implies (u, u|∂M ) ∈ (imD)⊥ and thus ker D̃ ⊂ H0(M,∇). Conversely,
H0(M,∇) ⊂ ker D̃ by the Sobolev embedding W 2,p ↪→ W 1,q, so we have also
proven ker D̃ = H0(M,∇).

Furthermore, we determine the images of the operators using their index:

imD =
{
(∇∗τ, τ(ν))

∣∣ τ ∈ W 1,p(M,T∗M ⊗E)
}
,

im D̃ =
{
∇′τ

∣∣ τ ∈ Lq(M,T∗M ⊗E)
}
.

In both cases it is clear that the image is a subset of the other given space. For D
this is since∇mapsW 2,p(M,E) toW 1,p(M,T∗M⊗E) – see (i), and for D̃ we know
from (iii) that ∇ maps W 1,q(M,E) to Lq(M,T∗M ⊗ E). So it remains to prove
that the codimension of the given space is greater or equal to the codimension of
the image, that equals dim H0(M,∇). One proves this by checking that H0(M,∇)
lies in the annihilator of the given space:

For all τ ∈W 1,p(M,T∗M ⊗E) and v ∈ H0(M,∇) use lemma 4.1 to obtain

∫

M

〈 v , ∇∗τ 〉+
∫

∂M

〈 v , τ(ν) 〉 =

∫

M

〈∇v ∧ ∗τ 〉 = 0.
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For all τ ∈W 1,q(M,T∗M ⊗E) and v ∈ H0(M,∇) one has

(∇′τ)(u) =

∫

M

〈 τ ∧ ∗∇u 〉 = 0.

Thus the images of the operators are established as claimed above.
With the help of the operators D and D̃ we can now give the construction that

for all τ ∈W 1,p(M,T∗M ⊗E) provides the claimed solution u ∈ W 2,p(M,E) of
{
∇∗∇u = ∇∗τ,
∇νu = τ(ν)

with
‖u‖W 2,p ≤ C

(
‖∇∗τ‖p + ‖τ(ν)‖W 1,p

∂

)
,

‖u‖W 1,q ≤ C‖τ‖q .

Choose a topological complement Y of H0(M,∇) in W 1,q(M,E) (which is possible
e.g. by [Z, 3.9,Ex.17] since we consider the kernel of a Fredholm operator, i.e. a
finite dimensional subspace of a Banach space),

W 1,q(M,E) = H0(M,∇)⊕ Y. (4.12)

Since H0(M,∇) is in fact a subspace of W 2,p(M,E) this also provides a topological
complement of H0(M,∇) in W 2,p(M,E) :

W 2,p(M,E) = H0(M,∇)⊕
(
Y ∩W 2,p(M,E)

)
. (4.13)

The restrictions D̃ : Y
∼→ im D̃ and D : Y ∩W 2,p(M,E)

∼→ imD are (bounded)
isomorphisms between Banach spaces. So by lemma E.3 (ii) their inverses also are
bounded linear operators, hence there exists a constant C such that

‖u‖W 1,q ≤ C‖D̃u‖W−1,q ∀u ∈ Y
‖u‖W 2,p ≤ C‖Du‖Lp×W 1,p

∂
∀u ∈ Y ∩W 2,p(M,E). (4.14)

Now let any τ ∈ W 1,p(M,T∗M⊗E) be given, then
(
∇∗τ, τ(ν)

)
∈ imD, thus there

exists a preimage u ∈ Y ∩W 2,p(M,E), i.e. ∇∗∇u = ∇∗τ and ∇νu = τ(ν). The
first estimate then follows directly from (4.14),

‖u‖W 2,p ≤ C‖Du‖Lp×W 1,p
∂

= C
(
‖∇∗τ‖p + ‖τ(ν)‖W 1,p

∂

)
.

For the second estimate note that for all v ∈ W 1,q∗(M,E) by lemma 4.1

(D̃u)(v) =

∫

M

〈∇u ∧ ∗∇v 〉

=

∫

M

〈∇∗∇u , v 〉+
∫

∂M

〈∇νu , v 〉

=

∫

M

〈∇∗τ , v 〉+
∫

∂M

〈 τ(ν) , v 〉

=

∫

M

〈 τ ∧ ∗∇v 〉 .
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Hence we have |(D̃u)(v)| ≤ ‖τ‖q‖∇v‖q∗ , where ‖∇v‖q∗ ≤ ‖v‖W 1,q∗ , and thus from
(4.14)

‖u‖W 1,q ≤ C‖D̃u‖W−1,q

= C · sup

{
|(D̃u)(v)|
‖v‖W 1,q∗

∣∣∣∣∣ v ∈W
1,q∗(M,E)

}

≤ C‖τ‖q .

This proves the theorem.
In remark 4.5 one considers different metrics g and g′ on M . These lead

to different operators D, D̃, and D′, D̃′ with the same Fredholm properties as
established above and the same kernel H0(M,∇) – which is independent of the
metric. Thus one can use the same topological complement Y in (4.12) and (4.13)
for all metrics. So to establish remark 4.5 it remains to see that all constants
in the above estimates can be chosen independent of the metric g′ as long as
‖g − g′‖W 1,∞ ≤ ε, where ε > 0 can be chosen appropriately.

Firstly, we have to consider the constants in (4.14): Let Cg be the constant for
the metric g, then we claim that for sufficiently small ε > 0 in ‖g − g′‖W 1,∞ ≤ ε
and with the constant C replaced by 2Cg the estimates (4.14) also hold for D′ and

D̃′. To see this for D̃′ first observe that for all u ∈ Y and v ∈W 1,q∗(M,E)

∣∣(D̃u− D̃′u)(v)
∣∣ =

∣∣∣∣
∫

M

〈∇u ∧ ∗g∇v 〉 −
∫

M

〈∇u ∧ ∗g′∇v 〉
∣∣∣∣

≤ ‖g−1 − g′−1‖∞‖u‖W 1,q‖v‖W 1,q∗ .

Here g−1 denotes the inner product on 1-forms induced by the metric g; in local
coordinates it is given by the inverse matrix of g. One can choose ε ≤ 1

2‖g−1‖∞
such that (E.4) gives for all metrics g′ with ‖g − g′‖∞ ≤ ε

‖g′−1‖∞ ≤ 2‖g−1‖∞, ‖g−1 − g′−1‖∞ ≤ C‖g − g′‖∞. (4.15)

Here the constant is C = 2‖g−1‖2∞. Now (4.14) for the metric g leads to

‖u‖W 1,q ≤ Cg‖D̃′u‖W−1,q + Cg‖D̃u− D̃′u‖W−1,q

≤ Cg‖D̃′u‖W−1,q + Cg sup

{ ∣∣(D̃u− D̃′u)(v)
∣∣

‖v‖W 1,q∗

∣∣∣∣∣ v ∈W
1,q∗(M,E)

}

≤ Cg‖D̃′u‖W−1,q + CCg‖g − g′‖∞‖u‖W 1,q .

If moreover ε ≤ 1
2CCg

in ‖g − g′‖W 1,∞ ≤ ε then the last term can be taken to the

left hand side and hence for all u ∈ Y

‖u‖W 1,q ≤ 2Cg‖D̃′u‖W−1,q .
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To obtain a uniform constant for the second estimate in (4.14) use this estimate
for the metric g to obtain for all u ∈ Y ∩W 2,p(M,E)

‖u‖W 2,p ≤ Cg‖D′u‖Lp×W 1,p
∂

+ Cg
(
‖(∇∗g −∇∗g′)∇u‖p + ‖∇u(νg − νg′)‖W 1,p

∂

)
.

Here the last term is bounded by 1
2‖u‖W 2,p for sufficiently small ‖g − g′‖W 1,∞ , so

with a suitable choice of ε > 0 one obtains for all u ∈ Y ∩W 2,p(M,E)

‖u‖W 2,p ≤ 2Cg‖D′u‖Lp×W 1,p
∂
.

Indeed, ‖(∇∗g − ∇∗g′)∇u‖p is – for a suitable choice of ε > 0 – bounded by an
arbitrary small multiple of ‖u‖W 2,p . This is seen from the coordinate expression
of ∇∗: It only contains the metric, its inverse, and first derivatives.

To estimate the W 1,p
∂ -norm of ∇u(νg − νg′) extend νg to a smooth vector field

ν̃g on M . Note that in local coordinates νig′ = g′ijgjkνkg and use this expression
to also extend νg′ to a vector field ν̃g′ on M . This construction shows that there
is a constant C depending only on g such that

‖∇u(νg − νg′)‖W 1,p
∂
≤ ‖∇u(ν̃g − ν̃g′)‖W 1,p ≤ C‖g−1 − g′−1‖W 1,∞‖u‖W 2,p .

Now we have to make sure that the factor ‖g−1 − g′−1‖W 1,∞ in front of ‖u‖W 2,p

can be made small by the choice of ε > 0. Firstly, as before choose ε ≤ 1
2‖g−1‖∞

such that (4.15) holds. Then moreover we find a constant C such that

‖∇(g−1 − g′−1)‖∞ = ‖g−1∇g g−1 − g′−1∇g′ g′−1‖∞
≤ ‖g−1 − g′−1‖∞‖∇g g−1‖∞ + ‖g′−1‖∞‖∇g −∇g′‖∞‖g−1‖∞

+ ‖g′−1‖∞
(
‖∇g‖∞ + ‖∇g −∇g′‖∞

)
‖g−1 − g′−1‖∞

≤ C‖g − g′‖W 1,∞ .

Thus indeed, ‖g−1 − g′−1‖W 1,∞ can be made as small as we wish by the choice
of ε in ‖g − g′‖W 1,∞ ≤ ε. So we have established uniform constants in (4.14) for
all metrics g′ within some W 1,∞-neighbourhood of g. For the first estimate of the
theorem no further estimates are involved, so one obtains a uniform constant as
claimed in remark 4.5. For the second estimate let τ ∈ W 1,p(M,T∗M ⊗ E) be
given and let u ∈ Y ∩W 2,p(M,E) be the solution of D′u = (∇∗g′τ, τ(νg′ )). Then

for all v ∈W 1,q∗(M,E)

∣∣(D̃′u)(v)
∣∣ =

∣∣∣∣
∫

M

〈 τ ∧ ∗g′∇v 〉
∣∣∣∣ ≤ ‖g′−1‖∞‖τ‖q‖v‖W 1,q∗ ,

and hence with (4.15) we find a constant C independent of g′ such that

‖u‖W 1,q ≤ 2Cg‖D̃′u‖W−1,q ≤ 2Cg‖g′−1‖∞‖τ‖q ≤ C‖τ‖q .

2



Part II

Weak Compactness
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Chapter 5

Regularity for 1-Forms

In this chapter we establish a regularity result for 1-forms that generalizes the
Hodge theory to manifolds with boundary. It moreover allows to obtain regu-
larity and estimates for separate components of the 1-forms. The reason for the
discussion of this componentwise Hodge type regularity result is that it has two im-
portant corollaries which will be needed for the proof of Uhlenbeck’s compactness
theorems. Firstly, the proof of the weak Uhlenbeck compactness theorem centrally
relies on the Lp-estimate in theorem D for the operator d⊕d∗ on 1-forms. In [U2]
only the L2-estimate for the Euclidean unit ball is proven explicitly. In this chap-
ter we will obtain the subsequent general Lp-result. Note that the case ∗A|∂M = 0
is theorem D.

Here and throughout this chapter M is a compact, oriented Riemannian mani-
fold with (possibly empty) boundary ∂M .

Theorem 5.1 For every 1 < p < ∞ there exists a constant C such that the
following holds.

(i) Suppose that A ∈ W 1,p(M,T∗M) satisfies ∗A|∂M = 0 or A|∂M = 0. Then

‖A‖W 1,p ≤ C
(
‖dA‖p + ‖d∗A‖p + ‖A‖p

)
.

(ii) Assume in addition H1(M ; R) = 0 and suppose that A ∈ W 1,p(M,T∗M)
satisfies ∗A|∂M = 0, then

‖A‖W 1,p ≤ C
(
‖dA‖p + ‖d∗A‖p

)
.

Moreover, the constants can be chosen such that they depend continuously on the
metric with respect to the W 1,∞-topology.

Secondly, the regularity theory in chapter 9 for the (weak) Yang-Mills equation
in conjunction with the (relative) Coulomb gauge will be obtained from the subse-
quent theorem. Here 〈 ·, · 〉 denotes the pointwise inner product between differential
forms, 〈α, β 〉 = ∗(α ∧ ∗β).
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Theorem 5.2 For every k ∈ N and 1 < p < ∞ there exists a constant C such
that the following holds: Suppose that a 1-form α ∈ W k,p(M,T∗M) satisfies for
some G ∈ W k,p(M) {

d∗α = G,

∗α|∂M = 0,
(5.1)

and that for some γ ∈ W k−1,p(M,T∗M) and an ω ∈W k,p(M,Λ2T∗M)

∫

M

〈 dα , dβ 〉 =
∫

M

〈 γ , β 〉+
∫

∂M

β ∧ ∗ω (5.2)

holds for all smooth β ∈ Ω1(M). Then α ∈ W k+1,p(M,T∗M) and

‖α‖Wk+1,p ≤ C
(
‖γ‖Wk−1,p + ‖ω‖Wk,p + ‖G‖Wk,p + ‖α‖Wk,p

)
.

Moreover, the constant C can be chosen such that it depends continuously on the
metric with respect to the W k+1,∞-topology.

Both theorems 5.1 and 5.2 will be corollaries of the general regularity theo-
rem 5.3 below. Before we state it, let us consider the case ∗α|∂M = 0 in the last
theorem. If α ∈W 2,p(M,T∗M) then (5.1) and (5.2) are equivalent to the following
boundary value problem:





d∗α ∈W k,p(M,T∗M),

d∗dα ∈W k−1,p(M,T∗M),

α(ν) = 0,

ινdα ∈W k,p
∂ (M,T∗M).

On the half space H with Euclidean metric and ν = ∂
∂x0 this implies





∆αi ∈ W k−1,p(H) ∀i ≥ 0,
α0 = 0,

∂0αi − ∂iα0 ∈ W k,p
∂ (H) ∀i ≥ 1.

Actually, in both above theorems, we deal with a weak form of these equations
with additional lower order terms, but these simplified equations allow to see how
the Dirichlet and Neumann problem are combined here: The regularity of the
normal component α0 follows from the fact that it solves a Dirichlet problem with
homogenous boundary condition. Now the second boundary condition becomes
an inhomogenous Neumann boundary condition for the tangential components,
∂0αi ∈ W k,p

∂ (H). The actual proof will show that the regularity of the tangential
components is in fact independent of the normal component.

By remark B.1 the proof of theorem 5.1 and 5.2 reduces to the separate reg-
ularity and estimates for the components of the 1-form. This regularity will be
provided by theorem 5.3 below. This result is stated separately since it permits to
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obtain regularity and estimates for specific components of a 1-form by testing the
weak equations with specific test functions, e.g. (5.2) may hold only for specific 1-
forms β. Such weak equations with a restriction on the test 1-forms β occur when
the Yang-Mills functional is minimized under certain boundary conditions, and
this leads to weaker boundary conditions than the usual ∗FA|∂M = 0. However,
one can still obtain regularity results, see for example [W].

In the next theorem we avoid using 1-forms in the distributional sense by
splitting and restricting to three relevant cases. Actually, the statement in case (i)
will be true for all k ∈ Z if we use the definition of W k,p for k < 0 as dual space of
W−k,p

∗

. The theorem moreover deals with the following spaces of test functions:

C∞δ (M) :=
{
φ ∈ C∞(M)

∣∣ φ|∂M = 0
}
,

C∞ν (M) :=
{
φ ∈ C∞(M)

∣∣ ∂φ
∂ν

∣∣
∂M

= 0
}
.

Theorem 5.3 Let 1 < p < ∞ and fix an integer k ≥ −1. Let X ∈ Γ(TM) be a
smooth vector field and let either T = C∞δ (M) or T = C∞ν (M). Then there exists a
constant C such that the following holds (in the cases k ≥ 1, k = 0, and k = −1):

(i) Let k ≥ 1 and suppose that the 1-form α ∈ W k,p(M,T∗M) satisfies the

following weak equation for some f1, f2 ∈ W k−1,p(M) and h ∈ W k,p
δ (M)

∫

M

〈α , d(LXφ) 〉 =

∫

M

f1 · φ ∀φ ∈ T ,
∫

M

〈α , d∗(ιXg ∧ dφ) 〉 =

∫

M

f2 · φ +

∫

∂M

h · φ ∀φ ∈ T .

Then α(X) ∈W k+1,p(M) and

‖α(X)‖Wk+1,p ≤ C
(
‖f1‖Wk−1,p + ‖f2‖Wk−1,p + ‖h‖

W
k,p
δ

+ ‖α‖Wk,p

)
.

(ii) Suppose that the 1-form α ∈ Lp(M,T∗M) satisfies the following estimates
with some constants A and B,

∣∣∣
∫

M

〈α , dLXφ 〉
∣∣∣ ≤ A‖φ‖W 1,p∗ (M) ∀φ ∈ T ,

∣∣∣
∫

M

〈α , d∗(ιXg ∧ dφ) 〉
∣∣∣ ≤ B‖φ‖W 1,p∗ (M) ∀φ ∈ T .

Then α(X) ∈W 1,p(M) and

‖α(X)‖W 1,p ≤ C
(
A+B + ‖α‖Lp

)
.
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(iii) Suppose that the 1-form α ∈ Lp(M,T∗M) satisfies the following estimates
with some constants A and B,

∣∣∣
∫

M

〈α , dLXφ 〉
∣∣∣ ≤ A‖φ‖W 2,p∗ (M) ∀φ ∈ T ,

∣∣∣
∫

M

〈α , d∗(ιXg ∧ dφ) 〉
∣∣∣ ≤ B‖φ‖W 2,p∗(M) ∀φ ∈ T .

Then
‖α(X)‖Lp ≤ C

(
A+B + ‖α‖(W 1,p(M,T∗M))∗

)
.

Remark 5.4 The constants C in theorem 5.3 can be chosen such that they depend
continuously on the metric and the vector field X with respect to the W k+1,∞-
topology in case (i) and (ii) and the W 2,∞-topology in case (iii).

Before proving all these theorems let us also state the generalization of the-
orem 5.2 to componentwise regularity and estimates, since this will be useful in
chapter 9. Here and in the following, the outer unit normal vector field to ∂M is
denoted by ν, as in the previous part.

Theorem 5.5 Let k ∈ N and 1 < p < ∞. Let X ∈ Γ(TM) be a smooth
vector field that is either perpendicular to the boundary, i.e. X |∂M = ψ · ν for
some ψ ∈ C∞(∂M), or is tangential, i.e. X |∂M ∈ Γ(T∂M). In the first case let
T = C∞δ (M), in the latter case let T = C∞ν (M). Moreover, let N ⊂ ∂M be an
open subset such that X vanishes in a neighbourhood of ∂M \N ⊂M . Then there
exists a constant C such that the following holds:

Suppose that a 1-form α ∈W k,p(M,T∗M) satisfies for some G ∈W k,p(M)

{
d∗α = G,

∗α|∂M = 0 on N,
(5.3)

and that for some γ ∈ W k−1,p(M,T∗M) and an ω ∈W k,p(M,Λ2T∗M)

∫

M

〈 dα , dβ 〉 =
∫

M

〈 γ , β 〉+
∫

∂M

β ∧ ∗ω (5.4)

holds for all 1-forms β = φ · ιXg with φ ∈ T . Then α(X) ∈ W k+1,p(M) and

‖α(X)‖Wk+1,p ≤ C
(
‖γ‖Wk−1,p + ‖ω‖Wk,p + ‖G‖Wk,p + ‖α‖Wk,p

)
.

Moreover, the constant C can be chosen such that it depends continuously on the
metric and the vector field X with respect to the W k+1,∞-topology.

Depending on the behaviour of X on the boundary one obtains a different
equation on α(X) : In the normal case this will be a weak Dirichlet equation, in
the tangential case it is a weak Neumann equation with an inhomogenous boundary
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condition, i.e. a boundary term. Note that the boundary condition ∗α|∂M = 0 is
only required on those parts of the boundary where the vector field X does not
vanish identically. So in order to establish regularity on a subset of M , one does
not need to multiply the 1-form α by a cutoff function but can simply consider
appropriate vector fieldsX . (One uses the cutoff function on the vector field rather
than on the 1-form.)

As a preparation for the proofs of the above theorems we first prove that
the boundary condition ∗α|∂M = 0 is equivalent to α(ν) = 0, and we establish
general identities for the dual operator of the interior multiplication ιX and of
the Lie derivative LX on functions and 1-forms. For that purpose denote the
Riemannian metric on M by g ∈ Γ(T∗M⊗T∗M) and remember that this provides
a duality between vector fields and 1-forms: Every X ∈ Γ(TM) defines a 1-form
ιXg ∈ Ω1(M), where ιX denotes the interior multiplication, i.e. ιXg(Y ) = g(X,Y )
for all Y ∈ Γ(TM). On the other hand, every 1-form α ∈ Ω1(M) uniquely
determines a vector field Yα ∈ Γ(TM) by ιYα

g = α.

Lemma 5.6 Let X ∈ Γ(TM), then the following holds.

(i) Let α ∈ Ωk(M), where k ≥ 1, then

∗α|∂M = 0 on N ⇐⇒ ινα = 0 on N

and for α ∈ Ω1(M)
∗α|∂M = α(ν) dvol∂M .

(ii) For all α ∈ Ωk+1(M) and β ∈ Ωk(M), where k ≥ 0,

〈 ιXα , β 〉 = 〈α , ιXg ∧ β 〉 .

(iii) For all f, φ ∈ Ω0(M)
∫

M

LXf · φ = −
∫

M

f · LXφ −
∫

M

divX · f · φ +

∫

∂M

g(X, ν) · f · φ.

(iv) For all α, β ∈ Ω1(M) let Yα ∈ Γ(TM) be given by ιYα
g = α, then

∫

M

〈 LXα , β 〉 =−
∫

M

〈α , LXβ 〉 −
∫

M

divX 〈α , β 〉

+

∫

M

〈 ιYα
(LXg) , β 〉 +

∫

∂M

g(X, ν) · 〈α , β 〉 .

Proof: To see (i) choose coordinates near a point in N ⊂ ∂M such that ν = ∂
∂x0

and ∂
∂x1 , . . . ,

∂
∂xn are the tangential directions. Then ∗α|∂M = 0 at that point

exactly means that the components α0i1 ...ik vanish for all i1, . . . ik and that just
says ινα = 0 at that point. If α ∈ Ω1(M) then in fact

∗α|∂M = α0 dx1 ∧ . . . ∧ dxn = α(ν) dvol∂M .
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(ii) also is a pointwise identity, so it suffices to consider geodesic coordinates at
a fixed point. Then one has to prove the identity for all coordinate vector fields
X = ∂

∂x` and differential forms α = dxi0 ∧ . . . ∧ dxik and β = dxj1 ∧ . . . ∧ dxjk

with i0 < . . . < ik and j1 < . . . < jk . Note that in this situation ιXg = dx`.
Now first consider the case (i0, . . . , ik) = σ(`, j1, . . . , jk) for some permutation σ
of k + 1 elements. In that case

〈 ιXα , β 〉 = signσ = 〈α , ιXg ∧ β 〉 .

If (i0, . . . , ik) contains other elements than (`, j1, . . . , jk) then both expressions
〈 ιXα , β 〉 and 〈α , ιXg ∧ β 〉 vanish and this proves the equality.

For (iii) and (iv) first only consider one function F ∈ C∞(M) and calculate in
local geodesic coordinates

LXF =
∑

k

Xk∂kF =
∑

k

∂k(X
kF )− F ·

∑

k

∂kX
k

= ∗d(F ∗ ιXg)− F · divX.

Then use Stokes’ theorem and the fact ∗ιXg|∂M = g(X, ν) dvol∂M from (i) to
obtain

∫

M

∗d(F ∗ ιXg) dvolM =

∫

M

d(F ∗ ιXg)

=

∫

∂M

F ∗ ιXg =

∫

∂M

F · g(X, ν) dvol∂M .

Putting this together we have shown for all F ∈ C∞(M)

∫

M

LXF = −
∫

M

divX · F +

∫

∂M

g(X, ν) · F.

To prove (iii) just apply this identity to F = f · φ and note that

LXF = LXf · φ+ f · LXφ.

For (iv) let F = 〈α , β 〉, then calculate in local coordinates

LXF =
∑

i,j,k

Xk∂k
(
gijαiβj

)

=
∑

i,j,k

gijXk∂kαiβj +
∑

i,j,k

gijXkαi∂kβj −
∑

i,j,k,`,m

g`jXk∂kg`mg
imαiβj

= 〈 LXα , β 〉+ 〈α , LXβ 〉 − 〈 ιYα
(LXg) , β 〉 .

Here we used the formulae (LXg)`m =
∑

kX
k∂kg`m and (Yα)m = gimαi for the

components of the vector field Yα that is dual to α. 2
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Proof of theorem 5.3 and remark 5.4:
Let αν ∈ C∞(M,T∗M) be an Lp-approximating sequence for α such that αν ≡ 0
in a neighbourhood of ∂M . Then one obtains for all φ ∈ T

∫

M

α(X) ·∆φ = lim
ν→∞

∫

M

dιXα
ν · dφ

= lim
ν→∞

(∫

M

〈 LXαν , dφ 〉 −
∫

M

〈 ιXdαν , dφ 〉
)

= lim
ν→∞

(
−
∫

M

〈αν , LXdφ 〉 −
∫

M

〈αν , divX · dφ 〉

+

∫

M

〈 ιYανLXg , dφ 〉 −
∫

M

〈 dαν , ιXg ∧ dφ 〉
)

= lim
ν→∞

(
−
∫

M

〈αν , d(LXφ) 〉 −
∫

M

〈αν , d∗(ιXg ∧ dφ) 〉

+

∫

M

〈
d∗
(
ιYανLXg − divX · αν

)
, φ
〉)

= −
∫

M

〈α , d(LXφ) 〉 −
∫

M

〈α , d∗(ιXg ∧ dφ) 〉

+

∫

M

〈
d∗
(
ιYα
LXg − divX · α

)
, φ
〉

=

∫

M

(
−f1 − f2 + d∗

(
ιYα
LXg − divX · α

))
φ −

∫

∂M

h · φ

Here we used Cartan’s formula LXα = dιXα + ιXdα, and the vector field Yα is
given by ιYα

g = α. All boundary terms vanish since the αν vanish at the boundary.
Now in case T = C∞δ (M) the last boundary term also vanishes and the above

calculation shows that α(X) is a weak solution of the Dirichlet problem (D.2) for
f = −f1 − f2 + d∗

(
ιYα
LXg − divX · α

)
∈ W k−1,p(M). Thus by the regularity

theorem D.2 we have α(X) ∈ W k+1,p(M) with the estimate

‖α(X)‖Wk+1,p ≤ C
∥∥−f1 − f2 + d∗

(
ιYα
LXg − divX · α

)∥∥
Wk−1,p

≤ C
(
‖f1‖Wk−1,p + ‖f2‖Wk−1,p + ‖α‖Wk,p

)
.

Here C denotes any finite constant. In the first estimate, the constant from theo-
rem D.2 depends continuously on the metric in the W k,∞-topology. In the second
inequality, we pick up derivatives of g and X up to order k + 1, so in the end
the constant depends continuously on the metric g and the vector field X in the
W k+1,∞-topology.

In case T = C∞ν (M) the above calculation shows that α(X) is a weak solution
of the inhomogenous Neumann problem (3.4) for f ∈ W k−1,p(M) as before and

with the boundary condition h ∈ W k,p
δ (M). So the regularity theorem 3.2 asserts
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that α(X) ∈ W k+1,p(M) with the estimate

‖α(X)‖Wk+1,p ≤ C
(∥∥−f1 − f2 + d∗

(
ιYα
LXg − divX · α

)∥∥
Wk−1,p + ‖h‖

W
k,p
δ

)

≤ C
(
‖f1‖Wk−1,p + ‖f2‖Wk−1,p + ‖h‖

W
k,p
δ

+ ‖α‖Wk,p

)
.

Again, in the first estimate, the constant from theorem 3.2 depends continuously
on the metric in the W k,∞-topology, but in the second inequality, the derivatives
of g and X lead to continuous W k+1,∞-dependence of the constant on the metric
and the vector field.

In case (ii), i.e. for k = 0, we do a similar calculation as above for all φ ∈ T :

∫

M

α(X) ·∆φ = lim
ν→∞

(∫

M

〈 LXαν , dφ 〉 −
∫

M

〈 ιXdαν , dφ 〉
)

= lim
ν→∞

(
−
∫

M

〈αν , LXdφ 〉 −
∫

M

〈αν , divX · dφ 〉

−
∫

M

〈
αν , ιYdφ

LXg
〉
−
∫

M

〈 dαν , ιXg ∧ dφ 〉
)

= −
∫

M

〈α , d(LXφ) 〉 −
∫

M

〈α , d∗(ιXg ∧ dφ) 〉

−
∫

M

〈
α , ιYdφ

LXg − divX · dφ
) 〉

≤ A‖φ‖W 1,p∗ +B‖φ‖W 1,p∗ + ‖α‖Lp‖ιYdφ
LXg − divX · dφ‖Lp∗

≤
(
A+B + C‖α‖Lp

)
‖φ‖W 1,p∗

Here the constant C varies continuously with the metric g and the vector field X
in the W 1,∞-topology. In case (iii), i.e. for k = −1, the same calculation gives for
all φ ∈ T
∫

M

α(X) ·∆φ

= −
∫

M

〈α , d(LXφ) 〉 −
∫

M

〈α , d∗(ιXg ∧ dφ) 〉 −
∫

M

〈
α , ιYdφ

LXg − divX · dφ
) 〉

≤ A‖φ‖W 2,p∗ +B‖φ‖W 2,p∗ + ‖α‖(W 1,p∗)∗‖ιYdφ
LXg − divX · dφ‖W 1,p∗

≤
(
A+B + C‖α‖(W 1,p∗ )∗

)
‖φ‖W 2,p∗

Note that here the constant C is varying continuously with the metric g and the
vector field X in the W 2,∞-topology.

Now if T = C∞ν (M), then the above calculations show in the cases k = 0 and
k = −1 that α(X) is a solution of the weak Neumann problem (wNP) for some
f ∈

(
W 1−k,p∗(M)

)∗
with ‖f‖(W 1−k,p∗)∗ ≤ A + B + C‖α‖(W−k,p∗ )∗ . (Here we

identify W−1,p(·) = (W 1,p∗(·))∗ and W−2,p(·) = (W 2,p∗(·))∗.) So the regularity
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theorem 2.3′ asserts that α(X) ∈W k+1,p(M) with the estimate

‖α(X)‖Wk+1,p ≤ C
(
‖f‖(W 1−k,p∗)∗ +

∣∣〈α(X) , 1 〉
∣∣)

≤ C
(
A+B + ‖α‖(W−k,p∗)∗

)
.

Here again C denotes any constant, and those constants depend continuously in
the on the metric and the vector field with respect to the W 1,∞-topology in case
(ii) and the W 2,∞-topology in case (iii). The dependence on the vector field and
the metric also comes in when we estimate

∣∣〈α(X) , 1 〉
∣∣ ≤ ‖α(X)‖(W−k,p∗)∗‖1‖W−k,p∗ ≤ C‖α‖(W−k,p∗ )∗ .

The case T = C∞δ (M) works exactly the same way, just that the regularity theo-
rem D.2′ for the weak Dirichlet problem directly gives

‖α(X)‖Wk+1,p ≤ C‖f‖(W 1−k,p∗)∗ ≤ C
(
A+B + ‖α‖(W−k,p∗ )∗

)
.

2

With theorem 5.3 established, the further results in this chapter are easy corol-
laries: We first prove theorem 5.5, where the choice of the test function space T is
determined by the vector field X in order to make certain boundary terms vanish.
From this we deduce theorem 5.2, making precise the argument that was lined out
on page 78 : For different components, i.e. choices of the vector field X the regu-
larity result uses the test function space C∞δ (M), i.e. the Dirichlet problem, or the
test function space C∞ν (M), i.e. the (inhomogeneous) Neumann problem. Finally,
we also show how theorem 5.1 and thus theorem D follows from theorem 5.3 by
choices of X and T that make those boundary terms vanish that do not already
vanish due to the boundary condition ∗α|∂M = 0 or α|∂M = 0.

Proof of theorem 5.5 :
Fix a smooth vector field X that is either perpendicular or tangential to the
boundary ∂M . This induces a choice of test function space T = C∞δ (M) or
T = C∞ν (M). In order to apply theorem 5.3 we establish the following weak
equations for all φ ∈ T : Firstly,

∫

M

〈α , d(LXφ) 〉 =

∫

M

〈 d∗α , LXφ 〉+
∫

∂M

LXφ ∗ α

=

∫

M

〈G , LXφ 〉

=

∫

M

〈−LXG− divX ·G , φ 〉+
∫

∂M

g(X, ν) ·G · φ

=

∫

M

f1 · φ.
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The first boundary term vanishes since ∗α|∂M = 0 on N ⊂ ∂M and LXφ = 0
on ∂M \N . The second boundary term vanishes since on ∂M either g(X, ν) = 0
(when X is tangential to ∂M) or φ = 0 (since φ ∈ C∞δ (M) if X is perpendicular
to ∂M). So we have

f1 = −LXG− divX ·G ∈ W k−1,p(M).

Secondly, we obtain for all φ ∈ T
∫

M

〈α , d∗(ιXg ∧ dφ) 〉

= −
∫

M

〈 dα , d(φ · ιXg) 〉+
∫

M

〈 dα , φ · dιXg 〉 −
∫

∂M

α ∧ ∗(ιXg ∧ dφ)

= −
∫

M

〈 γ , φ · ιXg 〉 −
∫

∂M

φ · iXg ∧ ∗ω +

∫

M

〈 dα , φ · dιXg 〉

=

∫

M

(
−〈 γ , ιXg 〉+ 〈 dα , dιXg 〉

)
· φ−

∫

∂M

φ · iXg ∧ ∗ω

=

∫

M

f2 · φ +

∫

∂M

h · φ.

To see that the first boundary term vanishes consider local coordinates near ∂M
in which {x0 = 0} describes ∂M and ∂

∂x0 is the unit normal ν. In the case when

X = ψ · ν and φ ∈ C∞δ (M), one then has ιXg ∧ dφ = ψdx0 ∧ ∂φ
∂x0 dx0 = 0 on

∂M . When X is tangential to ∂M and φ ∈ C∞ν (M), then neither iXg nor dφ has
a component along dx0 and hence ∗(ιXg ∧ dφ)|∂M has to vanish. So we find

f2 = −〈 γ , ιXg 〉+ 〈 dα , dιXg 〉 ∈ W k−1,p(M),

h = ∗
(
iXg ∧ ∗ω |∂M

)
∈ W k,p

δ (M).

Now theorem 5.3 (i) asserts that α(X) ∈ W k+1,p(M) and

‖α(X)‖Wk+1,p ≤ C
(
‖LXG+ divX ·G‖Wk−1,p + ‖ 〈 γ , ιXg 〉 − 〈 dα , dιXg 〉 ‖Wk−1,p

+ ‖ ∗
(
iXg ∧ ∗ω |∂M

)
‖
W

k,p

δ

+ ‖α‖Wk,p

)

≤ C
(
‖G‖Wk,p + ‖γ‖Wk−1,p + ‖ω‖Wk,p + ‖α‖Wk,p

)
.

Here the first constant from theorem 5.3 has the claimed W k+1,∞-dependence on
the metric and vector field, and in the second estimate we pick up further deriva-
tives of X and g, but these are only of order k. 2

Proof of theorem 5.2 :
By remark B.1 it suffices to prove the regularity and estimate for α(X) for all
smooth vector fields X ∈ Γ(TM) that coincide with a coordinate vector field on
some coordinate patch U ⊂M of a fixed atlas. The coordinate charts that intersect
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the boundary ∂M can be chosen such that ∂M is mapped to the hyperplane
{x0 = 0} and the coordinate vector field ∂

∂x0 restricts to the unit normal ν on
∂M . 1 Now the coordinate vector fields are either perpendicular or tangential to
the boundary ∂M , and these properties are preserved under multiplication with a
cutoff function. Hence it suffices to consider vector fields X ∈ Γ(TM) such that
either X |∂M = ψ · ν for some function ψ ∈ C∞(∂M) or X |∂M ∈ Γ(T∂M). Thus
we have reduced this theorem to theorem 5.5.

The constant in the estimate of theorem 5.5 also depends continuously on the
metric and the vector field X with respect to the W k+1,∞-topology. So it remains
to consider the constant in the equivalence of the usual Sobolev norm on 1-forms
and the norm defined via coordinate charts in remark B.1. If we fix one metric g
and consider another metric h then we can use the same coordinate vector fields
except for the normal direction near the boundary. But since the unit normals
are related by νih = hijgjkν

k
g in local coordinates the corresponding vector fields

X are W k+1,∞-close if h lies in a suitable W k+1,∞-neighbourhood of g. Moreover,
the constant in the equivalence of the W k+1,p-, W k,p-, and W k−1,p-norms depends
continuously on the metric and coordinate vector fiels with respect to the W k+1,∞-
topology. Together this gives the claimed continuity. 2

Proof of theorem 5.1 :
As in the previous proof, it suffices to establish the estimate for A(X) for smooth
vector fields X ∈ Γ(TM) that are either perpendicular or tangential to the bound-
ary ∂M . (This spans all coordinate vector fields for an appropriate choice of an
atlas.) Also as previously, one can choose the relevant vector fields to vary con-
tinuously with the metric with respect to any W k,∞-topology on both. In order
to deduce the claimed estimate on A(X) from theorem 5.3 we need the following
weak equations: Firstly,

∫

M

〈A , d(LXφ) 〉 =

∫

M

〈 d∗A , LXφ 〉+
∫

∂M

LXφ ∗A

≤ ‖d∗A‖p‖LXφ‖p∗ ≤ C‖d∗A‖p‖φ‖W 1,p∗ .

If ∗A|∂M = 0 then this holds for all φ ∈ C∞(M) since the boundary term vanishes.
Otherwise it holds if we make sure that LXφ|∂M = 0. So in the case A|∂M = 0
we choose φ ∈ C∞ν (M) if X is perpendicular to ∂M , and we choose φ ∈ C∞δ (M) if
X is tangential to ∂M . The constant C then depends on the L∞-norm of X and
thus varies continuously with the metric in the L∞-topology. Secondly, we obtain

∫

M

〈A , d∗(ιXg ∧ dφ) 〉 =

∫

M

〈 dA , ιXg ∧ dφ) 〉 −
∫

∂M

A ∧ ∗(ιXg ∧ dφ)

≤ ‖dA‖p‖iXg ∧ dφ‖p∗ ≤ C‖dA‖p‖φ‖W 1,p∗ .

1In order to achieve this one extends ν to a vector field on M . Then its flow defines a tubular
neighbourhood (−ε, 0] × ∂M → M , whose first component can be combined with a coordinate
chart of ∂M to give the required coordinates on M .
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Now the boundary term vanishes and this is true for all φ ∈ C∞(M) if we assume
A|∂M = 0. In the case ∗A|∂M = 0 we have to make appropriate choices of the
test function space: If X is perpendicular to the boundary, then the estimate
holds for all φ ∈ C∞ν (M); if X is tangential, then it holds for φ ∈ C∞δ (M). This
is since ∗(ιXg ∧ dφ)|∂M vanishes as shown before in the proof of theorem 5.5.
Again, the constant C varies continuously with the metric in the L∞-topology. So
theorem 5.3 (ii) applies in the following cases:

• If ∗A|∂M = 0 : Either X is perpendicular to ∂M and T = C∞δ (M)
or X is tangential to ∂M and T = C∞ν (M).

• If A|∂M = 0 : Either X is perpendicular to ∂M and T = C∞ν (M)
or X is tangential to ∂M and T = C∞δ (M).

In all four cases we obtain

‖A(X)‖W 1,p ≤ C
(
‖d∗A‖p + ‖dA‖p + ‖A‖p

)

and thus with a constant C that varies W 1,∞-continuously with the metric

‖A‖W 1,p ≤ C
(
‖d∗A‖p + ‖dA‖p + ‖A‖p

)
.

This proves (i). In order to prove the estimate in (ii) we assume H1(M ; R) = 0
and consider the following Banach spaces:

X =
{
A ∈W 1,p(M,T∗M)

∣∣ ∗A|∂M = 0
}
,

Y = Lp(M,Λ2T∗M)⊕ Lp(M),

Z = Lp(M,T∗M).

X is indeed a Banach space since by theorem B.10 the restriction to ∂M induces a
continuous mapW 1,p(M,Λn−1T∗M)→ L1(M,Λn−1T∗∂M). Moreover, due to the
Sobolev embedding theorem B.2 the inclusion K : X → Z is compact. We equip Y
with the metric ‖(ω, f)‖Y = ‖ω‖p+ ‖f‖p, then the operator D := d⊕d∗ : X → Y
obviously is linear and continuous. The already established estimate (i) can be
rephrased as

‖A‖X ≤ C
(
‖DA‖Y + ‖KA‖Z

)

for all A ∈ X and some constant C. Now we just have to check that D is in-
jective, then lemma E.3 implies the claimed estimate ‖A‖X ≤ C‖DA‖Y for all
A ∈ X and some constant C. To check the injectivity of D consider an element
A ∈ W 1,p(M,T∗M) in the kernel, i.e. with dA = 0 and d∗A = 0. We can iter-
atively apply theorem 5.2 as above with G = 0, γ = 0, and ω = 0 to see that
A is smooth on M . Now H1(M ; R) = 0 implies that A = df for some function
f ∈ C∞(M). Since ∗A|∂M = 0 this function solves the homogeneous Neumann
problem ∆f = d∗A = 0 and ∂f

∂ν
= A(ν) = 0. Thus corollary 1.9 asserts that f
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equals a constant and hence A = 0. This proves the injectivity of the operator D
and establishes

‖A‖W 1,p ≤ C‖DA‖Y = C
(
‖dA‖p + ‖d∗A‖p

)
.

However, the open mapping theorem does not give us a control of the constant
in this estimate when the metric varies. (Note that this in particular changes the
domain X of the operator D.) We take this opportunity to exemplify how to
prove the continuity of constants in detail. In the following, the subscript g or h
indicates the metric with respect to which an operator or a norm is defined.

Fix λ > 1, a metric g on M , and let Cg be the optimal constant in the estimate
(ii) when using the metric g. The claim is that λ−1Cg ≤ Ch ≤ λCg for all other
metrics h with optimal constant Ch and ‖h− g‖g,W 1,∞ ≤ δ for sufficiently small
δ > 0 (depending on g).

Firstly, the W 1,p-norm on 1-forms only depends on the metric, its inverse, and
its Christoffel symbols. So if δ is small enough then for all A ∈ W 1,p(M,T∗M)

λ−
1
4 ‖A‖h,W 1,p ≤ ‖A‖g,W 1,p ≤ λ

1
4 ‖A‖h,W 1,p (5.5)

and the same equivalence also holds for the Lp-norms of 2-forms and functions
(i.e. dA and d∗A). But now the estimate for the metric g does not apply to every
A ∈ W 1,p(M,T∗M) with ∗hA|∂M = 0 since this does not necessarily meet the
boundary condition with respect to g. However, the dual vector field Xh

A to A
defined by ιXA

h = A is tangential to ∂M , so Ã := ιXh
A
g meets the boundary

condition ∗gÃ|∂M = 0 with respect to g . Note that the dual vector field for Ã
with respect to the metric g is Xg

Ã
= Xh

A. So there is a one-to-one correspondence

Ã = ιXg

Ã
g 7→ ιXh

A
h = A between the boundary value spaces with respect to the

metrics g and h. Locally Ai = hijg
jkÃk, so

‖Ã−A‖g,W 1,p ≤ ‖g−1‖g,W 1,∞‖g − h‖g,W 1,∞‖Ã‖g,W 1,p . (5.6)

Now consider the difference between d∗gÃ and d∗hA. Again from the local repre-

sentation one sees that it is bounded by o(δ)
(
|Ã|+ |dÃ|

)
, where o is a continuous

function with o(0) = 0. So for small enough δ > 0

‖d∗gÃ− d∗hA‖g,Lp ≤ 1−λ− 1
4

2λ2Cg
‖Ã‖g,W 1,p . (5.7)

Also choose δ > 0 such that in (5.6)

‖Ã−A‖g,W 1,p ≤ 1−λ− 1
4

2λ2Cg
‖Ã‖g,W 1,p . (5.8)

We now establish Ch ≤ λCg by showing that estimate (ii) holds with the constant
λCg for all metrics h with sufficiently small ‖h − g‖g,W 1,∞ ≤ δ. Consider any
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A ∈ W 1,p(M,T∗M) with ∗hA|∂M = 0 and the corresponding Ã = ιXh
A
g. Use (5.8)

in the estimate (ii) on Ã with the metric g to obtain

‖Ã‖g,W 1,p ≤ Cg
(
‖dÃ‖g,Lp + ‖d∗gÃ‖g,Lp

)

≤ Cg
(
‖dA‖g,Lp + ‖Ã−A‖g,W 1,p + ‖d∗hA‖g,Lp + ‖d∗gÃ− d∗hA‖g,Lp

)

≤ Cg
(
‖dA‖g,Lp + ‖d∗hA‖g,Lp

)
+ (1− λ− 1

4 )‖Ã‖g,W 1,p .

Now the last term can be taken to the left hand side, then (5.5) gives

‖Ã‖g,W 1,p ≤ λ 1
4Cg

(
‖dA‖g,Lp + ‖d∗hA‖g,Lp

)

≤ λ 1
2Cg

(
‖dA‖h,Lp + ‖d∗hA‖h,Lp

)
.

Moreover, in (5.6) choose δ > 0 sufficiently small to obtain

‖A‖g,W 1,p ≤ ‖Ã‖g,W 1,p + ‖Ã−A‖g,W 1,p ≤ λ
1
4 ‖Ã‖g,W 1,p .

The last two inequalities together with (5.5) then give the result:

‖A‖h,W 1,p ≤ λ
1
4 ‖A‖g,W 1,p ≤ λCg

(
‖dA‖h,Lp + ‖d∗hA‖h,Lp

)
.

Conversely, in order to establish Cg ≤ λCh consider any Ã ∈W 1,p(M,T∗M) with

∗gÃ|∂M = 0 and the corresponding A = ιXg

Ã
h. Firstly, δ > 0 can be chosen

sufficiently small such that (5.6) gives

‖Ã‖g,W 1,p ≤ ‖A‖g,W 1,p + ‖Ã−A‖g,W 1,p ≤ ‖A‖g,W 1,p + (1− λ− 1
4 )‖Ã‖g,W 1,p

and thus ‖Ã‖g,W 1,p ≤ λ
1
4 ‖A‖g,W 1,p . Then similarly as above the estimate (ii) on

A with the metric h yields

‖Ã‖g,W 1,p

≤ λ 1
2 ‖A‖h,W 1,p

≤ λ 1
2Ch

(
‖dA‖h,Lp + ‖d∗hA‖h,Lp

)

≤ λ 3
4Ch

(
‖dÃ‖g,Lp + ‖d∗gÃ‖g,Lp + ‖A− Ã‖g,W 1,p + ‖d∗hA− d∗gÃ‖g,Lp

)

≤ λ 3
4Ch

(
‖dÃ‖g,Lp + ‖d∗gÃ‖g,Lp

)
+ (1− λ 1

4 )‖Ã‖g,W 1,p .

Here we have used (5.5), (5.7), and (5.8) as well as Ch ≤ λCg , which was estab-
lished before. Finally, this implies

‖Ã‖g,W 1,p ≤ λCh
(
‖dÃ‖g,Lp + ‖d∗gÃ‖g,Lp

)
,

which finishes the proof of the continuity of the constants and hence of the whole
theorem. 2



Chapter 6

Uhlenbeck Gauge

In this chapter we consider a trivialized chart of a principal bundle and prove the
existence of a Coulomb-type gauge (the ’Uhlenbeck gauge’) for connections with
small energy. This is theorem B. These gauges will then be patched up in chapter 7
to prove the weak compactness.

Theorem 6.1 (Uhlenbeck Gauge)
Let M be a Riemannian n-manifold and let G be a compact Lie group. Suppose
that 1 < q ≤ p <∞ such that q ≥ n

2 , p > n
2 , and in case q < n assume p ≤ nq

n−q .
Then there exist constants CUh and εUh > 0 such that the following holds:

For every point in M one can find a neighbourhood U ⊂M such that for every
connection A ∈ A1,p(U) with E(A) ≤ εUh there exists a gauge transformation
u ∈ G2,p(U) such that

(i) d∗(u∗A) = 0, (iii) ‖u∗A‖W 1,q ≤ CUh‖FA‖q,
(ii) ∗ (u∗A)|∂U = 0, (iv) ‖u∗A‖W 1,p ≤ CUh‖FA‖p.

Here for every local trivialization P |U ∼−→ U × G of a principal G-bundle P
the space A1,p(U) = W 1,p(U,T∗U ⊗ g) represents the connections on P |U . The
energy of a connection A ∈ A1,p(U) is given by

E(A) =

∫

U

|FA|q = ‖FA‖qq ,

and G2,p(U) = W 2,p(U,G) represents the gauge transformations on P |U .

Remark 6.2

a) The assumption p > n
2 ensures that G2,p(M) is a well defined group and acts

continuously on A1,p(M), see lemma A.6.

The theorem actually extends to the case q = p = n
2 for n ≥ 3 by a weak

limit argument that we explain at the end of this chapter. Here W 2,n
2 (M,G)

is defined via a fixed embedding G ↪→ Rm, e.g. as a matrix group.
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b) Property (i) is the Coulomb gauge condition. Condition (ii) is well posed
since W 1,p(U) ↪→ Lp(∂U) by theorem B.10.

c) We say that a connection A ∈ A1,p(U) is in Uhlenbeck gauge if it satisfies

(i) d∗A = 0, (iii) ‖A‖W 1,q ≤ CUh‖FA‖q
(ii) ∗A|∂U = 0, (iv) ‖A‖W 1,p ≤ CUh‖FA‖p.

Thus the statement of the theorem is that u∗A is in Uhlenbeck gauge (recall
|Fu∗A| = |FA|).

d) For q = n
2 and n

2 ≤ p ≤ n this is the original version of Uhlenbeck’s theorem
[U2, Thm.2.1]. The more general formulation was inspired by the fact that
for n = 2 control of the L1-norm of the curvature does not seem to suffice in
order to obtain the result. Problems arise in the proof of the crucial W 1,p-
estimate since the Calderon-Zygmund inequality does not hold for p = 1.

Moreover, it seems that in order to obtain a W 1,p-control in (iv) for p > n,
one needs small energy for q > n

2 .

e) The domains U will be geodesic balls or (in the case of the given point lying
on the boundary of M) “eggs” as defined later. The radius of these domains
can be chosen arbitrarily small without affecting the constants CUh and εUh.

That way the neighbourhood U of the given point can be made to lie within
any other fixed neighbourhood Ũ of that point.

All the rest of this chapter will be concerned with the proof of this theorem.
Let M be equipped with a smooth metric g, then we first reduce the general set-
ting to two model cases according to wether the given point x ∈ M lies in the
interior int(M) or on the boundary ∂M of the manifold. In both cases, for every
given δ > 0, we find a chart ψσ : B → M from a fixed domain B ⊂ Rn to a
neighbourhood U of x such that ‖σ−2ψ∗σg − 1l‖W 2,∞ ≤ δ for some σ ∈ (0, 1].

x ∈ int(M):
Let B ⊂ Rn be the open unit ball centered at 0 and let δ > 0 be given. Then for
small enough σ ∈ (0, 1] there exists a normal coordinate chart ψ : σB → M at
ψ(0) = x, that is ψ∗g(0) = 1l with vanishing first derivatives. Then for possibly
even smaller σ > 0 the chart restricted to σB meets ‖ψ∗g − 1l‖W 1,∞ ≤ δ for any
a priori fixed δ > 0. Now consider the chart ψσ : B → M , z 7→ ψ(σz) to a
neighbourhood U = ψ(σB) of x. The pullback metric ψ∗σg(z) = σ2ψ∗g(σz) is no
longer close to the identity, but σ−2ψ∗σg is W 2,∞-close to 1l. Indeed, by the choice
of σ ∈ (0, 1] the bound on the first derivatives is preserved and even the second
derivatives ∇2(σ−2ψ∗σg)(z) = σ2∇2(ψ∗g)(σz) can be made as small as we wish.
This is due to the fact that ψ∗g is smooth on the closure of σB and thus all its
derivatives can be bounded.



Chapter 6. Uhlenbeck Gauge 93

x ∈ ∂M :
Choose coordinates near x such that 0 maps to x and ∂M corresponds to the
boundary of the half space Hn = {(z0, . . . , zn−1) ∈ Rn | z0 ≥ 0}. Note that
these coordinates can not in addition be chosen normal at x. However, the chart
ψ : V → M on a relatively open subset V ⊂ Hn can be chosen such that
ψ∗g(0) = 1l. So if V is chosen sufficiently small then ‖ψ∗g − 1l‖∞ ≤ δ for any
a priori fixed δ > 0.

Now let B ⊂ {z ∈ Hn | |z| ≤ 1} be an “egg
squeezed to the boundary” as in figure 4.1,
i.e. an open subset of Hn that contains a
neighbourhood of 0 ∈ ∂Hn, is starshaped
with respect to 0, and has a smooth bound-
ary. Then σB lies within V for sufficiently
small σ > 0 and hence ψσ : B → M ,
z 7→ ψ(σz) is a well defined coordinate
chart of a neighbourhood U = ψ(σB) ⊂M
of x. Again consider the rescaled metric
σ−2ψ∗σg(z) = ψ∗g(σz) for σ ∈ (0, 1].

B

Hn

0

Figure 7.1: The “egg”
As before ∇(ψ∗g) is smooth and thus bounded on σV , so the first derivatives
∇(σ−2ψ∗σg)(z) = σ∇(ψ∗g)(σz) can be made small by the choice of σ > 0. The
same works for the second derivatives, and we obtain ‖σ−2ψ∗σg − 1l‖W 2,∞ ≤ δ for
some σ ∈ (0, 1).

So by working in special local coordinates it suffices to prove the following
model case version of the Uhlenbeck gauge theorem and then examine the effect
of rescaling the metric.

Theorem 6.3 (Uhlenbeck gauge theorem for the model cases)
Let G be a compact Lie group and let B ⊂ Rn be the 1-ball or “egg” as above. Let
1 < q ≤ p < ∞ be such that q ≥ n

2 , p > n
2 , and in case q < n assume p ≤ nq

n−q .
Then there exist constants δ > 0, CUh, and εUh > 0 such that the following holds:

If B is equipped with a smooth metric g such that ‖g − 1l‖W 2,∞ ≤ δ then for
every connection A ∈ A1,p(B) with E(A) ≤ εUh there exists a gauge transformation
u ∈ G2,p(B) such that u∗A is in Uhlenbeck gauge gauge with respect to the metric g :

(i) d∗(u∗A) = 0, (iii) ‖u∗A‖W 1,q ≤ CUh‖FA‖q
(ii) ∗ (u∗A)|∂B = 0, (iv) ‖u∗A‖W 1,p ≤ CUh‖FA‖p.

Remark 6.4 In this theorem it actually suffices to have W 1,∞-control of the met-
ric, i.e. ‖g − 1l‖W 1,∞ ≤ δ; see the footnote on page 101.

Let us first establish some special Sobolev product estimates that will be used
several times in the proof. These are the reason for the assumption p ≤ nq

n−q in
case q < n.
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Lemma 6.5 Let M be a compact Riemannian n-manifold. Let 1 ≤ q ≤ p <∞ be
such that q ≥ n

2 , and in case q < n assume p ≤ nq
n−q . Then there exists a constant

CS such that for all f, g ∈ W 1,p(M)

‖f · g‖q ≤ CS‖f‖r‖g‖W 1,q ,

‖f · g‖p ≤ CS‖f‖r‖g‖W 1,p ,

‖f · g‖p ≤ CS‖f‖W 1,q‖g‖W 1,p .

Here r = nq
n−q if q < n, r = 2p if q = n, and r =∞ if q > n.

Proof: We prove the first two estimates for s = q and s = p at the same time,
then the third follows from the second.

First consider the case q < n. Use the Hölder inequality with 1
τ

= 1
s
− n−q

nq
and

the Sobolev inequality for W 1,s ↪→ Lτ to obtain a constant C such that

‖f · g‖s ≤ ‖f‖ nq
n−q
‖g‖τ ≤ C‖f‖r‖g‖W 1,s .

For the Hölder inequality note that due to q ≤ p ≤ nq
n−q in both cases s ≤ nq

n−q
and 1

s
− n−q

nq
≤ 1

n
, so τ ∈ [n,∞]. The condition for the Sobolev inequality is

1− n
s
≥ −n

τ
= −n

s
+ n−q

q
, which is satisfied due to q ≥ n

2 .

In case q = n the Sobolev inequality for W 1,s ↪→ L2s can be applied due to
s ≥ n

2 and it gives

‖f · g‖s ≤ ‖f‖2s‖g‖2s ≤ C‖f‖r‖g‖W 1,s .

Here the constant C also contains the constant C ′ from ‖f‖2s ≤ C ′‖f‖r, which is
due to 2q ≤ 2p = r and the finite volume of B.

In the case q > n we simply use the Sobolev inequality for W 1,s ↪→ Ls,

‖f · g‖s ≤ ‖f‖∞‖g‖s ≤ C‖f‖r‖g‖W 1,s .

Finally, the third estimate follows in all three cases from the Sobolev inequality
for W 1,q ↪→ Lr, for which r was chosen appropriately. 2

Proof of theorem 6.3 :
Define a modified energy

E ′(A) =

∫

B

|FA(x)|q dnx

in which |FA| is calculated with respect to the metric g on B but integration is
with respect to the Euclidean volume form dnx. Then let

Aε :=
{
A ∈ A1,p(B)

∣∣ E ′(A) ≤ ε
}
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be equipped with the W 1,p-topology and consider its subset Sε that consists of all
A ∈ Aε for which a gauge transformation u ∈ G2,p(B) exists such that u∗A is in
Uhlenbeck gauge.

We will prove by continuous induction that Sε = Aε for some CUh, ε > 0,
and all metrics with sufficiently small δ > 0 in ‖g − 1l‖W 2,∞ ≤ δ. If instead of E ′
the original energy E was be used in the definition of Aε then this would prove
the theorem. But unfortunately we cannot prove the connectedness of Aε with
the original energy E . One can, however, choose δ > 0 sufficiently small to obtain
1
2 ≤
√

det g ≤ 2 and thus

1
2E
′(A) ≤ E(A) ≤ 2E ′(A) ∀A ∈ A1,p(B). (6.1)

Hence if Sε = Aε then every connection with energy at most εUh := 1
2ε also lies

in Aε and thus can be put into Uhlenbeck gauge, which proves the theorem.
So we have to prove in a first step that for every ε > 0 and every metric the

space Aε is connected. As a second step we prove that Sε is closed for every metric
and every choice of the constants CUh and ε > 0. The last and major step is then
to find metric independent constants CUh and ε > 0 such that Sε ⊂ Aε is open
for every metric g with ‖g − 1l‖W 2,∞ ≤ δ, where δ is chosen appropriately small.
When this is established then moreover, the trivial connection A = 0 obviously
has zero energy and is in Uhlenbeck gauge with respect to every metric, hence Sε
is nonempty and thus comprises the whole connected component Aε.

1.) Connectedness : Let B̄ be equipped with a smooth metric g and let ε > 0. Then
every A ∈ Aε is connected by a path in Aε to the trivial connection 0 ∈ Aε.

Since B is starshaped with respect to 0 we can define a path (Aσ)σ∈[0,1] by
Aσ(x) = σA(σx) for x ∈ B. This path connects 0 to A. Indeed, obviously A0 = 0,
A1 = A, and Aσ ∈ A1,p(B) for all σ. The curvature of the connection Aσ is

FAσ
(x) = σ2dA(σx) + 1

2σ
2[A(σx) ∧ A(σx)] = σ2FA(σx)

and hence Aσ ∈ Aε for all σ ∈ [0, 1] since

E ′(Aσ) =

∫

B

σ2q |FA(σx)|q dnx

= σ2q−n
∫

σB

|FA(y)|q dny

≤ σ2q−nE ′(A) ≤ ε.

Here the assumption q ≥ n
2 comes in crucially and this also is the point that

does not work with the original energy E . It remains to show that the path is
actually continuous with respect to the W 1,p-topology. For this purpose we use
the Euclidean metric on B to define the norm ‖ · ‖1l,W 1,p on Aε. Since g is a
smooth metric on the compact set B̄ this norm is equivalent to the W 1,p-norm
with respect to g.
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Now for the continuity at σ0 = 0 note that A0 = 0 and hence check that
‖Aσ‖1l,W 1,p converges to 0 as σ → 0. The Lp-norm can be controlled by the
Hölder inequality and the Sobolev inequality for L2p ↪→W 1,p,

‖Aσ‖p1l,Lp(B) =

∫

B

σp|A(σx)|pdnx

= σp−n‖A‖p1l,Lp(σB)

≤ σp−nVol(σB)
1
2 ‖A‖p1l,L2p(σB)

≤ σp−n
2 Vol(B)

1
2C‖A‖p1l,W 1,p(B).

This converges to 0 as σ → 0 since p > n
2 . For the derivative term in the Euclidean

W 1,p-norm that is even easier seen:

‖∇Aσ‖p1l,Lp(B) =

∫

B

σ2p|∇A(σx)|pdnx = σ2p−n‖∇A‖p1l,Lp(σB) −→σ→0
0.

The continuity at σ0 > 0 relies on a sequence (Ai)i∈N ⊂ C∞(B̄) that converges to
A in the W 1,p-norm. These satisfy |∇Ai(x)| ≤ Ci for all x ∈ B and some constants
Ci. So for all σ ∈ (0, 1], x ∈ B, and i ∈ N

|Aσ(x)−Aσ0
(x)| = |σA(σx) − σ0A(σ0x)|
≤ |σ − σ0| · |A(σ0x)|+ σ|A(σx) −Ai(σx)|

+ σ|A(σ0x)−Ai(σ0x)|+ σ|Ai(σx) −Ai(σ0x)|
≤ |σ − σ0| · |A(σ0x)|+ |A(σx) −Ai(σx)|

+ |A(σ0x)−Ai(σ0x)| + |σ − σ0|Ci.

We apply the Euclidean Lp-norm to both sides of this inequality to obtain

‖Aσ −Aσ0
‖1l,Lp ≤ |σ − σ0|σ

−n
p

0 ‖A‖1l,Lp + (σ−
n
p + σ

−n
p

0 )‖A−Ai‖1l,Lp

+ |σ − σ0|Vol(B)
1
pCi.

For fixed σ0 this can be made as small as we wish by the choice of i and |σ − σ0|:
First make sure that σ−

n
p +σ

−n
p

0 ≤ 3σ
−n

p

0 , then choose i sufficiently large to make
the second term small. With this fixed i the first and third term are small by an
even smaller choice of |σ − σ0|. An analogous argument also works for ∇Aσ with
bounds C ′i on the second derivatives of the approximating Ai:

|∇Aσ(x) −∇Aσ0
(x)| = |σ2∇A(σx) − σ2

0∇A(σ0x)|
≤ |σ2 − σ2

0 | · |∇A(σ0x)| + |∇A(σx) −∇Ai(σx)|
+ |∇A(σ0x)−∇Ai(σ0x)| + |σ − σ0|C ′i
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and thus

‖∇Aσ −∇Aσ0
‖1l,Lp ≤ |σ2 − σ2

0 |σ
−n

p

0 ‖∇A‖1l,Lp + (σ−
n
p + σ

−n
p

0 )‖∇A−∇Ai‖1l,Lp

+ |σ − σ0|Vol(B)
1
pC ′i.

This can again be made arbitrarily small by first choosing i and then |σ − σ0|.

2.) Closedness: Let B be equipped with a smooth metric and let ε > 0. Assume that

a sequence (Ai)i∈N ⊂ Aε converges to A ∈ Aε and that there exist ui ∈ G2,p(B)
such that u∗iAi is in Uhlenbeck gauge with some constant CUh in (iii),(iv) for all
i ∈ N. Then there exists u ∈ G2,p(U) such that u∗A also satisfies (i)-(iv) with the
same constant CUh.

Firstly, the Lp-energy of the connections is bounded by (A.11):

‖FAi
‖p ≤ C

(
‖Ai‖W 1,p + ‖Ai‖2p

)
≤ C ′

with a uniform constant C ′ due to the W 1,p-convergence of the Ai. We thus obtain
a uniform W 1,p-bound on the Ãi := u∗iAi from (iv),

‖Ãi‖W 1,p ≤ CUh‖FAi
‖p ≤ CUhC

′.

Now the Banach-Alaoglu theorem B.4 asserts that there is a subsequence (again
labelled by i ∈ N) of the Ãi that converges in the W 1,p-weak topology to some
Ã ∈ A1,p(B). Due to the compact embedding W 1,p ↪→ L2p a further subsequence
also converges in the L2p-norm.

Next, lemma A.8 provides a uniform W 1,p-bound on u−1
i dui = Ãi − u−1

i Aiui.
That lemma also asserts that we can find a further subsequence (once again labelled
by i ∈ N) such that ui converges in the C0-topology to some u ∈ G2,p(B) and at
the same time u−1

i dui converges in the L2p-norm to u−1du. (The latter is true
since p > n

2 and hence 1
2p >

1
p
− 1

n
.)

These two limits u and Ã now satisfy u∗A = Ã due to the uniqueness of the
L2p-limit

u−1du ←−
∞←i

u−1
i dui = Ãi − u−1

i Aiui −→
i→∞

Ã− u−1Au.

Finally, we have to check that Ã = u∗A is indeed in Uhlenbeck gauge:

(i) d∗Ãi = 0 holds for all i ∈ N and this equality is preserved under weak
W 1,p-limits since for every φ ∈ C∞δ (B) (which is dense in Lp(B))

∫

B

φ ∗ d∗Ã = −
∫

B

φ · d
(
∗Ã− ∗Ãi

)
=

∫

B

dφ ∧ ∗
(
Ã− Ãi

)
−→
i→∞

0.
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(ii) Again ∗Ãi|∂B = 0 holds for all i ∈ N and this is preserved under the weak
W 1,p-limit. Indeed, every φ ∈ C∞(∂B) can be extended to some Φ ∈ C∞(B)
for which we calculate

∫

∂B

φ · ∗Ã|∂B =

∫

∂B

Φ ·
(
∗Ã− ∗Ãi

)∣∣
∂B

=

∫

B

dΦ ∧ ∗
(
Ã− Ãi

)
−
∫

B

Φ ·
(
d∗Ã− d∗Ãi

)
.

Now (i) and the convergence of Ãi to Ã show that ∗Ã|∂B = 0 in the
distributional sense. Here Stokes’ theorem could be applied since the re-
striction W 1,p(B) ↪→ Lp(∂B) is continuous (see theorem B.10) and thus a
W 1,p-approximation of Ã − Ãi by smooth connections restricts to an Lp-
approximation on the boundary.

(iii) The corresponding inequalities on the Ãi together with the lower semiconti-
nuity of the norm with respect to weak limits give

‖Ã‖W 1,q ≤ liminf
i→∞

‖Ãi‖W 1,q ≤ CUh liminf
i→∞

‖FAi
‖Lq .

But now the Ai converge to A with respect to the W 1,p-norm and thus also
in the W 1,q-norm (since B has finite volume and p ≥ q). Moreover, the Lq-
energy ‖FA‖qq is W 1,q-continuous (lemma A.4) and thus ‖FAi

‖Lq converges

to ‖FA‖q. This proves ‖Ã‖W 1,q ≤ CUh‖FA‖q.

(iv) ‖Ã‖W 1,p ≤ CUh‖FA‖p follows as in (iii).

3.) Openness:
In order to prove that Sε ⊂ Aε is open consider a connection A ∈ Aε and a
gauge transformation u ∈ G2,p(B) such that u∗A is in Uhlenbeck gauge. Then the
task is to find a neighbourhood of A within Aε, all of whose elements also can be
transformed by G2,p(B) into Uhlenbeck gauge.

If we find such a neighbourhood of u∗A within A1,p(B) then this can be pulled
back by u∗ and be intersected with Aε to give the required neighbourhood of A
in Aε. This is due to the fact that G2,p(B) acts continuously on A1,p(B) and is
closed under compositions, see the lemmata A.5 and A.6. But now u∗A has the
same energy as A, so it suffices to consider connections in Uhlenbeck gauge and
establish the following.

Claim: There exist constants δ > 0, ε > 0, and CUh such that for every met-
ric g on B with ‖g − 1l‖W 2,∞ ≤ δ the following holds: Let A0 ∈ A1,p(B) be in
Uhlenbeck gauge and have energy E(A0) ≤ ε. Then there exists ∆ > 0 such that
for every A ∈ A1,p(B) with ‖A−A0‖W 1,p ≤ ∆ a gauge transformation u ∈ G2,p(B)
can be found such that u∗A is in Uhlenbeck gauge.
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Note that we use the energy E here, not the modified energy E ′ by which Aε
was defined. But due to (6.1) this still suffices to prove the openness of S ε

2
⊂ A ε

2

for the choice of δ > 0 involved.
Before embarking on the proof we choose δ > 0 even smaller in order to ob-

tain uniform constants in the Sobolev inequalities: The W 1,p-norm on 1-forms
only depends on the metric, its inverse, and its Christoffel symbols. So one can
choose δ > 0 sufficiently small to ensure the following equivalence between the
Euclidean W 1,p-norm on B and all other W 1,p-norms with respect to metrics g
with ‖g − 1l‖W 1,∞ ≤ δ,

1
2‖α‖g,W 1,p ≤ ‖α‖1l,W 1,p ≤ 2‖α‖g,W 1,p ∀α ∈ W 1,p(B,T∗B). (6.2)

Now choose δ > 0 even smaller such that this equivalence holds at the same time for
the W 1,q- and Lr-norm with r from lemma 6.5. Then we have uniform constants
in the Sobolev estimates between these spaces (provided by the estimates for the
Euclidean metric).

With these prerequisites we prove the above claim and thus the theorem: In a
first step the implicit function theorem is employed to solve (i) and (ii), keeping
control of some suitable Sobolev norm. The conditions (iii) and (iv) do not fit into
the framework of the implicit function theorem. But in the second step one can
deduce from some a priori estimate that (iii) and (iv) are satisfied automatically
by our solutions of (i) and (ii).

Step 3a (Implicit function theorem): There exists δ > 0 such that for every con-
stant CUh there exists ε > 0 such that for every metric g on B with ‖g−1l‖W 2,∞ ≤ δ
the following holds:

Let A0 ∈ A1,p(B) be a connection in Uhlenbeck gauge with E(A0) ≤ ε, then for
every λ > 0 there exists ∆ > 0 such that for every connection A ∈ A1,p(B) with
‖A−A0‖W 1,p ≤ ∆ there is a solution V ∈W 2,p(B, g) of

{
d∗(exp(V )∗A) = 0 on M,

∗(exp(V )∗A)|∂B = 0 on ∂M,
with ‖V ‖W 2,p ≤ λ.

This will be proven by the implicit function theorem for the operator

D :
A1,p(B) ×W 2,p

m (B, g) −→ Z
(A, V ) 7−→

(
d∗(exp(V )∗A) , ∗(exp(V )∗A)|∂B

)

on the Banach spaces

W 2,p
m (B, g) :=

{
V ∈W 2,p(B, g)

∣∣ ∫
B
V = 0

}
,

Z :=
{
(f, φ) ∈ Lp(B, g)×W 1,p

∂ (B, g)
∣∣ ∫
B
f +

∫
∂B

φ = 0
}
.

Of course this requires some explanations: Firstly, A1,p(B) is a Banach space as
are all Sobolev spaces, and so is W 2,p

m (B, g) as a closed subset of W 2,p(B, g). The
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space W 1,p
∂ (B, g) is defined, as in chapter 3 for real values, to be the quotient of

W 1,p(B, g) by its subspace of functions vanishing at the boundary. It is a Banach
space when equipped with the quotient norm

‖φ‖
W

1,p

∂
= inf

{
‖Φ‖W 1,p

∣∣ Φ ∈W 1,p(B, g),Φ|∂B = φ
}
.

Moreover, theorem B.10 asserts that the embedding W 1,p
∂ (B, g) ↪→ L1(∂B, g) is

continuous, hence the equation
∫
B
f = −

∫
∂B

φ for (f, φ) ∈ Z is preserved under

limits in Lp(B, g)×W 1,p
∂ (B, g). So Z also is a Banach space as a closed subset of

the Cartesian product of two Banach spaces.
The second component of D is understood as follows: Let ν be the out-

ward unit normal vector field to ∂B. Then one can use lemma 5.6 (i) to iden-
tify ∗(exp(V )∗A)|∂B = φ dvol∂B with the function φ = (exp(V )∗A)(ν) on ∂B.
This indeed defines a function in the space W 1,p

∂ (M, g) since φ = Φ|∂B with
Φ = (exp(V )∗A)(ν̃) ∈W 1,p(M, g) for any smooth extension ν̃ of ν to B.

Now consider V ∈ W 2,p(B, g), then by definition exp(V ) ∈ G2,p(B) and by
lemma A.6 this gauge transformation acts continuously on A1,p(B). Lemma A.6
moreover asserts that this gauge action depends continuously on exp(V ) ∈ G2,p(B),
and this in turn depends continuously on V ∈ W 2,p(B, g) by definition (iii) in
lemma B.7. Thus D maps continuously to Lp(B, g) ×W 1,p

∂ (B, g). Furthermore,
Stokes’ theorem yields the equality that defines Z :

∫

B

d∗Ai dvolB = −
∫

B

d ∗Ai = −
∫

∂B

∗Ai = −
∫

∂B

Ai(ν) dvol∂B .

Here Stokes’ theorem extends to the nonsmooth Ai since it is a W 1,p-limit of
smooth 1-forms; and due to the continuous embedding W 1,p(B) ↪→ L1(∂B) from
theorem B.10 this also represents Ai(ν) as L1-limit of smooth functions on ∂B.
Thus D actually maps into Z , so it is a well defined continuous map between
Banach spaces.

We want to apply the implicit function theorem E.1 to find the zeros of D close
to D(A0, 0) = (0, 0). Thus we have to examine the partial derivative of D with
respect to the second argument,

∂2D(A,V ) :
W 2,p
m (B, g) → Z
ξ 7→

(
d∗G(A, V, ξ) , ∗G(A, V, ξ)

∣∣
∂B

)

with the linearization of the gauge action

G(A, V, ξ) = dξ + dexp(−V )Ad
(
d−V exp(−ξ)

)
A ∈ A1,p(B, g).

One can check that ∂2D(A,V ) depends continuously on both A ∈ A1,p(B) and
on V ∈ W 2,p(B, g). The main task is then to show that at (A0, 0) this map is
bijective. Fortunately the expression simplifies considerably at this point:

G(A0, 0, ξ) = dξ + d1lAd
(
d0 exp(−ξ)

)
A0

= dξ + ad−ξ(A0)

= dξ − [ξ ∧ A0].
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Here [ξ∧A0] denotes the wedge product of the two forms with the Lie bracket used
to combine the values in g as in appendix A. Note that ∗[ξ∧A0]

∣∣
∂B

= [ξ∧∗A0]
∣∣
∂B

vanishes since A0 is in Uhlenbeck gauge, and moreover

−d∗[ξ ∧A0] = ∗[dξ ∧ ∗A0]− [ξ ∧ d∗A0] = ∗[dξ ∧ ∗A0].

So ∂2D(A0,0) is the following map:

W 2,p
m (B, g) → Z
ξ 7→

(
d∗dξ + ∗[dξ ∧ ∗A0] , ∗dξ

∣∣
∂B

)
.

In order to prove the bijectivity of this operator we consider it as perturbation
∂2D(A0,0) = T + S with

T : ξ 7→
(
∆ξ , ∂ξ

∂ν

)
, S : ξ 7→

(
∗[dξ ∧ ∗A0] , 0

)
.

Here ∆ = d∗d is the Hodge Laplace operator on functions with respect to the
metric g. Now T is the operator of the inhomogeneous Neumann problem (with
values in g), so by theorem 3.1 it is a surjection from W 2,p(B, g) onto Z – the
equation that defines Z is the necessary and sufficient condition (3.2) for the
solvability of the inhomogeneous Neumann problem (3.1). Corollary 1.9 then
says that these solutions are unique up to an additive constant, hence T becomes
a bijection by restriction to W 2,p

m (B, g). Finally, the meaning of the Agmon-
Douglis-Nirenberg estimate in theorem 3.2 is just that T−1 is bounded. In fact,
we have proven that there is a uniform bound on the operators T−1 for all metrics
with sufficiently small ‖g − 1l‖W 2,∞ . So we choose δ > 0 appropriately to obtain
‖T−1‖ ≤ CT with some constant CT that is independent of the metric. 1 Moreover,
since T maps into Z the perturbation S also is a linear operator from W 1,p(B, g)
to Z . So it remains to find a bound on S such that lemma E.4 yields the bijectivity
of T + S: We will prove

‖Sξ‖Z ≤ 1
2CT
‖ξ‖W 2,p ∀ξ ∈W 2,p(B, g). (6.3)

Let A0 be given by Aidx
i in the standard coordinates of B ⊂ Rn, then for all

ξ ∈W 2,p(B, g) we can use a property (A.5) of the norm on g to obtain

∣∣∗[dξ ∧ ∗A0]
∣∣ =

∣∣gij [∂iξ, Aj ]
∣∣ ≤ |g−1| · |dξ| · |A0|.

Now require δ ≤ 1
2 such that |g−1| ≤ (1 − ‖g − 1l‖∞)−1 ≤ 2 on all of B. But

note that here the pointwise norm on the 1-forms dξ and A is with respect to

1This is the only point at which control of the second derivatives of the metric is needed. In
fact, one can get around this by using the Euclidean Neumann operator as unperturbed operator
T . In that case the Banach spaces in the implicit function theorem also have to be defined in
terms of the Euclidean metric and the difference between the Euclidean and the actual Neumann
operator enters in the perturbed operator S.
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the Euclidean metric on B. So we have to apply the Euclidean Lp-norm to this
equality and use the equivalence of the metrics (6.2): For all ξ ∈W 2,p(B, g)

‖Sξ‖Z =
∥∥∗[dξ ∧ ∗A0]

∥∥
p

≤ 2
∥∥∗[dξ ∧ ∗A0]

∥∥
1l,Lp

≤ 4
∥∥|dξ| · |A0|

∥∥
1l,Lp

≤ 4CS
∥∥|A0|

∥∥
1l,W 1,q

∥∥|dξ|
∥∥

1l,W 1,p

≤ 16CS‖A0‖W 1,q‖ξ‖W 2,p .

Here we used lemma 6.5 and
∣∣∇|A|

∣∣ ≤ |∇A|, which holds for the Euclidean metric
on B.

Finally, let CUh be given, then choose ε = (32CSCUhCT )−q and use the Uh-
lenbeck gauge condition (iii) ‖A0‖W 1,q ≤ CUh‖FA0

‖q and energy bound E(A0) ≤ ε
to establish (6.3):

‖Sξ‖Z ≤ 16CSCUhε
1
q ‖ξ‖W 2,p = 1

2CT
‖ξ‖W 2,p ∀ξ ∈W 2,p(B, g).

Now lemma E.4 asserts that ∂2D(A0,0) is bijective. So all conditions of the im-
plicit function theorem E.1 are satisfied by the operator D at (A0, 0), where
D(A0, 0) = (0, 0), and this finally proves the claim:

We find a neighbourhood U ⊂ A1,p(B) of A0 such that for every A ∈ U there
exists a solution V ∈ W 2,p(B, g) of D(A, V ) = (0, 0), that is exp(V )∗A meets the
Uhlenbeck gauge conditions (i) and (ii). Furthermore, this solution is given by
a continuous map to a neighbourhood of 0 ∈ W 2,p

m (B, g). Hence for every given
λ > 0 there exists a ball of sufficiently small radius ∆ > 0 in U such that for all A
within this ball the corresponding solution V meets ‖V ‖W 2,p ≤ λ.

Step 3b (A priori estimate): There exist constants δ > 0, CUh, and κ > 0 such that

for every metric g on B with ‖g−1l‖W 1,∞ ≤ δ the following holds: Let A ∈ A1,p(B)
solve (i) and (ii), i.e.

{
d∗A = 0 on M,

∗A|∂B = 0 on ∂M,
with ‖A‖r ≤ κ,

where r = r(n, q, p) from lemma 6.5. Then A also solves (iii) and (iv):

‖A‖W 1,p ≤ CUh‖FA‖p, ‖A‖W 1,q ≤ CUh‖FA‖q.

The key to this is theorem 5.1. It certainly generalizes to 1-forms with values
in the finite dimensional Lie algebra g. Furthermore, the constants depend W 1,∞-
continuously on the metric, hence we can choose δ > 0 such that the estimate
holds with a uniform constant Ce for all metrics g with ‖g − 1l‖W 1,∞ ≤ δ and for
both Sobolev exponents s = p and s = q:

‖A‖W 1,s ≤ Ce (‖dA‖s + ‖d∗A‖s)
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for all connections A ∈ A1,p(B) with ∗A|∂B = 0. Now assume A ∈ A1,p(B)
to solve (i) and (ii), then this estimate applies and we can bring the curvature
FA = dA+ 1

2 [A ∧ A] into play:

‖A‖W 1,s ≤ Ce‖dA‖s ≤ Ce
(
‖FA‖s + 1

2

∥∥[A ∧ A]
∥∥
s

)
.

The second term is bounded by
∥∥|A| · |A|

∥∥
s

as seen in lemma A.4, so we can
apply lemma 6.5. But in order to obtain metric independent constants we use the
equivalence of the norms (6.2) and use the lemma only for the Euclidean metric:
With r = r(n, q, p) from lemma 6.5

1
2

∥∥[A ∧ A]
∥∥
s
≤ 2
∥∥|A|1l · |A|1l

∥∥
1l,Ls

≤ 2CS‖A‖1l,Lr‖A‖1l,W 1,s

≤ 8CS‖A‖r‖A‖W 1,s .

As before we also used
∣∣∇|A|

∣∣ ≤ |∇A| for the Euclidean metric. Thus for some
finite, metric independent constant C

‖A‖W 1,s ≤ C
(
‖FA‖s + ‖A‖r‖A‖W 1,s

)
.

Now choose κ = 1
2C
−1, then the finite term C‖A‖r‖A‖W 1,s ≤ 1

2‖A‖W 1,s can be
absorbed into the left hand side and the result follows with CUh = 2C.

In order to prove the claim (and thus establish the openness and the whole
theorem) the result from step 3b has to be applied to the solution exp(V )∗A from
step 3a. This solution certainly satisfies (i) and (ii) and

‖ exp(V )∗A‖r ≤ ‖Adexp(V )A‖r + ‖ exp(−V )d exp(V )‖r. (6.4)

If moreover this is bounded by κ then (iii) and (iv) follow from step 3b, hence
exp(V )∗A is in Uhlenbeck gauge. In order to achieve this bound we have to
choose an appropriate λ > 0 (that is allowed to depend on the metric) in step 3a,
and we can choose even smaller uniform constants ε > 0 and ∆ > 0. The first
term in (6.4) is just ‖A‖r due to the invariance (A.4) of the metric on g, and this
is estimated by

‖A‖r ≤ ‖A−A0‖r + ‖A0‖r
≤ C

(
‖A−A0‖W 1,p + ‖A0‖W 1,q

)

≤ C(∆ + CUhε).

Here we used the Sobolev inequalities for W 1,q ↪→ Lr and W 1,p ↪→ Lr with a
uniform constant C due to the equivalence of the norms (6.2). So the first term
can be made as small as κ

2 by the choice of ε > 0 and ∆ > 0 (for the choice of ε note
that κ also is a uniform constant). For the second term in (6.4) note that λ > 0
bounds the C0-norm of V due to the Sobolev embedding W 2,p ↪→ C0. So if λ > 0
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is sufficiently small then for every x ∈ B the map exp(−V (x))dV (x) exp : g→ g is
arbitrarily close to d0 exp = Idg, thus its norm can be bounded by 2. Hence again
with a Sobolev embedding W 1,p ↪→ Lr

‖ exp(−V )d exp(V )‖r = ‖ exp(−V )dV exp◦dV ‖r
≤ 2‖dV ‖r
≤ 2C‖V ‖W 2,p ≤ 2Cλ.

So for sufficiently small λ > 0 in step 3a the solution u = exp(V ) ∈ G2,p(B) from
the implicit function theorem also meets the Uhlenbeck gauge conditions (iii) and
(iv) which finally proves claim for the openness and thus the theorem. 2

Now it remains to examine the effect of the rescaling of the metric in order to
prove the Uhlenbeck gauge theorem.

Proof of theorem 6.1 :
Let gM be the metric on M and let a point in M be given. Then as explained
in the beginning of this chapter there exist local coordinates ψσ from the ball
or the “egg” B ⊂ Rn to a neighbourhood U = ψσ(B) of this point such that
‖σ−2ψ∗σgM − 1l‖W 2,∞ ≤ δ. Now δ > 0 can be chosen sufficiently small for theo-
rem 6.3 to hold. Then the theorem holds on B with the metric g = σ−2ψ∗σgM , but
the real metric, with respect to which we wish to prove the existence of Uhlenbeck
gauge, is σ2g for some σ ∈ (0, 1]. Note that it suffices to prove the theorem in
some coordinate chart since all conditions and properties are invariant under the
change of coordinates.

So we have to consider the effect of this rescaling on the energy and the inequal-
ities (iii),(iv). The spaces A1,p(B),G2,p(B), and the equations (i),(ii) are invariant
under constant conformal change of the metric. For the energy (with respect to
the metric indicated by the subscript) of a connection A ∈ A1,p(B)

Eσ2g(A) =

∫

B

(
σ−2gikσ−2gjl(FA)ij(FA)kl

) q
2
√

det(σ2g) dnx = σn−2qEg(A).

So if Eσ2g(A) ≤ εUh then due to q ≥ n
2 and σ ≤ 1 we also have Eg(A) ≤ εUh

and hence the Uhlenbeck gauge theorem in the model case applies and gives a
gauge transformation that transforms A into Uhlenbeck gauge with respect to the
metric g.

Moreover, if a connection A ∈ A1,p(B) satisfies ‖A‖g,W 1,p ≤ CUh‖FA‖g,Lp for
p ≥ n

2 (i.e. it satisfies (iii) or (iv) with respect to the metric g) then it also satisfies
the same inequality with respect to σ2g. Indeed,

‖A‖p
σ2g,Lp =

∫

B

(
σ−2gijAiAj

) p
2
√

det(σ2g) dnx = σn−p‖A‖pg,Lp .
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Furthermore, note that g and σ2g have the same Christoffel symbols Γijk, so

‖∇σ2gA‖p
σ2g,Lp

=

∫

B

(
σ−2gikσ−2gjl

(
∂Aj

∂xi + ΓmijAm

)(
∂Al

∂xk + ΓnklAn

))p
2
√

det(σ2g) dnx

= σn−2p‖∇gA‖pg,Lp .

Thus ‖A‖σ2g,W 1,p ≤ σ
n−2p

p ‖A‖g,W 1,p since σ ≤ 1 and for the Lp-norm of the

curvature we obtain as for the energy ‖FA‖σ2g,Lp = σ
n−2p

p ‖FA‖g,Lp , hence the
inequalities (iii) and (iv) carry over to the metric σ2g with the same constant CUh.

2

Before establishing the extension of theorem 6.1 in remark 6.2 a) we first sketch
the definition of W 2,n

2 (M,G). For this purpose we fix an embedding G ↪→ Rm. It
is given by the Whitney theorem (e.g. [H, Thm.2.2.14]), and since G is a compact
Lie group we can think of G ⊂ Rm×m as a matrix group. The standard example
is G = SU(2) ⊂ C2×2. Now W 2,n

2 (M,G) can be defined as the compactification of
C∞(M,G) with respect to theW 2,n

2 -norm on C∞(M,Rm). However, this definition
is not independent of the choice of the embedding of G. This is only true for
Sobolev spaces that embed into the continuous maps, cf. appendix B.

In the standard case G = SU(2), the limit u ∈ W 2,n
2 (M,C2×2) of a W 2,n

2 -
Cauchy series ui ∈ C∞(M, SU(2)) will satisfy u∗u = 1l in the sense of Lp for any
p < ∞. This is since ui and u∗i will converge in the L2p-norm. That also means
that u−1 = u∗ ∈ W 2,n

2 (M,C2×2) is welldefined.

Proof of remark 6.2 a) :
We set q = n

2 , and choose p = n. Then theorem 6.1 provides constants CUh and
εUh > 0 and a neighbourhood U of any fixed point such that every connection
A ∈ A1,n(U) with E(A) ≤ εUh can be put into Uhlenbeck gauge.

Now consider A ∈ A1,n
2 (U) with E(A) ≤ 1

2εUh. The claim is that there exists
a gauge transformation u ∈ G2,n

2 (U) such that u∗A satisfies

{
d∗(u∗A) = 0,

∗(u∗A)|∂U = 0,
and ‖u∗A‖

W
1, n

2
≤ CUh‖FA‖n

2
.

To prove this we choose a sequence of smooth connectionsAi ∈ A(U) that converge
to A in the W 2,n

2 -norm. For sufficiently large i these will satisfy E(Ai) ≤ εUh since
FAi

= dAi+
1
2 [Ai∧Ai] converges to FA in the L

n
2 -norm. This is due to the Sobolev

embedding W 1,n
2 (M) ↪→ Ln(M) that will be used throughout this proof without

further mentioning.
Now theorem 6.1 provides gauge transformations ui ∈ G2,n(U) that put u∗iAi

into Uhlenbeck gauge. The gauge action can be rewritten as

u−1
i dui = u∗iAi − u−1

i Aiui.
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From this one obtains a uniform bound

‖dui‖n = ‖u−1
i dui‖n ≤ C‖u∗iAi‖W 1, n

2
+ ‖u−1

i Aiui‖n
≤ C CUh‖FAi

‖n
2

+ ‖Ai‖n ≤ C ′.

This uses the fact that FAi
and Ai converge in the L

n
2 -norm and the Ln-norm

respectively. One also finds a uniform bound

‖∇2ui‖n
2

= ‖∇(u−1
i dui)‖n

2
+ ‖∇ui ⊗ u−1

i dui‖n
2

≤ ‖u∗iAi‖W 1, n
2

+ ‖u−1
i Aiui‖W 1, n

2
+ ‖dui‖2n

≤ CUh‖FAi
‖n

2
+ ‖Ai‖n

2
+ ‖∇Ai‖n

2
+ 2‖Ai‖n‖dui‖n + ‖dui‖2n ≤ C ′.

Since the ui moreover take values in a compact Lie group this implies that (af-
ter going to a subsequence) one has a weak W 2,n

2 -limit u ∈ G2,n
2 . The con-

vergence ui → u also holds in the weak W 1,n-topology and in the Lp-norm for
any p < ∞ due to the compact Sobolev embedding W 2,n

2 ↪→ Lp. (The weak
convergence is deduced from the standard Banach-Alaoglu theorem B.4.) So the
u∗iAi = u−1

i Aiui + u−1
i dui will converge W 1,s-weakly to u∗A for any 1 ≤ s < n

2 .
Now we can check the Uhlenbeck gauge conditions for u∗A as in the ’closedness’

part of the proof of theorem 6.1: d∗(u∗A) = 0 holds in the sense of Ls(M) and
∗(u∗A)|∂U = 0 holds in the sense of Ls(∂M). The latter is due to the embedding
W 1,s(M) ↪→ Ls(∂M) provided by theorem B.10). The estimate also follows from
the estimate on the u∗iAi: For all i ∈ N

‖u∗iAi‖W 1, n
2
≤ CUh‖Fu∗

iAi
‖n

2
= CUh‖FAi

‖n
2
.

This is uniformly bounded and in fact converges to CUh‖FA‖n
2

since FAi
→ FA

in the L
n
2 -norm. So by theorem B.4 there must be a weakly W 1,n

2 -convergent
subsequence of the u∗iAi. Its limit can only be u∗A since that already was the
weak W 1,s-limit. Now the lower semicontinuity of the norm with respect to weak
limits implies the claimed ‖u∗A‖

W
1, n

2
≤ CUh‖FA‖n

2
. 2



Chapter 7

Patching

In this chapter we finally prove the weak Uhlenbeck compactness theorem A and its
generalization, theorem A′, to noncompact manifolds. This requires two different
types of patching constructions for gauge transformations:

For theorem A (on compact base manifolds), one has to patch together the
local Uhlenbeck gauges provided by theorem B (proven as theorem 6.1). For
theorem A′ (on noncompact base manifolds), one moreover has to patch together
gauge transformations provided by theorem A on compact submanifolds. In both
cases, one has to extend given gauge transformations to larger domains. This
cannot simply be achieved by cutoff functions since the gauge transformations
take values in a Lie group.

One way of dealing with this difficulty is to make sure that the gauge transfor-
mation lies within a coordinate chart of the Lie group, in which one can use a cutoff
function. This will be the case for the first patching construction in lemma 7.2.
This construction is used to prove theorem A, and it can also be used for a proof
of the strong Uhlenbeck compactness theorem E on compact manifolds.

Another topological way of extending gauge transformations is to choose the
domains such that the extension is always possible. This is the case in proposi-
tion 7.6, where the domains are deformation retracts of the manifold. This patch-
ing construction will be used for both the generalization of the weak and strong
Uhlenbeck compactness to noncompact manifolds in theorem A′ and theorem E′.

The general setting in this chapter for the weak Uhlenbeck compactness is the
following: Let G be a compact Lie group. Then consider a principal G-bundle
P → M , where the base manifold M is compact in the case of theorem A and
noncompact (but exhausted by compact sets) in theorem A′.

First assume that the base manifold M is a compact Riemannian n-manifold.
Let 1 < p <∞ be such that p > n

2 . Denote by A1,p(P ) the W 1,p-Sobolev space of
connections and by G2,p(P ) theW 2,p-Sobolev space of gauge transformations on P .
These and the action of G2,p(P ) on A1,p(P ) are well defined as in appendix B. Now
we restate and prove the weak Uhlenbeck compactness theorem A.

107
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Theorem 7.1 (Weak Uhlenbeck Compactness)
Let (Aν)ν∈N ⊂ A1,p(P ) be a sequence of connections such that ‖FAν‖p is uni-
formly bounded. Then there exists a subsequence (again denoted (Aν)ν∈N) and a
sequence uν ∈ G2,p(P ) of gauge transformations such that uν ∗Aν weakly converges
in A1,p(P ).

We first prove this theorem up to the actual patching argument that is post-
poned to the subsequent lemma 7.2. The purpose of this proceeding is to naturally
develop the setting for the patching before we go into the technicalities of the proof.

Proof of theorem 7.1 :
Choose 1 < q < p such that q ≥ n

2 and q ≥ pn
p+n . This is possible since p > n

2

and p > pn
p+n and it ensures that the local gauge theorem 6.1 holds on M with the

Lq-energy E . Let CUh and εUh be the constants from that theorem and consider
the energy of the connections Aν over some small trivializing chart U ⊂M :

E(Aν |U ) =

∫

U

|FAν |q ≤ (Vol U)1−
q
p ‖FAν

‖qp

This is less than εUh whenever U has sufficiently small volume – independently
of ν ∈ N due to the uniform bound on ‖FAν

‖p. Now for every point in M fix a
neighbourhood of such small volume over which the bundle P is trivial. Then the
local gauge theorem 6.1 with remark 6.2 e) asserts that for every point in M there
exists a trivialization over an even smaller neighbourhood such that in addition the
assertion of the theorem is true (i.e. all connections with sufficiently small energy
can be put into Uhlenbeck gauge). Since M is compact it is covered by finitely

many of these neighbourhoods, M =
⋃N
α=1 Uα.

The trivializations over the Uα form a bundle atlas of P . With respect to
this atlas the connections Aν are represented by 1-forms Aνα ∈ A1,p(Uα) with
E(Aνα) = E(Aν |Uα

) ≤ εUh due to the small volume of the Uα. Thus all Aνα can be
put into Uhlenbeck gauge, that is for all α = 1, . . . , N and ν ∈ N there exists a
local gauge transformation uνα ∈ G2,p(Uα) such that uν ∗α Aνα satisfies the Uhlenbeck
gauge conditions. In particular, ‖uν ∗α Aνα‖W 1,p ≤ CUh‖FAν

α
‖p, and this is uniformly

bounded for all ν ∈ N due to the uniform bound on ‖FAν‖Lp(M) ≥ ‖FAν
α
‖Lp(Uα).

Hence on all Uα there exist weakly convergent subsequences of the uν ∗α Aνα. How-
ever, the uνα do not define global gauge transformations, i.e. bundle isomorphisms.
This would only be the case if on all intersections Uα ∩ Uβ

uναβ := (uνα)−1φαβu
ν
β

were identical to the transition function φαβ of the bundle atlas. If the action of
uνα is viewed as a change of the trivialization over Uα then the uναβ are the new
transition functions and thus satisfy the cocycle conditions (A.1).

In general the uναβ can not even be expected to be C0-close to the φαβ . The
Uhlenbeck gauge conditions only fix the uνα up to a constant gauge transformation;



Chapter 7. Patching 109

so at a fixed point every value of uναβ can be achieved by the choice of these
constants. However, in order to use cutoff functions for the patching of the uνα
to a global gauge transformation we have to be able to work in the Lie algebra,
i.e. (via the exponential map) in geodesic balls of the Lie group. So that way we
can only achieve C0-small corrections of the uναβ . The possible constant changes
etc. described above have to be compensated separately from the actual patching.
Now the key observation is that on all intersections Uα ∩ Uβ

uναβ
∗(uν ∗α Aνα

)
= uν ∗β Aνβ .

This follows from the transition identity Aνβ = φαβ
∗Aνα for the representatives

of the connections Aν . Since both uν ∗α Aνα and uν ∗β Aνβ are uniformly bounded in

the W 1,p-norm on Uα ∩ Uβ (even on Uα and Uβ respectively) lemma A.8 applies
(to the trivial bundle P |Uα∩Uβ

). It asserts that there are uniform bounds on
‖(uναβ)−1duναβ‖W 1,p and that some subsequence of the uναβ converges C0-uniformly
on all (finitely many) intersections Uα ∩ Uβ. Thus for every δ > 0 there exists a
subsequence (again labelled by ν ∈ N) such that the transition functions all lie
within a geodesic δ-ball of one another: Denote gα := u1

α with the corresponding
transition functions gαβ = g−1

α φαβgβ = u1
αβ , then for all α, β = 1, . . . , N and

ν ∈ N we have

d(uναβ , gαβ) ≤ δ.
Here d denotes the supremum over Uα∩Uβ of the geodesic distance in G, for which
purpose we have fixed an invariant metric on G as in theorem A.2 and remark A.3.
In order to apply the subsequent patching lemma 7.2 choose δ = ∆exp > 0 to be
the radius of a convex geodesic ball in G (as explained before the lemma). Then
the uνα can be modified to uναh

ν
α defined on slightly smaller domains Vα ⊂ Uα that

still cover M such that for all ν ∈ N on all intersections Vα ∩ Vβ

(uναh
ν
α)−1φαβ(u

ν
βh

ν
β) = (hνα)−1uναβh

ν
β = gαβ .

This also defines no gauge transformation yet, but now we only need to make
another ν-independent change: Let ũνα = uναh

ν
αg
−1
α on Vα, then this defines a gauge

transformation ũν ∈ G2,p(P ) for all ν ∈ N. Indeed, ũν is defined on
⋃N
α=1 Vα = M

and it is well defined since on Vα ∩ Vβ

(ũνα)−1φαβũ
ν
β = gα(uναh

ν
α)−1uναβ(u

ν
βh

ν
β)gβ = gαgαβg

−1
β = φαβ .

For the regularity of ũν first note that lemma 7.2 provides hνα ∈ G2,p(Vα). Further-
more, uνα and gα = u1

α restricted to Vα lie in G2,p(Vα) for all α, so the regularity
follows from the fact (lemma A.5) that G2,p(Vα) is closed under group multiplica-
tion and inversion.

Finally, we show that ũν ∗α Aνα is bounded in A1,p(Vα) for all α = 1, . . . , N :
The hνα are determined in lemma 7.2 from the uναβ that satisfy a uniform bound

on ‖(uναβ)−1duναβ‖W 1,p . Thus part (ii) of the lemma with K = 2 asserts that



110 Weak Compactness

there also is a uniform bound on ‖(hνα)−1dhνα‖W 1,p . Moreover, the uν ∗α Aνα are
W 1,p-bounded by the Uhlenbeck gauge as seen above, so lemma A.6 implies that
hν ∗α uν ∗α Aνα is W 1,p-bounded as well. Lastly, (g−1

α )∗ is a ν-independent continuous
map on A1,p(Vα) (again by lemma A.6)1 , so for every α we obtain a W 1,p-bound
on (g−1

α )∗hν ∗α uν ∗α Aνα = ũν ∗α Aνα.
Now the Banach Alaoglu theorem B.4 asserts that for every α the sequence

ũν ∗α Aνα has a W 1,p-weakly convergent subsequence. This can be chosen the same
subsequence (νi)i∈N for all α = 1, . . . , N . (This could even be done by a diagonal
subsequence if there were countably many α.) Then the sequence ũνiAνi converges
W 1,p-weakly on all of M . 2

This proves the weak Uhlenbeck compactness for compact base manifolds up to
the actual patching, which we have postponed to the subsequent technical lemma.
Here we do not assume M to be compact, but still G is a compact Lie group
equipped with an invariant metric as in theorem A.2.

For the patching arguments let ∆exp > 0 be the radius of a convex geodesic
ball B∆exp

(1l) ⊂ G around 1l with the following two properties: Firstly, the expo-
nential map is a bijection between B∆exp

(0) ⊂ g and B∆exp
(1l). Secondly, for all

g, h ∈ B∆exp
(1l) there is a unique minimal geodesic from g to h and this lies within

B∆exp
(1l). For the existence of such balls see e.g. [GHL, 2.89,2.90]. Moreover,

since the left multiplications are isometries of G there exist convex geodesic balls
B∆exp

(g) of the same radius around all g ∈ G.
Furthermore, for two continuous maps u and v from some domain U to G we

denote by

d(u, v) := sup
x∈U

dG(u(x), v(x))

the supremum over their domain of the geodesic distance dG between the values
in G. This metric is invariant under left and right multiplication by continuous
maps, see appendix A.

We then consider transition functions on open coverings M =
⋃
α∈N

Uα by
precompact open sets Uα, that is gαβ : Uα ∩ Uβ → G that satisfy the cocyle
conditions as in (A.1),

gαα ≡ 1l and gαβgβγ = gαγ on Uα ∩ Uβ ∩ Uγ . (7.1)

In particular, note that gβα = g−1
αβ on Uα ∩ Uβ.

The following patching lemma is stated for infinite coverings but also applies
to finite coverings, in which case we just set Uα = ∅ for α > N . In this chapter,
the bounds in (ii) will only be needed in the case K = 2. The more general
formulation, in particular K = ∞, can be used to prove the strong compactness
theorem E.

1If one wants to prove the strong compactness theorem E along the same line of argument,
then this point requires a slight modification: Instead of gα := u1

α one has to choose a smooth
gα that is C0-close to u1

α. This ensures that gαβ is smooth and that the transformation by the

gα preserves all W k,p-bounds.
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Lemma 7.2 Let M be an n-manifold and let p > n
2 . Fix a locally finite open

covering M =
⋃
α∈N

Uα by precompact sets Uα. Then one can find open subsets
Vα ⊂ Uα still covering M such that the following holds:

(i) Let k ∈ N and let gαβ, hαβ ∈ Gk+1,p(Uα ∩ Uβ) be two sets of transition
functions that satisfy (7.1) and

d(gαβ , hαβ) ≤ ∆exp ∀α, β ∈ N.

Then there exist local gauge transformations hα ∈ Gk+1,p(Vα) for all α ∈ N

such that on all intersections Vα ∩ Vβ
h−1
α hαβhβ = gαβ . (7.2)

(ii) Let the hαβ in (i) run through a sequence hναβ of sets of transition functions

such that gαβ , h
ν
αβ ∈ Gk+1,p(Uα ∩ Uβ) for all k < K, where K ≥ 2 is an

integer or K = ∞. Assume that for every α, β ∈ N and k < K there is a
uniform bound on ‖(hναβ)−1dhναβ‖Wk,p(Uα∩Uβ).

Then the gauge transformations hνα in (i) are constructed in such a way that
for every α ∈ N and k < K they satisfy hνα ∈ Gk+1,p(Vα) and

sup
ν∈N

‖(hνα)−1dhνα‖Wk,p(Vα) <∞.

Proof: We construct the Vα and hα inductively. It will be clear from the local
finiteness of the covering that this is a finite construction for every fixed α (in the
j-th step Vα and hα remain unchanged if Uα ∩ Uj = ∅). Moreover, the Vα are
constructed independently of k ∈ N and the transition functions gαβ and hαβ .

For j = 1 set V1 := U1 and h1 := 1l. Then note that for all i ≥ 2 we have
d(hi1h1g1i, 1l) = d(g1i, h1i) ≤ ∆exp on V1 ∩Ui by assumption. Now for some j ≥ 2
assume that we have the following construction for α ≤ j − 1 (this is the case for
j = 2) and then obtain the analogous situation for all α ≤ j by the subsequent
construction for α = j.

Construction for α ≤ j − 1 :

For all α ≤ j − 1 we have constructed an open set Vα ⊂ Uα and hα ∈ Gk+1,p(Vα)
such that M =

⋃
α≥j Uj ∪

⋃
α<j Vα and (7.2) holds for all α, β ≤ j − 1. Moreover,

for all α ≤ j − 1 and i ≥ j on Vα ∩ Ui
d(hiαhαgαi, 1l) ≤ ∆exp. (7.3)

Construction for α = j :
First note that (7.2) is trivially satisfied for α = β = j no matter how we define
hj . Secondly, if (7.2) is satisfied for some pair (α, β) then it also holds for (β, α):

h−1
β hβαhα = h−1

β (h−1
α hαβ)

−1 = h−1
β (gαβh

−1
β )−1 = gβα.
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Thus the task is to define hj on Vj := Uj such that (7.2) is satisfied for α ≤ j − 1
and β = j. This prescribes hj on the intersection of Uj with all Vα for α ≤ j − 1.
So consider the map ρj : Uj ∩

⋃
α<j Vα → G given by hjαhαgαj on Uj ∩ Vα. It is

well defined since on all intersections Uj ∩ Vα ∩ Vβ

hjαhαgαj = hjβh
−1
αβhαgαβgβj = hjβhβgβj .

Moreover, ρj is a Gk+1,p-map on its domain since this Sobolev space is closed under
group multiplication (lemma A.5), and all factors are Gk+1,p-maps by assumption
and the construction for α ≤ j − 1. Also by the previous construction ρj takes
values in the convex geodesic ball B∆exp

(1l). Hence it can be composed with the
inverse of the exponential map on G to define ξj ∈W k+1,p(Uj ∩

⋃
α<j Vα, g) such

that for all α ≤ j − 1

hjαhαgαj = ρj = exp(ξj) on Uj ∩ Vα.

To see that indeed, ξj is a W k+1,p-function, note that composition with the expo-
nential map is a homeomorphism with respect to the W k+1,p-topologies on g and
G by the definition of the Gk+1,p-topology in lemma B.7.

The requirement from (7.2) on hj is to equal exp(ξj) on Uj ∩
⋃
α<j Vα. Here

we are allowed to replace the Vα that intersect Uj by some smaller open subsets
such that M is still covered.

Denote N := M \
⋃
α≥j Uα. This is closed and covered by finitely many precom-

pact sets U1, . . . , Uj−1, hence N is compact. Now going through ` = 1, . . . , j − 1
we will replace V` by V ′` ⊂ V` such that the closure C of Uj ∩

⋃
α<j V

′
α (where

we will define hj := exp(ξj)) becomes disjoint from B := U j \
⋃
α<j Vα (where we

will have to define hj ≡ 1l). The covering is to be preserved in each step, i.e. for
` = 1, . . . , j − 1

N ⊂
⋃

α≤`
V ′α ∪

⋃

`<α<j

Vα. (7.4)

In order to define such V ′` consider

A` := N \
( ⋃

α<`

V ′α ∪
⋃

`<α<j

Vα

)
,

B` := U j \ V`.

These are compact sets and A` ⊂ V` ⊂ B`
{. Thus there exists an open V ′` ⊂ V`

such that A` ⊂ V ′` ⊂ V ′` ⊂ B`{. Note that in the case V`∩Uj = ∅ we have B` = ∅

and thus simply define V ′` := V` (this makes the overall construction finite). This
construction is shown in figure 5.1.

The covering requirement (7.4) is met due to A` ⊂ V ′` . Moreover, V ′` and B`
are disjoint for all ` < j. Hence the intersection of C ⊂

⋃
`<j V

′
` and B =

⋂
`<j B`

also is empty. Indeed, an element of the intersection would have to lie in some V ′`
but also in B`.
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U

V`
A`

Figure 8.1: Construction of V ′
`
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After the compact sets B and C have been made disjoint there exists a smooth
cutoff function ψj : U j → [0, 1] that equals 0 on B and 1 on C. (Note that this
function is chosen independently of the transition functions.) Now on Vj = Uj
define hj := exp(ψjξj), then

hj





= hjαhαgαj on Vj ∩ V ′α for α ≤ j − 1,

∈ γ(1l, hjαhαgαj) on Vj ∩ Vα for α ≤ j − 1,

≡ 1l on Vj \
⋃
α<j Vα,

where γ(1l, h) denotes the unique minimal geodesic between 1l and h ∈ B∆exp
(1l).

The first equality shows that (7.2) holds for all α, β ≤ j if we replace the Vα by
V ′α. The other two properties of hj help to establish (7.3): For α ≤ j − 1 and
i ≥ j + 1 this holds on Vα ∩Ui ⊃ V ′α ∩Ui by the previous construction. For α = j
and i ≥ j + 1 we also check this on Vj ∩ Ui. Firstly, on Vj ∩ Ui \

⋃
α<j Vα this

simply follows from the assumption and hj ≡ 1l,

d(hijhjgji, 1l) = d(hijgji, 1l) = d(gji, hji) ≤ ∆exp.

On Vj ∩ Ui ∩ Vα for some α ≤ j − 1 one also has

d(hijhjgji, 1l) = d(hj , hjigij) ≤ ∆exp
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since hj lies in the convex geodesic ball B∆exp
(hjigij). Indeed, hj lies on the unique

minimal geodesic between 1l and hjαhαgαj , and this entirely lies in B∆exp
(hjigij)

since both endpoints do so: Use the assumption, the cocycle identities (7.1), and
the construction for α ≤ j − 1 to check that

d(1l, hjigij) = d(hij , gij) ≤ ∆exp,

d(hjαhαgαj , hjigij) = d(hα, hαjhjigijgjα) = d(hα, hαigiα) ≤ ∆exp.

Now (7.3) is established and it remains to check the regularity. For α ≤ j − 1
the hα are only restricted to smaller domains, so still hα ∈ Gk+1,p(V ′α). Also
hj = exp(ψjξj) ∈ Gk+1,p(Vj) by the definition in lemma B.5 since ψj is smooth and
thus ψjξj ∈ W k+1,p(Vj , g). Thus the construction can be continued for α = j + 1
with the new Vα := V ′α. That way for all α ∈ N we define Vα and hα by finitely
many steps, and this proves (i).

The regularity of the hνα in (ii) simply follows from the fact that their above
construction is independent of the Sobolev index k. The uniform bounds for every
k < K in (ii) can also be established by induction over α. The start is trivial since
hν1 ≡ 1l. Then as induction hypothesis assume that for all α ≤ j − 1 the norms
‖(hνα)−1dhνα‖Wk,p(Uα) are uniformly bounded. (Note that we use the domain Uα
on which the hνα are defined originally before the domain is cut down to Vα in
the subsequent steps of the construction.) For the induction step α = j recall
that hνj = exp(ψjξ

ν
j ) on Uj , where ξνj = exp−1(ρνj ) is given by ρνj = hνjαh

ν
αgαj

on Uj ∩ Vα. There are uniform bounds on ‖(hνjα)−1dhνjα‖Wk,p by assumption, on

‖(hνα)−1dhνα‖Wk,p by the induction hypothesis, and on ‖(gjα)−1dgjα‖Wk,p since
this is independent of ν. These uniform bounds provide a uniform bound on
‖(ρνj )−1dρνj ‖Wk,p as the following calculation shows:

For the precompact subset U := Uj ∩ Vα ⊂ M there exists a constant C such
that for all u, v ∈ Gk+1,p(U)

‖(uv)−1d(uv)‖Wk,p ≤ ‖v−1(u−1du)v‖Wk,p + ‖v−1dv‖Wk,p

≤ C‖u−1du‖Wk,p

(
1 + ‖v−1dv‖Wk,p

)k
+ ‖v−1dv‖Wk,p .

This estimate uses lemma A.7 and the Sobolev estimate for W k,p ↪→W k−1,2p. We
apply this firstly to (u, v) = (hνjα, h

ν
α) and then to (u, v) = (hνjαh

ν
α, gαj) to obtain

the uniform bounds for ρνj = hνjαh
ν
αgαj .

Now choose the exponential map as a chart of B∆exp
(1l) in which all ρνj take

their values. Then a W k+1,p-bound on ξνj follows analogously to the equivalence
of (i) and (iv) in lemma B.5 (see the calculations for (iv)⇒(ii), then from the
estimates for an embedding in (ii) one obtains estimates for some chart and thus
for all charts by the equivalence of the respective norms). Furthermore, ψj is a
ν-independent smooth function on the closure U j , thus ψjξ

ν
j is W k+1,p-bounded,

too. Finally, by the calculations for (iii)⇒(iv) in lemma B.5 we obtain a uniform
bound on ‖(hνj )−1dhνj ‖Wk,p(Uj). 2
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In the application for the proof of theorem 7.1 the existence of the hνα is not
surprising; hνα = (uνα)−1gα also meets (7.2). But for these functions there is
no uniform bound on (hνα)−1dhνα. In other words, it is already clear that the
transition functions are describing the same bundle, but one has to find the right
bundle isomorphism that provides the weak convergence of the connections.

More generally, the lemma says that two sets of transition functions are de-
scribing the same bundle if they are sufficiently C0-close (only depending on the
Lie group). This is because (7.2) is just the condition in lemma A.1.

In the generalization of weak Uhlenbeck compactness to noncompact manifolds
(theorem A′) one considers a noncompact Riemannian n-manifold M =

⋃
k∈N

Mk

that is exhausted by compact submanifolds Mk ⊂ M such that each Mk is con-
tained in the interior of Mk+1 for all k ∈ N. Here the interior of a subset N ⊂M
is defined with respect to the relative topology, int(N) = N \cl(M \N). As before
let 1 < p <∞ be such that p > n

2 . Then G2,p(P |Mk
) and its action on A1,p(P |Mk

)
are well defined for all k ∈ N. (Note that we need a compact base manifold for
the definition of the W 2,p-space of gauge transformations.)

We could now proceed as in the proof for the compact case and obtain a locally
finite open covering M =

⋃
α∈N

Uα and gauge transformations ũα on all Uα that
put the given connections into Uhlenbeck gauge. Now there is only one thing that
stops us from applying the patching lemma 7.2 and deduce the weak convergence of
a diagonal subsequence over all Mk. This is the condition d(gαβ , hαβ) ≤ ∆exp that
has to be met for all α, β ∈ N. If for some reason the convergence of the transition
functions uναβ was uniform with respect to α, β ∈ N then the weak Uhlenbeck
compactness would straight away generalize to exhausted manifolds without any
topological obstructions. However, there seem to be obstructions to the Uhlenbeck
compactness when the nontrivial topology of a noncompact manifold M is not
restricted to a compact submanifold M1. This is why we need the additional
assumption that the exhausting manifolds are deformation retracts of M . We
make this precise by the following definition.

Definition 7.3 A subset X of a smooth manifold M is called a deformation
retract of M if there exists a continuous map Φ : [0, 1]×M →M such that

Φ(0, ·) = IdM , Φ(1,M) ⊂ X, and Φ(t, ·)|X = IdX ∀t ∈ [0, 1].

Remark 7.4 Let X ⊂ M be a compact submanifold and a deformation retract
of M , and let Ω ⊂ int(X) be a compact subset. Then there exists a smooth map
Ψ : [0, 1]×M →M such that

Ψ(0, ·) = IdM , Ψ(1,M) ⊂ X, and Ψ(t, ·)|Ω = IdΩ ∀t ∈ [0, 1].

To see this use a tubular neighbourhood of ∂X ⊂ X to construct a compact
subset X ′ ⊂ int(X) that also is a deformation retract of M such that Ω ⊂ int(X ′).
Let Φ ∈ C0([0, 1] × M,M) be a continuous retraction to X ′. One then finds
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Ψν ∈ C∞([0, 1]×M,M) that converge to Φ in the strong C0-topology (see e.g. [H,
Thm.2.3.3]). By interpolation to IdM on X ′ one can modify the Ψν for sufficiently
large ν such that Ψν(t, ·)|Ω = IdΩ for all t ∈ [0, 1]. 2 By a second interpolation
on a neighbourhood of {0} ×M ⊂ [0, 1] ×M to IdM one can moreover achieve
Ψν(0, ·) = IdM . 3 Now Ψν still converges to Φ and Φ(1,M) ⊂ X ′, so for sufficiently
large ν one has Ψν(1,M) ⊂ X . So this is the required smooth map.

Now we can restate theorem A′, that is the weak Uhlenbeck compactness the-
orem for noncompact manifolds:

Theorem 7.5 Let M =
⋃
k∈N

Mk be exhausted by an increasing sequence of
compact submanifolds Mk that are deformation retracts of M . Let a sequence
(Aν)ν∈N ⊂ A1,p

loc(P ) be given and suppose that for all k ∈ N there is a uniform
bound on ‖FAν‖Lp(Mk).

Then there exists a subsequence (again denoted (Aν)ν∈N) and a sequence of
gauge transformations uν ∈ G2,p

loc (P ) such that uν ∗Aν |Mk
weakly converges in

A1,p(P |Mk
) for all k ∈ N.

Theorem 7.5 will follow from the weak Uhlenbeck compactness for the compact
submanifolds Mk combined with the next proposition (for I = {1}). This is a
general result for sequences of connections and gauge transformations on manifolds
that are exhausted by compact deformation retracts. It will again be used to
generalize the strong Uhlenbeck compactness to noncompact manifolds. Here we
fix a reference connection Ã ∈ A(P ) with respect to which the Sobolev norms of
connections on P are defined.

Proposition 7.6 Let M =
⋃
k∈N

Mk be exhausted by an increasing sequence of
compact submanifolds Mk that are deformation retracts of M , and let I = N or
I = {1, . . . , `0} for some `0 ∈ N. Let a sequence of connections (Aν)ν∈N ⊂ A1,p

loc(P )
be given and suppose that the following holds:

For every k and every subsequence of (Aν)ν∈N there exist a further subsequence
(νk,i)i∈N and gauge transformations uk,i ∈ G2,p(P |Mk

) such that

sup
i∈N

∥∥uk,i ∗Aνk,i
∥∥
W `,p(Mk)

<∞ ∀` ∈ I. (7.5)

Then there exists a subsequence (νi)i∈N and a sequence of gauge transformations
ui ∈ G2,p

loc (P ) such that

sup
i∈N

∥∥ui ∗Aνi
∥∥
W `,p(Mk)

<∞ ∀k ∈ N, ` ∈ I.

2This uses a Whitney embedding M ↪→ R
2n+1 and the projection from a tubular neighbour-

hood in R
2n+1 to M , see e.g. [H, Thm.2.2.14, Thm.4.5.1 ]. If M has a boundary, then one only

has a tubular neighbourhood of int(M) ⊂ R
2n+1. So one first has to perform the interpolation

in a tubular neighbourhood of ∂M ⊂ M using an embedding ∂M ↪→ R2n−1 . Then a second
interpolation can be performed in the interior of M .

3In the first interpolation one had Ψν → Id|M on [0, 1]×X′. Here again Ψν comes sufficiently
close to Id|M for the interpolation: First chooses the neighbourhood of {0} × M such that Φ is
suitably close to Id|M , then use the strong C0-convergence of the Ψν .
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The key to this proposition is an extension argument given by Donaldson and
Kronheimer [DK, Lemma 4.4.5], which we explain in lemma 7.8 below. Here
the crucial point is to be able to extend a gauge transformation defined on a
compact subset to the whole manifold. This is ensured by the assumption that
the exhausting compact submanifolds are deformation retracts of M , as will be
shown in the following auxiliary lemma.

Lemma 7.7 Let K ⊂M be a compact submanifold and deformation retract of M
and let Ω ⊂ int(K) be a compact subset. Then the following holds.

(i) For every smooth gauge transformation u ∈ G(P |K) there exists a smooth
extension ũ ∈ G(P ) such that ũ|Ω = u|Ω.

(ii) For every gauge transformation u ∈ G2,p(P |K) there exists a gauge transfor-
mation ũ ∈ G2,p

loc (P ) such that ũ|Ω = u|Ω.

Proof: Fix a smooth connection of P×cG (induced by a smooth connection of P ).
Let Ψ : [0, 1]×M → M be a smooth retraction of M to K with Ψ(t, ·)|Ω = Id|Ω
for all t ∈ [0, 1] as in remark 7.4. Then for any given smooth gauge transformation
u : K → (P ×c G)|K we define ũ : M → P ×c G as follows: For every x ∈ M let
ũ(x) ∈ (P ×c G)x be the parallel transport of u(Ψ(1, x)) ∈ (P ×c G)Ψ(1,x) along
the path Ψ(·, x) from Ψ(1, x) ∈ K to Ψ(0, x) = x. For x ∈ Ω this construction
provides ũ(x) = u(x) since in that case Ψ(·, x) ≡ x. So we obtain a well-defined
extension ũ of u. Moreover, parallel transport along smooth paths is a smooth
map, hence ũ ∈ G(P ) is smooth. This proves (i).

For (ii) let u ∈ G2,p(P |K) be given. Then by the definition of this Sobolev space
there is a smooth gauge transformation s ∈ G(P |K) and some ξ ∈ W 2,p(K, gP )
such that u = s · exp(ξ). Use (i) to vary s outside of Ω and extend it to s ∈ G(P ).
Since Ω ⊂ intK one also finds a smooth cutoff function h ∈ C∞(M, [0, 1]) that
equals 1 on Ω and vanishes onM \K. Use this to define ũ := s·exp(hξ) on all of M .
This gauge transformation clearly satisfies ũ|Ω = u|Ω. Moreover ũ|K ∈ G2,p(P |K)
and ũ|M\K = s|M\K is smooth, hence ũ ∈ G2,p

loc (P ) is the required extension. 2

This lemma in fact also holds with Ω = K since K has a smooth boundary, but
this would require the use of Sobolev extension operators, see e.g. [A, Thm.4.26].

Lemma 7.8 (Donaldson, Kronheimer)
Let Ω ⊂ M ′′ ⊂ M ′ be compact submanifolds of M such that Ω ⊂ int(M ′′) and
M ′′ is a deformation retract of M . Let (Aν)ν∈N ⊂ A1,p(P |M ′) be a sequence of
connections, and let (uν)ν∈N ⊂ G2,p(P |M ′′ ) and (vν)ν∈N ⊂ G2,p(P |M ′) be sequences
of gauge transformations such that both ‖uν ∗Aν‖W 1,p(M ′′) and ‖vν ∗Aν‖W 1,p(M ′)

are uniformly bounded.
Then after passing to a subsequence (again labelled by ν ∈ N) one can find gauge

transformations wν ∈ G2,p(P |M ′ ) such that wν |Ω = uν |Ω and ‖wν ∗Aν‖W 1,p(M ′) is
uniformly bounded.

If moreover for some ` ∈ N both ‖uν ∗Aν‖W `,p(M ′′) and ‖vν ∗Aν‖W `,p(M ′) are
uniformly bounded, then ‖wν ∗Aν‖W `,p(M ′) also is uniformly bounded.
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Proof: Consider the gauge transformations (vν)−1uν ∈ G2,p(P |M ′′ ) (their reg-
ularity follows from lemma A.5). They transform vν ∗Aν into uν ∗Aν , which
both are bounded sequences in A1,p(P |M ′′ ). Thus lemma A.8 provides a sub-
sequence (that we again label by ν ∈ N) and a limit h∞ ∈ G2,p(P |M ′′ ) such that
d((vν)−1uν , h∞) ≤ 1

2∆exp for all ν ∈ N. Here the gauge transformations have to
be considered as equivariant maps from P |M ′′ to G, so d denotes the supremum
over P |M ′′ of the geodesic distances in G. Then let ∆exp > 0 be the injectivity
radius of the exponential map on G.

Now we can choose a smooth gauge transformation h ∈ G(P |M ′′ ) such that
d(h, h∞) ≤ 1

2∆exp (it exists since gauge transformations are sections of the smooth
bundle P ×c G). Then the gauge transformations h−1(vν)−1uν ∈ G2,p(P |M ′′)
only take values in the ∆exp-geodesic ball around 1l (their regularity is due to
lemma A.5). These can be composed with the inverse exponential map to obtain
sections ξν ∈W 2,p(M ′′, gP ). (For the regularity use lemma B.8 and the fact that
exp : g→ G is smooth.)

Lemma 7.7 (i) provides h̃ ∈ G(P ) such that h̃|Ω = h|Ω. All derivatives of h̃|M ′

are bounded (in the bundle charts), hence h̃ ∈ G2,p(P |M ′). Choose a smooth cutoff
function ψ : M ′ → [0, 1] that equals 1 on Ω and vanishes on M ′ \M ′′, and then
define

wν := vν h̃ exp(ψ◦π · ξν).
To see that this defines a gauge transformation in G2,p(P |M ′ ) first note that this
space is closed under mulitplication by lemma A.5. So since the vν and h̃ lie
in that space it suffices to examine the last factor. Here ψ◦π is an equivariant
cutoff function that is multiplied with the equivariant maps ξν : P |M ′′ → g to
define an equivariant map from P |M ′ to g. This map ψ◦π · ξν is of class W 2,p,
hence composition with the exponential map yields a gauge transformation in
G2,p(P |M ′ ). This establishes the required regularity of wν . The construction
moreover satisfies

wν |Ω = vνh exp(1 · ξν) = vνhh−1(vν)−1uν = uν .

Now assume uniform bounds on ‖uν ∗Aν‖W `,p(M ′′) and ‖vν ∗Aν‖W `,p(M ′) for some
` ∈ N, possibly ` = 1. Then in every local trivialization over Uα ⊂M ′′ lemma A.8
provides a uniform bound on

∥∥((vνα)−1uνα
)
d
(
(vνα)−1uνα

)∥∥
W `,p(M ′′)

. Next, in anal-

ogy to the equivalence of (iii) and (iv) in lemma B.5 one obtains uniform bounds
on ξνα = exp−1(h−1

α (vνα)−1uνα) ∈W `+1,p(Uα, g). (See the calculations for (iv)⇒(ii),
then from the estimates for an embedding in (ii) one obtains estimates in some
chart and thus in all charts by the equivalence of the respective norms). When
multiplied by the smooth cutoff function ψ the local representatives of ξν extend
to uniformly bounded sequences in W `+1,p(Uα, g) for every local trivialization over
Uα ⊂M ′ (equalling zero outside of M ′′). Then composition with the exponential
map yields gauge transformations gν := exp(ψ◦π · ξν) ∈ G`+1,p(P |M ′). Moreover,
‖(gνα)−1dgνα‖W `,p is uniformly bounded in every local trivialization over Uα ⊂M ′
by the calculations for (iii)⇒(iv) in lemma B.5.
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To establish the uniform bound we rewrite wν ∗Aν = gν ∗h∗vν ∗Aν . By as-
sumption ‖vν ∗Aν‖W `,p(M ′) is uniformly bounded, then ‖h∗vν ∗Aν‖W `,p(M ′) also

is uniformly bounded since h∗ is a continuous map on A`,p(P |M ′ ). The uniform
bound on ‖wν ∗Aν‖W `,p then follows from the local estimate in lemma A.6. To
see this cover M ′ with finitely many bundle charts Uα, then firstly one obtains
uniform bounds on the local representatives of wν ∗Aν : For some constants Cα

‖(wν ∗Aν)α‖W `,p ≤ ‖(gνα)−1dgνα‖W `,p

+ Cα‖(h∗vν ∗Aν)α‖W `,p

(
1 + ‖(gνα)−1dgνα‖W `−1,2p

)`
.

Here the right hand side is uniformly bounded due to the uniform bounds on
‖(gν)−1dgν‖W `,p and ‖h∗vν ∗Aν‖W `,p , and by the estimate for W `,p ↪→ W `−1,2p.
For these local Sobolev norms of connections the reference connection is defined
from the trivialization of the bundle, but we defined the global Sobolev norm with
respect to the fixed reference connection Ã. However,

∑
α ‖Ãα‖W `,p is finite since

we chose finitely many bundle charts. Hence we obtain a global uniform bound

‖wν ∗Aν‖W `,p =
∥∥wν ∗Aν − Ã

∥∥
W `,p(M,T∗M⊗gP )

≤
∑

α

∥∥(wν ∗Aν)α − Ãα‖W `,p(Uα,T∗Uα⊗g)

≤
∑

α

‖Ãα‖W `,p(Uα,T∗Uα⊗g) +
∑

α

‖(wν ∗Aν)α‖W `,p(Uα,T∗Uα⊗g).

2

Proof of proposition 7.6 :
Let a sequence of connections Aν ∈ A1,p

loc(P ) be given as supposed. In order to find
a gauge for a subsequence such that it is bounded on all Mk one can not simply
choose a diagonal subsequence but also has to define the gauge transformations
independently of k. For that purpose we first construct inductively for all k ∈ N

a subsequence (µk,i)i∈N and gauge transformations w(k, µk,i) ∈ G2,p
loc (P ) such that

the following holds:

(i) (µj,i)i∈N ⊂ (µk,i)i∈N ∀j > k ,

(ii) w(j, µj,i)|Mk
= w(k, µj,i)|Mk

∀j > k ,

(iii) supi∈N

∥∥w(k, µk,i)
∗Aµk,i

∥∥
W `,p(Mk+1)

<∞ ∀` ∈ I, k ∈ N.

As start of the induction we give the construction for k = 1:
Consider the sequence (Aν |M3

)ν∈N ⊂ A1,p(P |M3
). By assumption one finds

a subsequence (ν3,i)i∈N and gauge transformations u3,i ∈ G2,p(P |M3
) such that

(7.5) holds. Lemma 7.7 (ii) with Ω = M2 and K = M3 then provides exten-
sions ũ3,i ∈ G2,p

loc (P ) that satisfy ũ3,i|M2
= u3,i|M2

. So if we set µ1,i := ν3,i and
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w(1, µ1,i) := ũ3,i, then since M2 ⊂M3

sup
i∈N

∥∥w(1, µ1,i)
∗Aµ1,i

∥∥
W `,p(M2)

= sup
i∈N

∥∥u3,i ∗Aν3,i
∥∥
W `,p(M2)

<∞ ∀` ∈ I.

Now suppose for some j ∈ N that the construction has been carried out for all
k ≤ j, then the construction for k = j + 1 works as follows:

Consider the sequence (Aµj,i |Mj+3
)i∈N ⊂ A1,p(P |Mj+3

). By assumption there
exist a subsequence (νj+3,i)i∈N ⊂ (µj,i)i∈N and a sequence of gauge transfor-
mations uj+3,i ∈ G2,p(P |Mj+3

) that satisfy (7.5). Now we can use lemma 7.8
with Ω = Mj , the connections (Aνj+3,i )i∈N, and the sequences of gauge transfor-
mations (w(j, νj+3,i)|Mj+1

)i∈N on M ′′ = Mj+1 and (uj+3,i)i∈N on M ′ = Mj+3.
This provides a subsequence (µj+1,i)i∈N ⊂ (νj+3,i)i∈N and gauge transformations

w(j + 1, µj+1,i) ∈ G2,p
loc (P ) such that w(j + 1, µj+1,i)|Mj

= w(j, µj+1,i)|Mj
and

sup
i∈N

∥∥w(j + 1, µj+1,i)
∗Aµj+1,i

∥∥
W `,p(Mj+3)

<∞ ∀` ∈ I. (7.6)

Next use lemma 7.7 (with Ω = Mj+2, K = Mj+3) to modify the gauge transfor-

mations outside of Mj+2 and extend them to w(j + 1, µj+1,i) ∈ G2,p
loc (P ). Then

(i)-(iii) are satisfied due to this and the previous construction:

(i) For all k < j + 1

(µj+1,i)i∈N ⊂ (νj+3,i)i∈N ⊂ (µj,i)i∈N ⊂ (µk,i)i∈N.

(ii) For all k < j + 1 since Mk ⊂Mj

w(j + 1, µj+1,i)|Mk
= w(j, µj+1,i)|Mk

= w(k, µj+1,i)|Mk
.

(iii) This follows directly from (7.6) since the gauge transformations were only
modified outside of Mj+2, but the W `,p-norms are taken on Mj+2 ⊂Mj+3.

After this construction one can now choose a diagonal subsequence that proves
the proposition: Let νi := µi,i and ui := w(i, µi,i) ∈ G2,p

loc (P ) for all i ∈ N. This
defines a subsequence of N since for all j ∈ N

νj+1 = µj+1,j+1 ≥ µj,j+1 > µj,j = νj .

The first inequality holds since (µj+1,i)i∈N is a subsequence of (µj,i)i∈N. For the
uniform bounds note that for all j > k ∈ N

uj |Mk
= w(j, µj,j)|Mk

= w(k, µj,j)|Mk
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and (µj,i)i∈N is a subsequence of (µk,i)i∈N. Hence for every ` ∈ I and k ∈ N

sup
i∈N

∥∥ui ∗Aνi
∥∥
W `,p(Mk)

= sup
{∥∥u1 ∗Aν1

∥∥, . . . ,
∥∥uk ∗Aνk

∥∥ , sup
j>k

∥∥w(k, µj,j)
∗Aµj,j

∥∥
W `,p(Mk)

}

≤ sup
{∥∥u1 ∗Aν1

∥∥, . . . ,
∥∥uk ∗Aνk

∥∥ , sup
i∈N

∥∥w(k, µk,i)
∗Aµk,i

∥∥
W `,p(Mk)

}

<∞

Here
∥∥ui ∗Aνi

∥∥ denotes the W `,p(Mk)-norm, which is finite for all i = 1, . . . , k
since ui|Mk

∈ G2,p(P |Mk
) and Aνi |Mk

∈ A1,p(P |Mk
) – see lemma A.6. 2

Proof of theorem 7.5 :
The weak Uhlenbeck compactness for exhausted manifolds is a consequence of
proposition 7.6 and the weak Uhlenbeck compactness on the compact submanifolds
manifolds Mk :

Let a sequence (Aν)ν∈N ⊂ A1,p
loc(P ) be given such that ‖FAν‖Lp(Mk) is uniformly

bounded for all k ∈ N. Fix k ∈ N and to check the condition of proposition 7.6
consider some subsequence of (Aν |Mk

)ν∈N ⊂ A1,p(P |Mk
). It satisfies the assump-

tions of theorem 7.1 with M = Mk, hence one finds a subsequence (νk,i)i∈N and
gauge transformations uk,i ∈ G2,p(P |Mk

) such that uk,i ∗Aνk,i weakly converges in
A1,p(P |Mk

). Thus there is a uniform bound (see e.g. [Y, V.1,Thm.3])

sup
i∈N

∥∥uk,i ∗Aνk,i
∥∥
W 1,p(Mk)

<∞.

Now proposition 7.6 with I = {1} provides a subsequence (νi)i∈N and a sequence
of gauge transformations ui ∈ G2,p

loc (P ) such that

sup
i∈N

∥∥ui ∗Aνi
∥∥
W 1,p(Mk)

<∞ ∀k ∈ N.

One then finds a diagonal subsequence of the connections ui ∗Aνi that converges
in the weak W 1,p-topology on every Mk:

This sequence of connections is uniformly W 1,p-bounded on every Mk. So by
the Banach Alaoglu theorem B.4 it has a W 1,p-weakly convergent subsequence on
M1. Pick its first element for the final subsequence, then rest of the subsequence
again has a subsequence that converges W 1,p-weakly on M2. Pick its first element
for the final subsequence and so on. Then after k steps one has picked k elements
for a subsequence of the ui ∗Aνi , and all further elements will be picked from a
subsequence that already converges W 1,p-weakly on Mk (and hence on Mj for all
j ≤ k). If we enumerate the resulting subsequence again by ν ∈ N then we have
constructed a sequence of gauge transformations uν ∈ G2,p

loc (P ) such that uν ∗Aν |Mk

weakly converges in A1,p(P |Mk
) for all k ∈ N. 2
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Chapter 8

Local Slice Theorems

The key to the proof of the strong Uhlenbeck compactness theorem for Yang-Mills
connections is the existence of a global relative Coulomb gauge, i.e. the local slice
theorem F, that will be established in this chapter. Moreover, we prove the Lp-
version, theorem F′, that provides a relative Coulomb gauge in the weak sense for
connections of class Lp. The applications of this result lie beyond the scope of this
book.1 We included it since it naturally extends the usual local slice theorem for
connections of class W 1,p. Moreover, its proof is actually easier and thus nicely
illustrates the Newton iteration method behind the proof of theorem F.

In this chapter we consider a principal G-bundle P → M over a compact
Riemannian n-manifold M , where G is a compact Lie group. Then the local slice
theorems for manifolds with boundary are the following.

Theorem 8.1 (Local Slice Theorem)
Suppose that M is compact and let 1 < p ≤ q <∞ be such that

p > n
2 and 1

n
> 1

q
> 1

p
− 1

n
.

Fix a reference connection Â ∈ A1,p(P ) and let a constant c0 > 0 be given. Then
there exist constants δ > 0 and CCG such that the following holds. For every
A ∈ A1,p(P ) with

‖A− Â‖q ≤ δ, ‖A− Â‖W 1,p ≤ c0 (8.1)

there exists a gauge transformation u ∈ G2,p(P ) that satisfies

{
d∗
Â
(u∗A− Â) = 0,

∗(u∗A− Â)|∂M = 0,
and

‖u∗A− Â‖q ≤ CCG‖A− Â‖q,
‖u∗A− Â‖W 1,p ≤ CCG‖A− Â‖W 1,p .

1Theorem F′ is used in [W] to prove that every (weakly) flat Lp-connection is gauge equivalent
to a smooth connection for p > n.
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Remark 8.2

(i) The gauge transformation u in theorem 8.1 is not necessarily unique: If
v∗A = A and v̂∗Â = Â then u can be replaced by vuv̂. This leads to
nonuniqueness if A or Â has a nontrivial isotropy group.

(ii) If A and Â are smooth connections then one can check that the construction
in the proof of theorem 8.1 yields a smooth gauge transformation u. If
moreover u is unique up to changes as in (i) then every gauge transformation
that satisfies the assertion of theorem 8.1 is smooth.

(iii) When the metric in the local Coulomb gauge is varied one can still obtain
uniform constants in the local slice theorem (as will be seen in the proof):

In the situation of theorem 8.1 fix in addition a metric g on M . Then there
exist constants ε, δ > 0 and CCG such that the assertion of the theorem holds
for all metrics g′ with ‖g− g′‖W 1,∞ ≤ ε. (Here we use g′ in the definition of
the Hodge ∗ operator but not for the Sobolev norms – these are equivalent
anyway.)

(iv) Theorem 8.1 extends to the case p > n and q =∞. To see this, one uses the
theorem for some finite q′ > n and notes that (8.13) in the iteration provides
for some finite constants C

∥∥u∗A− Â
∥∥
∞ ≤

∥∥A− Â
∥∥
∞ + C

∞∑

i=0

∥∥Ai+1 −Ai
∥∥
W 1,p

≤
∥∥A− Â

∥∥
∞ + C

∥∥A− Â
∥∥
q′
≤ C

∥∥A− Â
∥∥
∞.

In order to obtain an easy expression for the weak Coulomb equation in the
subsequent Lr-version of the local slice theorem we denote the dual operator of
d
Â

: W 1,r∗(M, gP )→ Lr
∗

(M,T∗M ⊗ gP ) by

d
Â
′ : Lr(M,T∗M ⊗ gP )→

(
W 1,r∗(M, gP )

)∗
.

For α ∈ Lr(M,T∗M ⊗ gP ) the linear form d
Â
′α acts on W 1,r∗(M, gP ) by

η 7→
∫

M

〈
α , d

Â
η
〉
.

In the general context of a vector bundle as in chapter 4 we deal with a covariant
derivative ∇ := d

Â
on gP , its formally adjoint operator ∇∗ = d∗

Â
, and its dual

operator ∇′ = d
Â
′. With these identifications lemma 4.1 asserts that for all

α ∈ Γ(T∗M ⊗ gP ) and η ∈ Γ(gP )

(d
Â
′α)η =

∫

M

〈
d∗
Â
α , η

〉
+

∫

∂M

〈α(ν) , η 〉 .
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Theorem 8.3 (Lr-Local Slice Theorem)
Suppose that M is compact, let 2 ≤ r <∞ be such that r > n, and fix a reference
connection Â ∈ A0,r(P ). Then there exist constants δ > 0 and CCG such that the
following holds. For every A ∈ A0,r(P ) with ‖A − Â‖r ≤ δ there exists a gauge
transformation u ∈ G1,r(P ) such that

d
Â
′(u∗A− Â) = 0 and ‖u∗A− Â‖r ≤ CCG‖A− Â‖r.

Note that the weak Coulomb equation as stated here is equivalent to the weak
equation stated in theorem F′,

∫

M

〈
u∗A− Â , d

Â
η
〉

= 0 ∀η ∈ Γ(gP ).

This is due to the fact that Γ(gP ) is dense in W 1,r∗(M, gP ).

For the rest of this chapter let r, p, and q be as assumed in above theorems.
These assumptions ensure that there are Sobolev embeddings and inequalities for
W 1,p ↪→ L2p, W 1,p ↪→ Lq, W 1,q ↪→ C0, andW 1,r ↪→ C0, which will be used without
further mention in the following.

The properties of u in theorem 8.1 (or theorem 8.3) are summarized in saying
that u∗A is in (weak) Coulomb gauge relative to Â. If we only consider the (weak)
differential equation then this is a reflexive relation, and moreover the following
lemma will be useful.

Lemma 8.4

(i) Let A1, A2 ∈ A0,r(P ), then

dA1
′(A2 −A1) = 0 ⇐⇒ dA2

′(A1 −A2) = 0.

(ii) Let A1, A2 ∈ A1,p(P ), then

d∗A1(A2 −A1) = 0 ⇐⇒ d∗A2(A1 −A2) = 0.

(iii) Let Â, A ∈ A0,r(P ), u ∈ G1,r(P ), and v = u−1, then

dA
′(v∗Â−A) = 0 ⇐⇒ d

Â
′(u∗A− Â) = 0.

(iv) Let Â, A ∈ A1,p(P ), u ∈ G2,p(P ), and v = u−1, then

{
d∗A(v∗Â−A) = 0,

∗(v∗Â−A)|∂M = 0,
⇐⇒

{
d∗
Â
(u∗A− Â) = 0,

∗(u∗A− Â)|∂M = 0.
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Proof: For (i) and (ii) let A := A1 −A2, then for all η ∈ W 1,r∗(M, gP )

dA2
′(A1 −A2) η =

∫

M

〈
(A1 −A2) , dA2

η
〉

=

∫

M

〈
(A1 −A2) , dA1

η
〉
−
∫

M

〈A , [A, η] 〉

= −dA1
′(A2 −A1) η −

∫

M

〈 [A ∧ ∗A] , η 〉 . (8.2)

Similarly,
d∗A2(A1 −A2) = −d∗A1(A2 −A1) + ∗[A ∧ ∗A]. (8.3)

This proves the equivalences since the term [α ∧ ∗α] vanishes in both identities.
Indeed, A in locally represented by a 1-form on M with values in gP . So if we
calculate in local coordinates on M and remember that the inverse metric gij is
symmetric but the Lie bracket is skewsymmetric then

∗[A ∧ ∗A] = gij [Ai, Aj ] =
∑

i<j

gij ([Ai, Aj ] + [Aj , Ai]) = 0.

For (iii) and (iv) pick a local trivialization over some Uα ⊂ M and denote the
local representatives by a subscript α. Then note that vαduα = −dvα uα due to
vu = uv = 1l, and hence

(
v∗Â−A

)
α

= uα
(
Âα + dvα uα − vαAαuα

)
vα = uα

(
Â− u∗A

)
α
vα.

This directly proves the equivalence of the boundary conditions. The equivalence
of the first equation in (iv) is established using (8.3):

(
d∗A(v∗Â−A)

)
α

= −d∗
v∗Â

(A− v∗Â)

= −d∗
(
uα(u∗A− Â)α vα

)
+ ∗
[
(uαÂαvα + uαdvα) ∧ ∗uα(u∗A− Â)α vα

]

= −uα d∗(u∗A− Â)α vα + ∗
[
duα vα ∧ ∗uα(u∗A− Â)α vα

]

+ ∗uα
[
Âα ∧ ∗(u∗A− Â)α

]
vα + ∗

[
uαdvα ∧ ∗uα(u∗A− Â)α

]
vα

= −uα
(
d∗
Â
(u∗A− Â)

)
α
vα.

For (iii) use (8.2) to obtain for all η ∈ W 1,r∗(M, gP )

dA
′(v∗Â−A) η = −dv∗Â

′(A− v∗Â) η

= −
∫

M

〈
u(u∗A− Â)v , dv∗A η

〉

= −
∫

M

〈
(u∗A− Â) , d

Â
(vηu)

〉

= −d
Â
′(u∗A− Â) vηu.
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This proves the equivalence since η 7→ vηu is a bijection of W 1,r∗(M, gP ). Indeed
both u and v are of class W 1,r by lemma A.5; they are also continuous since r > n.
Moreover, we have used the fact that

(
d
Â
(vηu)

)
α

= vadηα uα + [dvα uα , vαηαuα] + [Âα , vαηαuα]

= va
(
dηα + [uαdvα , ηα] + [uαÂαvα , ηα]

)
uα

= va
(
d
v∗Â

η
)
α
uα

2

The gauge transformations in the local gauge theorems will be found as the
limit of some Newton iteration analogous to [CGMS, Thm.A.1]. Before we embark
on the actual proofs we consider in lemma 8.5 the differential equations that will
be used for the iteration, and in lemma 8.6 we prove some estimates that will be
used repeatedly. But first we make some preliminary remarks.

In the case of varying metrics in remark 8.2 the Sobolev norms will all be
defined with respect to one fixed metric on M . If another metric is W 1,∞-close
to this metric, then the Lr- and W 1,r-Sobolev norms for the two metrics are all
equivalent since they only depend on the metric, its inverse, and first derivatives
(the Christoffel symbols). Furthermore, all Sobolev norms are defined with respect
to the reference connection Â of the corresponding theorem. These are welldefined
and still satisfy all Sobolev inequalities since they are equivalent to Sobolev norms
with respect to a sufficiently close smooth reference connection Ã. More precicely,
the Ls-norm is independent of the reference connection for all 1 ≤ s ≤ ∞. In the
case of theorem 8.3 the W 1,r-norms are equivalent when we choose ‖∇A −∇Ã‖r
sufficiently small such that for all equivariant k-forms η of class W 1,r

‖(∇
Â
−∇Ã)η‖r ≤ ‖Â− Ã‖r‖η‖∞ ≤ 1

2‖η‖W 1,r ,Ã.

This indeed provides the equivalence (the other direction works similarly):

1
2‖η‖W 1,r ,Ã ≤ ‖η‖r + ‖∇Ãη‖r − 1

2‖η‖W 1,r ,Ã

≤ ‖η‖r + ‖∇
Â
η‖r

≤ 2‖η‖W 1,r .

The W 1,r∗-norms are also equivalent but by a different estimate: For sufficiently
small ‖Â− Ã‖r and all equivariant k-forms η of class W 1,r∗

‖(∇
Â
−∇Ã)η‖r∗ ≤ ‖Â− Ã‖r‖η‖s ≤ 1

2‖η‖W 1,r∗ .

Here 1
s

= 1
r∗
− 1
r

= 1− 2
r

defines s ∈ [1,∞] since r ≥ 2, and the Sobolev embedding

W 1,r∗ ↪→ Ls holds due to r > n:

1
n
− 1

r∗
= 1

n
− 1 + 1

r
> −1 + 2

r
= − 1

s
.
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Now for all α ∈ Lr(M,T∗M ⊗ gP ) and η ∈ W 1,r∗(M, gP ) one can use the fact
that

∣∣∫
M

〈
α , d

Â
η
〉∣∣ ≤ ‖α‖r‖dÂη‖r∗ ≤ ‖α‖r‖η‖W 1,r∗ to obtain

‖d
Â
′α‖(W 1,r∗)∗ = sup

{ ∣∣∫
M

〈
α , d

Â
η
〉∣∣

‖η‖W 1,r∗

∣∣∣∣∣ η ∈W
1,r∗(M, gP )

}
≤ ‖α‖r. (8.4)

In the case of theorem 8.1 the W 1,s-norms are equivalent as long as 1
s
≥ 1

p
− 1

n

(especially for s = p and s = q), and also the W 2,p-norms are equivalent.
To see this let 1

s
= 1

p′
+ 1
s′

such that there are Sobolev embeddings W 1,p ↪→ Lp
′

and W 1,s ↪→ Ls
′

. ( In case s > n one can choose s′ =∞ and p′ = s. In case s ≤ n
one finds a p′ > n since 1

n
> 1

p
− 1

n
, and then automatially 1

s′
= 1

s
− 1

p′
≥ 1

s
− 1

n

ensures the other Sobolev embedding. ) Then there is a constant C such that for
all smooth equivariant k-forms η

‖(∇
Â
−∇Ã)η‖s =

∥∥[(Â− Ã) ∧ η]
∥∥
s

≤ 2‖Â− Ã‖p′‖η‖s′
≤ C‖Â− Ã‖W 1,p,Ã‖η‖W 1,s,Ã. (8.5)

Here the fact that the Sobolev norm is defined with respect to Ã is indicated by
an additional subscript. If we choose ‖Â − Ã‖W 1,p,Ã sufficiently small then this
shows the equivalence.

For the W 2,p-norms moreover use lemma B.3 (with r = p, s = q) to obtain for
all smooth equivariant k-forms η and some constants C,C ′

‖(∇2
Â
−∇2

Ã
)η‖p

≤
∥∥∇Ã[(Â− Ã) ∧ η]

∥∥
p

+
∥∥[(Â− Ã) ∧ ∇Ãη]

∥∥
p

+
∥∥[(Â− Ã) ∧ [(Â− Ã) ∧ η]

]∥∥
p

≤ C ′‖Â− Ã
∥∥
W 1,p,Ã

‖η‖W 1,q ,Ã + ‖Â− Ã‖2p‖∇Ãη‖2p + ‖Â− Ã‖22p‖η‖∞
≤ C‖Â− Ã‖W 1,p,Ã

(
1 + ‖Â− Ã‖W 1,p,Ã

)
‖η‖W 2,p,Ã.

Moreover, there exists a constant C such that for all α ∈ W 1,p(M,T∗M ⊗ gP )

‖d∗
Â
α‖p + ‖ ∗ α|∂M‖W 1,p

∂
≤ C‖α‖W 1,p . (8.6)

This also holds with a uniform constant C when the metric in the definition of d∗
Â

and ∗ is varied within a W 1,∞-small neighbourhood of a given metric.
Indeed, if Â is replaced by a smooth connection Ã then for the first term

this inequality is obvious from the Sobolev norm in bundle charts. The dif-
ference d∗

Â
α− d∗

Ã
α = ∗

[
(Ã− Â) ∧ ∗α

]
is estimated as in (8.5). For the second

term extend the outward unit normal vector ν to a smooth vector field ν̃ on M ,
then one has ∗α|∂M = α(ν) dvol∂M and ‖α(ν)‖

W
1,p
∂
≤ ‖α(ν̃)‖W 1,p ≤ C‖α‖W 1,p by

lemma 5.6 (i). When the metric varies note that d∗
Â

depends on the metric only up
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to its first derivatives. Moreover, an extension ν̃g′ of the unit normal with respect
to a metric g′ can be chosen W 1,∞-close to the extension ν̃ for a fixed metric g (in
local coordinates ν̃ig′ = g′ijgjkν̃k).

Lemma 8.5

(i) Let Â ∈ A0,r(P ). Then there exists a constant C1 such that for every
α ∈ Lr(M,T∗M ⊗ gP ) there exists a solution ξ ∈ W 1,r(M, gP ) of

d
Â
′d
Â
ξ = d

Â
′α with ‖ξ‖W 1,r ≤ C1‖dÂ

′α‖(W 1,r∗)
∗ .

(ii) Let Â ∈ A1,p(P ). Then there exists a constant C1 such that for every
α ∈ W 1,p(M,T∗M ⊗ gP ) there exists a solution ξ ∈ W 2,p(M, gP ) of
{

d∗
Â
d
Â
ξ = d∗

Â
α,

∗d
Â
ξ|∂M = ∗α|∂M

with
‖ξ‖W 2,p ≤ C1

(
‖d∗

Â
α‖p + ‖ ∗ α|∂M‖W 1,p

∂

)
,

‖ξ‖W 1,q ≤ C1‖α‖q.

(iii) Let Â ∈ A1,p(P ) and fix a metric g on M . Then there exist constants
ε > 0 and C1 such that the assertion of (ii) holds for all metrics g′ with
‖g − g′‖W 1,∞ ≤ ε. (The metric g′ replaces g in the boundary value problem
but not in the Sobolev norms – these are equivalent anyway.)

Proof: These are theorem 4.3 and 4.4 and remark 4.5 for the vector bundle E = gP

with the covariant derivative ∇ = d
Â
. The inner product on the fibres is induced

by the metric of g from theorem A.2. The connection potentials of ∇ are the local
representatives of the connection 1-form Â, hence they are Lr-regular in (i) and
W 1,p-regular in (ii). Here an element η ∈ g of the Lie algebra is understood as
endomorphism of g via the adjoint action ξ 7→ [η, ξ]. By (A.5) the adjoint of this
endomorphism is ξ 7→ −[η, ξ]. So the formally adjoint operator of ∇ is indeed
∇∗ = d∗

Â
, see (A.9), and the dual operator of ∇ is ∇′ = d

Â
′. The boundary

condition is equivalent to d
Â
ξ(ν) = α(ν) on ∂M , see lemma 5.6 (i). Similarly,

the boundary value ∗α|∂M = α(ν) dvol∂M is identified with α(ν) to obtain the
estimate. 2

In the next lemma we do not need to consider different metrics on M since the
metric for the Sobolev norms is fixed anyway and the terms exp(ξ)∗A−A and dAξ
are independent of the metric.

Lemma 8.6

(i) Let Â ∈ A0,r(P ), then for every constant c2 there exists a constant C2 such
that the following holds: For all A ∈ A0,r(P ) and ξ ∈ W 1,r(M, gP ) with
‖ξ‖W 1,r ≤ c2

∥∥exp(ξ)∗A−A− dAξ
∥∥
r
≤ C2

(
1 + ‖A− Â‖r

)
‖ξ‖2W 1,r

∥∥exp(ξ)∗A−A
∥∥
r
≤ C2

(
1 + ‖A− Â‖r

)
‖ξ‖W 1,r .
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(ii) Let Â ∈ A1,p(P ), then for every constant c2 there exists a constant C2 such
that the following holds: For all A ∈ A1,p(P ) and ξ ∈ W 2,p(M, gP ) with
‖ξ‖W 2,p ≤ c2

∥∥exp(ξ)∗A−A− dAξ
∥∥
W 1,p ≤ C2

(
1 + ‖A− Â‖W 1,p

)
‖ξ‖W 1,q‖ξ‖W 2,p ,

∥∥exp(ξ)∗A−A
∥∥
W 1,p ≤ C2

(
1 + ‖A− Â‖W 1,p

)
‖ξ‖W 2,p .

Proof: For both (i) and (ii) consider the function α(t) := exp(tξ)∗A−A. This is
a C1-map from [0, 1] to Lr(M,T∗M ⊗ gP ) or W 1,p(M,T∗M ⊗ gP ) and it satisfies
α(0) = 0 and

α̇(t) = ∂
∂s

∣∣
s=0

(
e−(s+t)ξAe(s+t)ξ + e−(s+t)ξde(s+t)ξ −A

)

= ∂
∂s

∣∣
s=0

e−sξ
(
e−tξAetξ + e−tξdetξ

)
esξ + ∂

∂s

∣∣
s=0

e−sξdesξ

=
[
−ξ, e−tξAetξ + e−tξdetξ

]
+ dξ

= dAξ − adξ(α(t)).

This calculation works with the local representations of A and ξ, that are denoted
by the same letters. With this local representative ξ one has e(t+s)ξ = etξesξ – see
remark A.3 (iii). Moreover, let Lg denote the left multiplication by g ∈ G, then

(
∂
∂s

∣∣
s=0

e−sξdesξ
)
(p) = ∂

∂s

∣∣
s=0

(
Lexp(−sξ(p))◦dsξ(p) exp ◦s · dpξ

)

= L1l◦d0 exp ◦ ∂
∂s

∣∣
s=0

(s · dpξ) = dpξ.

This is a composition of three linear operators depending on s, the last of which,
s·dpξ, vanishes at s = 0, hence one does not need to calculate the other differentials
explicitly.

The continuity of α is due to the continuity of the gauge action, lemma A.6;
the continuity of α̇ is seen from above differential equation. The solution of this
initial value problem for α is unique, 2

α(t) = t · dAξ +

∞∑

k=1

(−t)k

(k+1)!adkξ (dAξ).

For t = 1 this provides

exp(ξ)∗A−A− dAξ =
∞∑

k=1

(−1)k

(k+1)!adkξ (dAξ).

In the following we denote all finite constants by C. The Sobolev inequality for
W 1,r ↪→ C0 in case (i) and for W 2,p ↪→ C0 in case (ii) now provides a constant C

2The difference of any two solutions, β ∈ C1
`

[0, 1], W 1,p(M,T∗M ⊗ gP )
´

, satisfies β(0) = 0

and β̇(t) = F (β(t)), where F : β 7→ [β, ξ] is a bounded linear operator and hence Lipschitz
continuous.
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such that all relevant ξ satisfy ‖ξ‖∞ ≤ C. Thus one can use (A.6) to obtain

∣∣exp(ξ)∗A−A− dAξ
∣∣ ≤

∞∑

k=1

Ck−1

(k+1)! · |ξ| · |dAξ|

= eC−1−C
C2 · |ξ| · |dAξ|

≤ C
(
|ξ| · |∇

Â
ξ|+ |A− Â| · |ξ|2

)

This suffices to prove the first estimate in (i) :
∥∥exp(ξ)∗A−A− dAξ

∥∥
r
≤ C

(
‖ξ‖∞‖ξ‖W 1,r + ‖A− Â‖r‖ξ‖2∞

)

≤ C
(
1 + ‖A− Â‖r

)
‖ξ‖2W 1,r .

The second estimate in (i) follows from the first one since ‖ξ‖W 1,r ≤ c2 and

‖dAξ‖r ≤ ‖∇Âξ‖r +
∥∥[A− Â, ξ]

∥∥
r
≤ ‖ξ‖W 1,r + ‖A− Â‖r‖ξ‖∞

≤ C
(
1 + ‖A− Â‖r

)
‖ξ‖W 1,r .

For (ii) one moreover has
∣∣∇

Â

(
exp(ξ)∗A−A− dAξ

)∣∣

≤
∞∑

k=1

Ck−1

(k+1)!

(
|∇

Â
ξ| · |dAξ|+ |ξ| · |∇ÂdAξ|

)

≤ eC−1−C
C2

(
|∇

Â
ξ|2 + |∇

Â
ξ| · |A− Â| · |ξ|+ |ξ| · |∇2

Â
ξ|+ |ξ| · |∇

Â
[A− Â, ξ]|

)

≤ C
(
|∇

Â
ξ|2 + |A− Â| · |ξ| · |∇

Â
ξ|+ |ξ| · |∇2

Â
ξ|+ |∇

Â
(A− Â)| · |ξ|2

)
.

This proves the first estimate: Let 1
s

= 1
p
− 1
q
, then 1

s
> 1

p
− 1
n

ensures the Sobolev

inequality for W 2,p ↪→ W 1,s (and the equivalence of the W 1,s-norm with respect
to Â to a Sobolev norm for a smooth reference connection), so we obtain

∥∥exp(ξ)∗A−A− dAξ
∥∥
W 1,p

≤
∥∥exp(ξ)∗A−A− dAξ

∥∥
p

+
∥∥∇

Â

(
exp(ξ)∗A−A− dAξ

)∥∥
p

≤ C
(
‖ξ‖W 1,q‖ξ‖W 1,s + ‖A− Â‖2p‖ξ‖∞‖ξ‖W 1,2p + ‖ξ‖∞‖ξ‖W 2,p

+ ‖A− Â‖W 1,p‖ξ‖2∞
)

≤ C
(
1 + ‖A− Â‖W 1,p

)
‖ξ‖W 1,q‖ξ‖W 2,p .

The second estimate in (ii) follows from the first one. One only has to note that
‖ξ‖W 1,q ≤ C‖ξ‖W 2,p ≤ Cc2 and use lemma B.3 with r = p, s = q in

‖dAξ‖W 1,p ≤ ‖∇
Â
ξ‖W 1,p +

∥∥[A− Â, ξ]
∥∥
W 1,p

≤ ‖ξ‖W 2,p + C‖A− Â‖W 1,p‖ξ‖W 1,q

≤ C
(
1 + ‖A− Â‖W 1,p

)
‖ξ‖W 2,p .

2
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Finally, we proceed to prove the two local slice theorems 8.3 and 8.1. The
first could actually be deduced from the implicit function theorem and lemma 8.6.
Theorem 8.1 goes beyond the reach of the implicit function theorem since the rel-
evant W 1,p-norm is only bounded, not small. So the latter theorem is proven by
a Newton iteration method, and we also exemplify this method in the easier case
of theorem 8.3.

Proof of theorem 8.3 :
Fix a reference connection Â ∈ A0,r(P ) and consider a connection A ∈ A0,r(P )
that satisfies ‖A− Â‖r ≤ δ for some 1 ≥ δ > 0 (this will be specified later) .

The idea of the proof is to use Newtons iteration method to solve the equation
d
Â
′(u∗A− Â) = 0 for u. This leads to the definition of connections Ai and gauge

transformations ui = exp(ξ1) . . . exp(ξi) such that u∗iA = Ai. We will first show
that Ai converges to a connection A∞ that is in relative Coulomb gauge with
respect to Â, i.e. d

Â
′(A∞ − Â) = 0, and then see that in fact A∞ = u∗A for some

gauge transformation u.
So define sequences of gauge transformations exp(ξi) ∈ G1,r(P ) and connections

Ai ∈ A0,r(P ) by the following Newton iteration: A0 := A and Ai+1 := exp(ξi)
∗Ai,

where ξi ∈W 1,r(M, gP ) is the solution of

d
Â
′d
Â
ξi = d

Â
′(Â−Ai)

provided by lemma 8.5 (i). This solution moreover satisfies – using (8.4) –

‖ξi‖W 1,r ≤ C1

∥∥d
Â
′(Ai − Â)

∥∥
(W 1,r∗)∗ ≤ C1‖Ai − Â‖r. (8.7)

We claim that for sufficiently small δ > 0 this sequence satisfies for all i ∈ N0∥∥d
Â
′(Ai − Â)

∥∥
(W 1,r∗)∗ ≤ 2−i‖A− Â‖r, (8.8)

and moreover there exists a constant CI such that for all i ≥ 1

‖Ai −Ai−1‖r ≤ 2−iCI‖A− Â‖r. (8.9)

In the following let C2 be the constant from lemma 8.6 (i) for c2 = C1. We will
prove (8.8) and (8.9) with CI = 4C1C2 by induction, making a sufficiently small
choice of δ > 0 (independently of i) in the induction step.

As start of the induction (8.8) holds for i = 0 due to (8.4) :
∥∥d

Â
′(A0 − Â)

∥∥
(W 1,r∗)∗ ≤ ‖A0 − Â‖r = ‖A− Â‖r.

Now assume that (8.8) and (8.9) are established for all i ≤ j with some j ∈ N0 (in
case j = 0 this only means (8.8)). The induction step is then to prove (8.8) and
(8.9) for i = j + 1 : First use (8.9) for all i ≤ j to obtain

‖Aj − Â‖r ≤ ‖A0 − Â‖r +

j∑

i=1

‖Ai −Ai−1‖r ≤
(
1 + CI

j∑

i=1

2−i
)
‖A− Â‖r

≤ CCG‖A− Â‖r ≤ 1. (8.10)
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Here the constant CCG := 1 + CI is independent of j, and we choose δ ≤ C−1
CG

.
Next, (8.7) and (8.10) provide the bound for lemma 8.6(i) that allows to use the
estimates with the constant C2 fixed above,

‖ξj‖W 1,r ≤ C1‖Aj − Â‖r ≤ C1 = c2.

Now use d
Â
′Â = d

Â
′(d

Â
ξj +Aj

)
to rewrite

d
Â
′(Aj+1 − Â) = d

Â
′(exp(ξj)

∗Aj −Aj − dAj
ξj
)

+ d
Â
′[Aj − Â, ξj

]
.

The first term on the right hand side can be estimated by lemma 8.6 (i) and with
the help of (8.4), (8.7), and (8.10) :

∥∥d
Â
′(exp(ξj)

∗Aj −Aj − dAj
ξj
)∥∥

(W 1,r∗)∗

≤
∥∥exp(ξj)

∗Aj −Aj − dAj
ξj
∥∥
r

≤ C2

(
1 + ‖Aj − Â‖r

)
‖ξj‖2W 1,r

≤ 2C2
1C2‖Aj − Â‖r

∥∥d
Â
′(Aj − Â)

∥∥
(W 1,r∗)

∗ .

For the second term use (8.4), (8.7), and (8.10) to obtain
∥∥d

Â
′[Aj − Â, ξj ]

∥∥
(W 1,r∗)∗ ≤

∥∥[Aj − Â, ξj ]
∥∥
r

≤ ‖Aj − Â‖r‖ξj‖∞
≤ C‖Aj − Â‖r‖ξj‖W 1,r

≤ CC1‖Aj − Â‖r
∥∥d

Â
′(Aj − Â)

∥∥
(W 1,r∗)∗ .

Putting this back together proves (8.8) for i = j+1: Use (8.8) for i = j and choose
δ ≤ 1

2 ((2C1C2 + C)C1CCG)−1 (which is independent of j), then

‖d
Â
′(Aj+1 − Â)‖(W 1,r∗)∗ ≤ (2C2

1C2 + CC1)‖Aj − Â‖r
∥∥d

Â
′(Aj − Â)

∥∥
(W 1,r∗)∗

≤ (2C1C2 + C)C1CCGδ 2−j‖A− Â‖r
≤ 2−j−1‖A− Â‖r.

Furthermore, (8.9) for i = j + 1 also follows from (8.8) for i = j with the help of
lemma 8.6 (i), (8.10), and (8.7):

‖Aj+1 −Aj‖r = ‖ exp(ξj)
∗Aj −Aj‖r

≤ C2

(
1 + ‖Aj − Â‖r

)
‖ξj‖W 1,r

≤ 2C1C2‖dÂ
′(Aj − Â)‖(W 1,r∗)

∗

≤ 2−j+1C1C2‖A− Â‖r.

Since CI = 4C1C2 this finishes the induction step.
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So we have shown that the Newton sequence Ai of connections satisfies (8.8)
and (8.9). The latter shows that the Ai form a Lr-Cauchy sequence. Indeed, for
all k > j ≥ 1

‖Ak − Aj‖r ≤
k∑

i=j+1

‖Ai −Ai−1‖r ≤
k∑

i=j+1

2−iCI‖A− Â‖r ≤ 2−jδCI .

Since A0,r(P ) is a Banach space this implies that the Ai converge in the Lr-norm
to some A∞ ∈ A0,r(P ). The inequality (8.10) is preserved under this limit,

‖A∞ − Â‖r ≤ CCG‖A− Â‖r.

Moreover, d
Â
′ is a continuous map from Lr(M,T∗M ⊗ gP ) to (W 1,r∗(M, gP ))∗

(see (ii) in the proof of theorem 4.3), so (8.8) shows that

d
Â
′(A∞ − Â) = lim

i→∞
d
Â
′(Ai − Â) = 0.

It remains to show that A∞ = u∗A for some u ∈ G1,r(P ). For that purpose
consider the sequence ui = exp(ξ1) . . . exp(ξi). By lemma A.5 it lies in G1,r(P ),
and it moreover satisfies u∗iA = Ai. Now lemma A.8 applies (with k = 1, p = r,
and s = r) since the Ai converge in the Lr-norm and A is uniformly Lr-bounded
anyway. Thus there exists a subsequence of the ui that converges in the C0-norm
to some u ∈ G1,r(P ). For the same subsequence (again labelled by i) u−1

i dui
converges to u−1du in the Lr-norm. Now we obtain u∗A = A∞ since this is the
unique Lr-limit of the sequence

u−1
i Aui + u−1

i dui = u∗iA = Ai.

Thus u is the required gauge transformation that puts A in relative Coulomb gauge
with respect to Â. 2

Proof of theorem 8.1 :
Fix a connection Â ∈ A1,p(P ) and a constant c0 > 0 and consider a connection
A ∈ A1,p(P ) that satisfies (8.1) for some δ > 0. Again the idea of the proof is
to use Newtons iteration method to solve the boundary value problem for u. One
defines connections Ai and gauge transformations ui = exp(ξ1) . . . exp(ξi) such
that u∗iA = Ai and Ai converges to a connection A∞ that is in relative Coulomb

gauge with respect to Â. Then one proves that in fact A∞ = u∗A for some gauge
transformation u.

In the case of varying metrics in remark 8.2 one chooses the W 1,∞-neighbour-
hood of the given metric g as in lemma 8.5 (iii). Moreover, choose this neigh-
bourhood, that is ε > 0, sufficiently small such that (8.6) holds with a uniform
constant for all metrics g′ that satisfy ‖g− g′‖W 1,∞ ≤ ε. Then all constants in the
following will be independent of the metric g′ that is used in the boundary value
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problem. The constants in Sobolev inequalities are also independent of g′ since
they are defined with respect to g. That way the local slice theorem is proven with
uniform constants for all metrics in the W 1,∞-neighbourhood of g.

So we construct the sequences of gauge transformations exp(ξi) ∈ G2,p(P )
and connections Ai ∈ A1,p(P ) by the following Newton iteration: A0 := A and
Ai+1 := exp(ξi)

∗Ai, where ξi ∈ W 2,p(M, gP ) is provided by lemma 8.5 (ii). It is
the solution of {

d∗
Â
d
Â
ξi = d∗

Â
(Â−Ai),

∗d
Â
ξi|∂M = ∗(Â−Ai)|∂M ,

with

‖ξi‖W 2,p ≤ C1

(
‖d∗

Â
(Ai − Â)‖p + ‖ ∗ (Ai − Â)|∂M‖W 1,p

∂

)
,

‖ξi‖W 1,q ≤ C1‖Ai − Â‖q. (8.11)

We claim that for sufficiently small δ > 0 there exist constants CI , CII such that
this sequence satisfies for all i ∈ N

‖d∗
Â
(Ai − Â)‖p + ‖ ∗ (Ai − Â)|∂M‖W 1,p

∂
≤ 2−iCI‖A− Â‖q, (8.12)

and moreover for all i ≥ 2

‖Ai −Ai−1‖W 1,p ≤ 2−iCII‖A− Â‖q. (8.13)

In the following let C2 be the constant from lemma 8.6 (ii) for c2 = C1C3c0, where
C3 denotes the constant from (8.6). The constants CI and CII will be determined
by c0, C1, C2, C3, and some Sobolev constants C. The induction step for (8.12)
and (8.13) will require a sufficiently small choice of δ > 0, depending on CI and
CII . This is the same proceeding as in the proof of theorem 8.3 – we first fix CI
and CII and then determine a suitable δ > 0, just that we do not give the more
complicated formulae here.

Even before starting the induction we choose δ ≤ c0C
−1
II . Now assume that

(8.13) holds for all i ≤ j ∈ N, then this implies

‖Aj − Â‖W 1,p ≤ ‖A0 − Â‖W 1,p +

j∑

i=1

‖Ai −Ai−1‖W 1,p

≤ ‖A− Â‖W 1,p +

j∑

i=1

2−iCII‖A− Â‖q

≤ ‖A− Â‖W 1,p + CII‖A− Â‖q
≤ c0 + CIIδ ≤ 2c0. (8.14)
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Similarly, this implies with a Sobolev constant C

‖Aj − Â‖q ≤ ‖A0 − Â‖q +

j∑

i=1

C‖Ai −Ai−1‖W 1,p

≤ ‖A− Â‖q +

j∑

i=1

2−iCCII‖A− Â‖q

≤ (1 + CCII )‖A− Â‖q ≤ (1 + CCII )δ. (8.15)

Note that both (8.14) and (8.15) are true for j = 0 by assumption. That can be
used as start of the induction. Then for the induction step suppose that (8.12)
and (8.13) are true for all i ≤ j (and hence also (8.14) holds); in case j = 0 only
assume (8.14). Then we have to prove (8.12) for i = j + 1 and (8.13) in case
i = j + 1 ≥ 2: Firstly, (8.11) provides the bound for lemma 8.6 (ii) that allows to
use the estimates with the constant C2 fixed above : In case j = 0

‖ξ0‖W 2,p ≤ C1

(
‖d∗

Â
(A0 − Â)‖p + ‖ ∗ (A0 − Â)|∂M‖W 1,p

∂

)

≤ C1C3‖A− Â‖W 1,p

≤ C1C3c0 = c2,

and for the case j ≥ 1 use (8.12) and choose δ ≤ 2C3c0C
−1
I such that

‖ξj‖W 2,p ≤ C1

(
‖d∗

Â
(Aj − Â)‖p + ‖ ∗ (Aj − Â)|∂M‖W 1,p

∂

)

≤ 2−iC1CI‖A− Â‖q
≤ 1

2C1CIδ ≤ c2.

Now since d∗
Â
Â = d∗

Â

(
d
Â
ξj +Aj

)
and ∗Â|∂M = ∗(d

Â
ξj +Aj)|∂M we can rewrite

d∗
Â
(Aj+1 − Â) = d∗

Â

(
exp(ξj)

∗Aj −Aj − dAj
ξj
)

+ d∗
Â

[
Aj − Â, ξj

]
, (8.16)

∗
(
Aj+1 − Â

)
|∂M = ∗

(
exp(ξj)

∗Aj −Aj − dAj
ξj
)
|∂M +

[
∗
(
Aj − Â

)
|∂M , ξj

]
.

The first terms in both right hand side expressions are estimated by lemma 8.6 (ii)
and with the help of (8.6), (8.11), and (8.14) :
∥∥d∗

Â

(
exp(ξj)

∗Aj −Aj − dAj
ξj
)∥∥
p

+
∥∥∗
(
exp(ξj)

∗Aj −Aj − dAj
ξj
)
|∂M

∥∥
W

1,p
∂

≤ C3

∥∥exp(ξj)
∗Aj −Aj − dAj

ξj
∥∥
W 1,p

≤ C2C3

(
1 + ‖Aj − Â‖W 1,p

)
‖ξj‖W 1,q‖ξj‖W 2,p

≤ C2
1C2C3(1 + 2c0)‖Aj − Â‖q

(
‖d∗

Â
(Aj − Â)‖p + ‖ ∗ (Aj − Â)|∂M‖W 1,p

∂

)

Now consider the upper second terms in (8.16). Firstly, from the local formula
(A.9) for d∗

Â
and the Jacobi identity one obtains

d∗
Â
[Aj − Â, ξj ] = [d∗

Â
(Aj − Â), ξj ]−

〈
Aj − Â , d

Â
ξj
〉
.
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As in the proof of lemma 8.6 let 1
r

= 1
p
− 1

q
, then the Sobolev inequality for

W 2,p ↪→ W 1,r holds. Thus from (8.11) and with a finite constant C arising from
several Sobolev constants one obtains
∥∥d∗

Â
[Aj − Â, ξj ]

∥∥
p
≤ ‖d∗

Â
(Aj − Â)‖p‖ξj‖∞ + ‖Aj − Â‖q‖dÂξj‖r

≤ C
(
‖ξj‖W 1,q‖d∗

Â
(Aj − Â)‖p + ‖Aj − Â‖q‖ξj‖W 2,p

)

≤ CC1‖Aj − Â‖q
(
‖d∗

Â
(Aj − Â)‖p + ‖ ∗ (Aj − Â)|∂M‖W 1,p

∂

)

For the lower second term in (8.16) use (8.11) and lemma B.3 with r = p and
s = q to obtain a constant C such that

∥∥[∗(Aj − Â)|∂M , ξj ]
∥∥
W

1,p
∂

≤ C‖ ∗ (Aj − Â)|∂M‖W 1,p
∂
‖ξj‖W 1,q

≤ CC1‖ ∗ (Aj − Â)|∂M‖W 1,p
∂
‖Aj − Â‖q.

Now we have considered all terms in (8.16) and found a finite constant C4 depend-
ing on c0, C1, C2, C3, and some Sobolev constants C such that

‖d∗
Â
(Aj+1 − Â)‖p + ‖ ∗ (Aj+1 − Â)|∂M‖W 1,p

∂

≤ C4‖Aj − Â‖q
(
‖d∗

Â
(Aj − Â)‖p + ‖ ∗ (Aj − Â)|∂M‖W 1,p

∂

)

≤ 2−jCIC4(1 + CCI)δ‖A− Â‖q
≤ 2−(j+1)CI‖A− Â‖q

In the further steps we used (8.12) for i = j and (8.15), and we made the possibly
even smaller choice δ ≤ C−1

4 (1 +CCI )
−1. Since we used (8.12) this only holds for

j ≥ 1; in case j = 0 one has to use (8.6) and (8.1) to obtain

‖d∗
Â
(A1 − Â)‖p + ‖ ∗ (A1 − Â)|∂M‖W 1,p

∂

≤ C4‖A0 − Â‖q
(
‖d∗

Â
(A0 − Â)‖p + ‖ ∗ (A0 − Â)|∂M‖W 1,p

∂

)

≤ C3C4‖A− Â‖q‖A− Â‖W 1,p

≤ c0C3C4‖A− Â‖q .

In both cases, this proves the induction step for (8.12); where in the step for j = 0
the constant CI is fixed as CI = c0C3C4.

Furthermore, (8.13) is shown in case j + 1 ≥ 2 with the help of lemma 8.6 (ii),
(8.14), (8.11), and again (8.12) for i = j ≥ 1:

‖Aj+1 −Aj‖W 1,p ≤ C2

(
1 + ‖Aj − Â‖W 1,p

)
‖ξj‖W 2,p

≤ C1C2(1 + 2c0)
(
‖d∗

Â
(Aj − Â)‖p + ‖ ∗ (Aj − Â)|∂M‖W 1,p

∂

)

≤ 2−jCIC1C2(1 + 2c0)‖A− Â‖q.

This proves the induction step for (8.13) with CII = 1
2CIC1C2(1 + 2c0). So we

have proved (8.12) and (8.13) by induction.
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Now (8.13) shows that the Ai form a W 1,p-Cauchy sequence. Indeed, for all
k > j ≥ 1

‖Ak −Aj‖W 1,p ≤
k∑

i=j+1

‖Ai −Ai−1‖W 1,p ≤
k∑

i=j+1

2−iCI‖A− Â‖q ≤ 2−jδCI .

Since A1,p(P ) is a Banach space this implies that the Ai converge in the W 1,p-
norm to some A∞ ∈ A1,p(P ). By continuity this limit connection also satisfies
(8.14) and (8.15), hence one obtains a constant CCG = 1 + CCII (where C is the
Sobolev constant for the embedding W 1,p ↪→ Lq) such that

‖A∞ − Â‖W 1,p ≤ CCG‖A− Â‖W 1,p ,

‖A∞ − Â‖q ≤ CCG‖A− Â‖q.

From (8.12) one sees that

d∗
Â
(A∞ − Â) = lim

i→∞
d∗
Â
(Ai − Â) = 0,

∗(A∞ − Â)
∣∣
∂M

= lim
i→∞

∗
(
Ai − Â

)∣∣
∂M

= 0.

So it remains to show that A∞ = u∗A for some u ∈ G2,p(P ). For that purpose
consider the sequence ui = exp(ξ1) . . . exp(ξi). By lemma A.5 it lies in G2,p(P ), and
it satisfies u∗iA = Ai. Now lemma A.8 applies since Ai converges in the W 1,p-norm
and A is uniformly W 1,p-bounded anyway. Thus there exists a subsequence of the
ui that converges in the C0-norm to some u ∈ G2,p(P ). For the same subsequence
(again labelled by i) u−1

i dui converges to u−1du in the L2p-norm. Now u∗A = A∞
since this is the unique L2p-limit of the sequence

u−1
i Aui + u−1

i dui = u∗iA = Ai.

Thus u is the required gauge transformation that puts A in relative Coulomb
gauge. 2



Chapter 9

Yang-Mills Connections

This chapter introduces Yang-Mills connections in the weak and strong sense on
manifolds with boundary and establishes the basic regularity results and estimates.

We consider a principal G-bundle P → M , where G is a compact Lie group
and M is a Riemannian n-manifold. The Yang-Mills functional is given by

YM(A) =

∫

M

|FA|2

for smooth connections A ∈ A(P ) with compact support. Here the norm | · |
on the fibres of Λ2T∗M ⊗ gP is determined by the metric of M and the inner
product on g as in (A.7). If the base manifold M is compact then the Yang-Mills
functional can be extended to A1,p(P ) for 2 ≤ p < ∞ such that p ≥ 4n

4+n . (The

latter condition results from the Sobolev embedding W 1,p ↪→ L4 which ensures
that [A ∧ A] and hence FA is of class L2.) The Euler-Lagrange equations for the
Yang-Mills functional are {

d∗AFA = 0,

∗FA|∂M = 0,
(9.1)

Here d∗A denotes the formally adjoint differential operator of dA, see (A.9). Solu-
tions of this boundary value problem are called Yang-Mills connections. It is
not a priori clear that every critical point of the Yang-Mills functional on A1,p(P )
actually solves the (strong) Yang-Mills equation (9.1). In general, the critical
points are only weak Yang-Mills connections in the following sense.

Definition 9.1 Let 1 ≤ p < ∞ be such that p > n
2 , and in case n = 2 assume

in addition p ≥ 4
3 . Then a connection A ∈ A1,p

loc(P ) is called a weak Yang-Mills
connection if it satisfies

∫

M

〈FA , dAβ 〉 = 0 ∀β ∈ Ω1(M ; gP ). (9.2)

If M is noncompact, then the test 1-forms β are required to have compact support.

141
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Note that the Yang-Mills functional is not necessarily defined or finite for weak
Yang-Mills connections. (For n ≤ 3 we do not assume p ≥ 2.) However, in order
for the weak equation (9.2) to make sense, the assumptions on the regularity of A
should at least ensure 〈FA , dAβ 〉 ∈ L1

loc(M). The curvature FA is locally of class
Lp since the Sobolev embedding W 1,p ↪→ L2p holds for p ≥ n

2 . So dAβ should be

of class Lp
∗

loc, i.e. we need the Sobolev embedding W 1,p ↪→ Lp
∗

for 1
p∗

+ 1
p

= 1.

The condition for the latter is p ≥ 2n
n+1 . For n = 1 this is met due to p ≥ 1

and for n ≥ 3 this holds since p ≥ n
2 . Just for n = 2 this requires the additional

assumption p ≥ 4
3 . The strict inequality p > n

2 will be needed in the next lemma to
show that the weak Yang-Mills equation (9.2) is preserved under the gauge action
of G2,p

loc (P ).

Lemma 9.2 Let A ∈ A1,p
loc(P ) be a weak Yang-Mills connection and fix a compact

subset K ⊂M . Then for every gauge transformation u ∈ G2,p(P |K) the connection
u∗A|K ∈ A1,p(P |K) also solves (9.2) for all β ∈ Ω1(M ; gP ) supported in K.

In particular, u∗A ∈ A1,p
loc(P ) also is a weak Yang-Mills connection for every

u ∈ G2,p
loc (P ).

Proof: We have seen before that FA is of class Lp. Moreover, dA continuously
maps the space of 1-forms W 2,p(M,T∗M⊗gP ) to Lp

∗

(M,Λ2T∗M⊗gP ). This can
be seen from the local formula

(
dAβ

)
α

= dβα+[Aα ∧βα] and the Sobolev embed-

dings W 1,p ↪→ Lp
∗

and W 2,p ↪→ C0. (For the latter we need the strict inequality
p > n

2 ). Due to these regularities (9.2) in fact holds for all β̃ ∈W 2,p(M,T∗M⊗gP ).
In particular, let K ⊂ M be a compact set and let u ∈ G2,p(P |K). Then for

every smooth test 1-form β supported in K one can extend β̃ := uβu−1 by 0
outside of K to obtain such a 1-form of class W 2,p – see the lemmata A.5 and A.7.
Now (9.2) holds for β̃ and thus

∫

M

〈Fu∗A , du∗Aβ 〉 =

∫

M

〈
u−1FA u , u

−1dAβ̃ u
〉

=

∫

M

〈
FA , dAβ̃

〉
= 0.

Here we used (A.4) and the fact that in all local trivializations

(
dA(uβu−1)

)
α

= uαdβαu
−1
α + uα[u−1

α Aαuα ∧ βα]u−1
α + uα[u−1

α duα ∧ βα]u−1
α

=
(
u du∗Aβ u

−1
)
α
.

2

The next lemma shows that (9.1) and (9.2) are equivalent for connections
of sufficiently high regularity, and hence the strong Yang-Mills equation also is
preserved under (sufficiently regular) gauge transformations.

Lemma 9.3 Let 1 ≤ p < ∞ be such that p ≥ 2n
n+2 . Fix A ∈ A1,p

loc(P ) and two

equivariant forms ω ∈ W 1,p
loc (M,ΛkT∗M ⊗ gP ) and γ ∈ Lploc(M,Λk−1T∗M ⊗ gP )

for some k ∈ N. Then the following is equivalent:
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(i) For all smooth η ∈ Ωk−1(M ; gP ) with compact support

∫

M

〈ω , dAη 〉 =

∫

M

〈 γ , η 〉 .

(ii) {
d∗Aω = γ,

∗ω|∂M = 0.

Proof: The Sobolev embedding W 1,p ↪→ L2 (which holds due to p ≥ 2n
n+2 ) ensures

that 〈 [A ∧ η] ∧ ∗ω 〉 can be integrated over P for all smooth η ∈ Ωk−1(P ; g) with
compact support. Thus Stokes’ theorem and (A.5) yield

∫

M

〈ω , dAη 〉

=

∫

M∩supp η

〈 dη ∧ ∗ω 〉+
∫

M

〈 [A ∧ η] ∧ ∗ω 〉

=

∫

M∩supp η

〈 η ∧ ∗d∗ω 〉+
∫

∂(M∩supp η)

〈 η ∧ ∗ω 〉 − (−1)k−1

∫

M

〈 η ∧ [A ∧ ∗ω] 〉

=

∫

M

〈 d∗Aω , η 〉+
∫

∂M

〈 η ∧ ∗ω 〉 .

First assume (i). Then this identity holds without the boundary term for all η
that vanish on ∂M and proves that d∗Aω = γ. The above identity thus becomes∫
∂M
〈 η ∧ ∗ω 〉 = 0, which implies that ∗ω|∂M = 0. If on the other hand (ii) holds

then the above identity proves (i) directly. 2

The main goal of this chapter is to establish the following regularity result
for Yang-Mills connections on compact base manifolds and such noncompact base
manifolds that are exhausted by compact deformation retracts. Again we only
consider exhausting sequencesM =

⋃
k∈N

Mk such that eachMk lies in the interior
of Mk+1.

Theorem 9.4 Let 1 < p < ∞ be such that p > n
2 , and in case n = 2 assume in

addition p ≥ 4
3 . Then the following holds.

(i) Assume that M is compact. Then for every weak Yang-Mills connection
A ∈ A1,p(P ) there exists a gauge transformation u ∈ G2,p(P ) such that u∗A
is smooth.

(ii) Assume that M =
⋃
k∈N

Mk is exhausted by an increasing sequence of com-
pact submanifolds Mk that are deformation retracts of M . Then for every
weak Yang-Mills connection A ∈ A1,p

loc(P ) there exists a gauge transformation

u ∈ G2,p
loc (P ) such that u∗A is smooth.
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To prove this theorem one uses the local slice theorem 8.1 and then needs some
regularity result for Yang-Mills connections in relative Coulomb gauge. For k ≥ 2
this will be the following result: If Ã ∈ A(P ) is a smooth reference connection and
A = Ã+ α ∈ Ak,p(P ) such that

{
d∗
Ã
α = 0,

∗α|∂M = 0,

{
d∗AFA = 0,
∗FÃ|∂M = 0

(9.3)

then in fact A ∈ Ak+1,p(P ). The main reason for this regularity is that

d∗
Ã
dÃα = −d∗

Ã
FÃ − 1

2d∗
Ã
[α ∧ α] + (−1)n ∗ [α ∧ ∗FA]

∈W k−1,p(T∗M ⊗ gP ).

Hence also ∆Ãα is of class W k−1,p, where ∆Ã = d∗
Ã
dÃ + dÃd∗

Ã
is the generalized

Hodge Laplace operator for 1-forms on the vector bundle gP with the connection
Ã. So the regularity of A is a consequence of a generalization of the regularity
theorem 5.2 for scalar 1-forms.

However, if only A ∈ A1,p(P ) then the Yang-Mills equation has to be used in
its weak form. Due to the nonlinearities one also has to be careful with the Sobolev
exponent. Moreover, one has to use cutoff functions to obtain regularity results
in the case of a noncompact manifold. This leads to inhomogenous equations and
even inhomogenous boundary conditions instead of (9.3). So there is some work
to be done in order to deduce the regularity of Yang-Mills connections (in relative
Coulomb gauge) from the regularity result for scalar 1-forms.

Furthermore, together with these regularity results we provide the correspon-
ding estimates that will be used for the proof of the strong Uhlenbeck compactness
theorem E and E′ in chapter 10. Since theorem E′ concerns sequences of Yang-
Mills connections with respect to sequences of metrics, we also have to take the
metric on M into account when establishing the estimates.

We will prove theorem 9.4 by iteration of the regularity results in corollary 9.6.
These are easy consequences of the basic componentwise regularity result for trivial
bundles in proposition 9.5. The latter is stated in high generality in order to
allow the application for a larger class of boundary conditions for the Yang-Mills
equations. For example, in [W] one uses this result to obtain regularity for certain
components of the connection when there is a restriction on the test 1-forms β in
the weak Yang-Mills equation (9.2). Moreover, the componentwise formulation of
this basic regularity result evades explicit calculations with cutoff functions – they
can be included in the vector field.

In the following proposition 9.5, (U, g) is a compact Riemannian n-manifold
with (possibly empty) boundary ∂U , and ν denotes the outer unit normal to ∂U .
This proposition relies on the componentwise regularity result for scalar 1-forms
in theorem 5.5. So we introduce the following notation in analogy to chapter 5:

C∞δ (U, g) :=
{
φ ∈ C∞(U, g)

∣∣ φ|∂U = 0
}
,

C∞ν (U, g) :=
{
φ ∈ C∞(U, g)

∣∣ ∂φ
∂ν

∣∣
∂U

= 0
}
.
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Proposition 9.5 Fix a smooth reference connection Ã ∈ A(U ×G) of the trivial
G-bundle over U . Let X ∈ Γ(TU) be a smooth vector field that is either perpen-
dicular to the boundary, i.e. X |∂U = ψ · ν for some ψ ∈ C∞(∂U), or is tangential,
i.e. X |∂U ∈ Γ(T∂U). In the first case let T = C∞δ (U, g), in the latter case let
T = C∞ν (U, g). Moreover, let N ⊂ ∂U be an open subset such that X vanishes in
a neighbourhood of ∂U \N ⊂ U .

Let 1 < p <∞ and k ∈ N be such that either kp > n, or k = 1 and n
2 < p < n

(if n = 2 assume in addition p ≥ 4
3). In the first case let q := p, in the latter case

let q := np
2n−p . Then there exists a constant C such that the following holds.

Let A = Ã+ α ∈ Ak,p(U ×G) be a connection. Suppose that it satisfies

{
d∗
Ã
α = 0,

∗α|∂U = 0 on N,

and that for all β = φ · ιXg with φ ∈ T
∫

U

〈FA , dAβ 〉 = 0.

Then α(X) ∈ W k+1,q(U, g) and

‖α(X)‖Wk+1,q ≤ C
(
1 + ‖α‖Wk,p + ‖α‖3Wk,p

)
.

Moreover, the constant C can be chosen such that it depends continuously on the
metric and the vector field X with respect to the W k+1,∞-topology.

Corollary 9.6 Let 1 < p < ∞ and k ∈ N be such that either kp > n, or k = 1
and n

2 < p < n (if n = 2 assume in addition p ≥ 4
3). In the first case let q := p,

in the latter case let q := np
2n−p .

(i) Assume M is compact and let Ã ∈ A(P ) be a smooth reference connection.
Then there exists a constant C such that the following holds.

Suppose that the connection A = Ã+ α ∈ Ak,p(P ) satisfies

{
d∗
Ã
α = 0,

∗α|∂M = 0,

and for all smooth β ∈ Ω1(M ; gP )
∫

M

〈FA , dAβ 〉 = 0.

Then A ∈ Ak+1,q(P ) and

‖α‖Wk+1,q ≤ C
(
1 + ‖α‖Wk,p + ‖α‖3Wk,p

)
.
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(ii) Let Ã ∈ A(P ) be a smooth reference connection over the possibly noncompact
manifold M . Let M ′′ ⊂ M ′ ⊂ M be compact submanifolds such that M ′′ is
contained in the interior of M ′. Then there exists a constant C such that
the following holds: Let A = Ã + α ∈ Ak,p(P |M ′) be a connection over M ′.
Suppose that it satisfies

{
d∗
Ã
α = 0 on M ′,

∗α|∂M ′ = 0 on ∂M ∩ ∂M ′,

and that for all smooth β ∈ Ω1(M ; gP ) supported in M ′
∫

M

〈FA , dAβ 〉 = 0.

Then A|M ′′ ∈ Ak+1,q(P |M ′′) and

‖α‖Wk+1,q(M ′′) ≤ C
(
1 + ‖α‖Wk,p(M ′) + ‖α‖3Wk,p(M ′)

)
.

(iii) The constants C in (i) and (ii) can be chosen such that they depend contin-
uously on the metric with respect to the W k+1,∞-topology.

Note that the assumptions on p in both the above proposition and corollary
ensure p ≥ 2n

n+1 (as in definition 9.1), and thus q ≥ 1. This type of regularity
result will be iterated in the proof of theorem 9.4 (i) and (ii) as well as theorem E
and E′. The general proceeding is the same in all cases:

For k ≥ 2 or p > n one directly gets from W k,p-regularity or -bounds to
W k+1,p-regularity or -bounds. If p < n then one needs a separate iteration to
get from W 1,p to W 2,p. This is since from W 1,p one only gets to W 2,q with
q = np

2n−p < p. The Sobolev embedding W 2,q ↪→W 1,p′ then gives W 1,p′ -regularity

with p′ = nq
n−q . By iterating this argument one obtainsW 1,pi- andW 2,qi -regularity

for the sequences defined in the subsequent lemma.
If the latter iteration reaches W 1,n (or actually starts there), then we can get

to W 2,n (and thus to W 1,p if we started with p < n) as follows: We just assume

W 1, 3
4
n-regularity, from which the iteration as above gives regularity in W 2, 3

5
n,

W 1, 3
2
n, and thus finally in W 2, 3

2
n, which embeds into W 2,n.

The following lemma shows that the iteration described above (starting from
k = 1 and p ≤ n) indeed reaches W 2,p after finitely many steps.

Lemma 9.7 Assume n
2 < p ≤ n. Define sequences (pi) and (qi) by p0 := p and

for all i ∈ N0

qi :=

{ npi

2n−pi
; if pi < n,

pi ; if pi ≥ n.
In case pi ≥ n terminate the sequence with this qi = pi; in case pi < n let

pi+1 :=
nqi
n− qi

.

This defines a finite increasing sequence (pi) that terminates with some qj ≥ p.
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Proof: Firstly, this sequence obviously does not terminate unless pi ≥ n. Secondly,
qi is always welldefined. Now if the sequences do not terminate at qi, then pi < n,
thus qi < n, and so pi+1 is also welldefined. Moreover, one sees inductively that

pi+1 =
nqi
n− qi

=
npi

2n− 2pi
≥ θpi,

where θ := n
2n−2p > 1 due to p > n

2 . As start of the induction one only
needs p0 ≥ p. Next, if pi ≥ p for some i ∈ N0, then n

2n−2pi
≥ θ and thus above

calculation gives pi+1 ≥ θpi > pi ≥ p.
So the sequence pi grows at a rate of at least θ > 1 until it reaches pj ≥ n for

some finite j ∈ N and terminates after qj ≥ n ≥ p. 2

Proof of proposition 9.5 :
Note that in any case we have p ≥ q; the corresponding inequality between the
Lp- and Lq-norm and the embedding W k,p ↪→ W k,q will be used without further
mention in the following. Also note that all derivatives of Ã are bounded since U
is compact.

Let A = Ã+α ∈W k,p(U,T∗U ⊗ g) be a solution of the given equations. Then
we will prove that α satisfies the assumptions of theorem 5.5 on U . This theorem
is stated for scalar 1-forms. However, it generalizes straightforward to g-valued
differential forms. To see this decompose the differential forms with respect to an
orthonormal basis of g. Then the theorem applies to each of these components
separately and implies the overall regularity.

Firstly, we have the boundary condition ∗α|∂U = 0 on N . Secondly,

d∗α = ∗[Ã ∧ ∗α] =: G ∈ W k,q(U, g) with ‖G‖Wk,q ≤ C‖α‖Wk,p .

Here and in the following C denotes any finite constant. These possibly depend on
Ã and we will make sure that they depend continuously on the metric with respect
to the W k+1,∞-topology. For the weak equation on α consider any β = φ · ιXg
with φ ∈ T , then

∫

U

〈
dα , dβ

〉

=

∫

U

〈
FA , dAβ

〉
−
∫

U

〈
FÃ + [(Ã + 1

2α) ∧ α] , dAβ
〉
−
∫

U

〈
dα , [A ∧ β]

〉

= −
∫

U

〈
d∗A
(
FÃ + [(Ã+ 1

2α) ∧ α]
)
, β
〉
−
∫

∂U

〈
β ∧ ∗

(
FÃ + [(Ã+ 1

2α) ∧ α]
)〉

+ (−1)n
∫

U

〈
∗[A ∧ ∗dα] , β

〉

=

∫

U

〈
γ , β

〉
+

∫

∂U

〈
β ∧ ∗ω

〉
.

This uses partial integration (and smooth approximation) as in lemma 4.1 for
∇ = dÃ+α on the bundle E = U × g. In the final expression we have introduced
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γ ∈W k−1,q(U,T∗U ⊗ g) and ω ∈ W k,q(U,Λ2T∗U ⊗ g) which satisfy the following
estimates:

‖γ‖Wk−1,q

=
∥∥−d∗A

(
FÃ + [(Ã+ 1

2α) ∧ α]
)

+ (−1)n ∗ [A ∧ ∗dα]
∥∥
Wk−1,q

≤
∥∥d∗

Ã

(
FÃ + [(Ã+ 1

2α) ∧ α]
)∥∥
Wk−1,q +

∥∥[α ∧ ∗
(
FÃ + [(Ã+ α) ∧ α]

)∥∥
Wk−1,q

+
∥∥[(Ã+ α) ∧ ∗dα]

∥∥
Wk−1,q

≤ C
( ∥∥FÃ + [(Ã+ 1

2α) ∧ α]
∥∥
Wk,q + ‖α‖Wk−1,r

∥∥FÃ + [(Ã+ 1
2α) ∧ α]

∥∥
Wk−1,p

+
∥∥Ã+ α‖Wk−1,r‖dα‖Wk−1,p

)

≤ C
(
1 + ‖α‖Wk,p + ‖α‖2Wk,p + ‖α‖3Wk,p

)
,

‖ω‖Wk,q =
∥∥−FÃ − [(Ã+ 1

2α) ∧ α]
∥∥
Wk,q ≤ ‖FÃ‖Wk,q +

∥∥[(Ã + 1
2α) ∧ α]

∥∥
Wk,q

≤ C
(
1 + ‖α‖Wk,p + ‖α‖2Wk,p

)
.

Here we have used lemma B.3 with p replaced by q and r = s = p (note that in
case k = 1 and p < n we have 1

p
+ 1

p
= 1

q
+ 1

n
and p > q) to obtain

∥∥[(Ã+ 1
2α) ∧ α]

∥∥
Wk,q ≤ C‖Ã+ 1

2α‖Wk,p‖α‖Wk,p ≤ C
(
‖α‖Wk,p + ‖α‖2Wk,p

)
.

The same bound holds for
∥∥[(Ã + 1

2α) ∧ α]
∥∥
Wk−1,p by the Sobolev estimate for

W k,q ↪→W k−1,p (in case q 6= p this is due to 1
q

= 2
p
− 1

n
≤ 1

p
− 1

n
).

Moreover, in case k ≥ 2 we used lemma B.3 with (k, p) replaced by (k−1, q) and
for s = p and 1 < r <∞ such that there is a Sobolev embedding W k,p ↪→W k−1,r .
Such r has to satisfy

k−1
n

> 1
r
≥ 1

p
− 1

n
,

and it exists since 1
p
< k

n
. In case k = 1 we used the Hölder inequality for

1
r

+ 1
p

= 1
q
, that is r = ∞ in case p > n and r = np

n−p in case p < n. Again, the

Sobolev embedding W 1,p ↪→ Lr holds in both cases.
All constants in above estimates are independent of the vector field X and

depend on the metric only in as much as the involved Sobolev norms depend on
the metric. Since we only considered Sobolev norms of order up to k, they all
depend continuously on the metric even with respect to the W k,∞-topology.

So we have established that α satisfies the assumptions of theorem 5.5 on the
manifold U with the inhomogenities γ, ω, and G. This theorem now asserts that
α(X) ∈ W k+1,q(U, g) and for some constant CX

‖α(X)‖Wk+1,q ≤ CX
(
‖γ‖Wk−1,q + ‖ω‖Wk,q + ‖G‖Wk,q + ‖α‖Wk,q

)

≤ C
(
1 + ‖α‖Wk,p + ‖α‖3Wk,p

)
.

Here we have used the fact that a ≤ 1
2 (1 + a2) for all a ∈ R to remove the term

‖α‖2
Wk,p . The final constant C results from CX and the previous estimates. We
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know that CX depends continuously on the metric and the vector field X with
respect to the W k+1,∞-topology, and hence C also meets this continuity. 2

Proof of corollary 9.6 :
The idea for the proof of both (i) and (ii) is to use proposition 9.5 in finitely
many bundle charts covering M or M ′′ respectively. By remark B.1 it suffices to
prove the regularity and estimate for the local representatives of the connections
in these bundle charts. The norm that arises from the Sobolev norms in these local
trivializations is equivalent to the Sobolev norm on the whole bundle. Moreover,
one can check that the constant in the equivalence of these Sobolev norms up
to order k + 1 depends continuously on the metric with respect to the W k+1,∞-
topology. Hence it also suffices to prove the continuity of the constant for the
estimates in the bundle charts.

For (i) choose a finite bundle atlas over an open covering by coordinate charts,

M =
⋃N
i=1 Ui. Here the coordinates near the boundary ∂M are chosen such that

the coordinate vector fields are either tangential or normal to the boundary. One
can find open subsets Vi ⊂ Ui that still cover M but such that the closure of Vi is
contained in Ui. Thus there exist cutoff functions ψi ∈ C∞(M) that are supported
in Ui and satisfy ψi|Vi

≡ 1. These choices are all made independently of the metric
on M except for the normal coordinate vector fields near the boundary. (But for
W k+1,∞-close metrics these vector fields can also be chosen W k+1,∞-close as in
theorem 5.2.)

Now let A = Ã + α ∈ Ak,p(P ) be as supposed. We drop the subscript i and
denote the representative of α over U again by α ∈ W k,p(U,T∗U ⊗ g). Then we
have ∗α|∂U = 0 on the subset N = ∂U ∩ ∂M of the boundary. Hence α satisfies
the assumptions of proposition 9.5 with the above N ⊂ ∂U . Moreover, note that
the cutoff function ψ vanishes in a neighbourhood of ∂U \N = ∂U \ ∂M since ψ
is supported in U . Hence for all coordinate vector fields Y on U we can choose
the vector field X = ψY in proposition 9.5. That provides α(X) ∈ W k+1,q(U, g)
with the according estimate on α(Y )|V = α(X)|V ∈ W k+1,q(V, g). Since Y runs
through all coordinate vector fields this proves the regularity and estimate for α
in all bundle charts over the Vi. The global result then follows from remark B.1.

It remains to show that the constant in this local estimate meets the continuity
claimed in (iii). Recall that the constant in proposition 9.5 depends continuously
on the metric and the vector field with respect to the W k+1,∞-topology. Thus
it suffices to choose W k+1,∞-close coordinate vector fields Y for W k+1,∞-close
metrics to obtain the required continuity.

To prove (ii) one chooses a finite bundle atlas over coordinate charts Ui ⊂M as

before and such that int(M ′) =
⋃N
i=1 Ui. One finds open subsets Vi whose closure is

contained in Ui and that cover M ′′ (which is a compact subset of int(M ′)). Then
choose cutoff functions ψi as before. Now every local representative of a given
solution A = Ã+α ∈ Ak,p(P |M ′ ) satisfies ∗α|∂U = 0 on the subset N = ∂U ∩ ∂M
of the boundary. (Note that ∂U and ∂M ′ coincide near the intersections of the
chart U ⊂M ′ with the boundary ∂M .) Moreover, the cutoff function ψ vanishes
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in a neighbourhood of ∂U \ N = ∂U \ ∂M . Hence for all coordinate vector
fields Y on U the vector field X = ψY is permissible for proposition 9.5. The
weak equation in the proposition holds since for every φ ∈ C∞(U, g) the 1-form
φ·ιXg ∈ Ω1(U ; g) vanishes on ∂U \∂M . Thus it represents a 1-form β ∈ Ω1(M ; gP )
that is supported in U ⊂M ′ and so can be used in the weak Yang-Mills equation
for the given connection.

So as before proposition 9.5 yields the regularity and estimate in every bundle
chart over the Vi, and this adds up to the global result. Just note that one uses
estimates on the Ui that are not necessarily contained in M ′′ and hence in the
global estimate one obtains the Sobolev norms over M ′ on the right hand side.
The continuity of the constant in (iii) is seen as for (i). 2

For theorem 9.4 in the noncompact case (ii) we moreover need the following
construction that uses an easier version (the subsequent lemma) of the extension
argument in lemma 7.8.

Proposition 9.8 Assume M =
⋃
k∈N

Mk is exhausted by an increasing sequence

of compact submanifolds Mk that are deformation retracts of M . Let A ∈ A1,p
loc(P )

and suppose that for each k ∈ N there is a gauge transformation uk ∈ G2,p(P |Mk
)

such that u∗kA|Mk
is smooth. Then there exists a gauge transformation u ∈ G2,p

loc (P )
such that u∗A is smooth.

Lemma 9.9 Let Ω ⊂M ′′ ⊂M ′ be compact submanifolds of M with Ω ⊂ int(M ′′)
and such that M ′′ is a deformation retract of M . Let A ∈ A1,p(P |M ′ ) and suppose
that u ∈ G2,p(P |M ′′) and v ∈ G2,p(P |M ′) are such that both u∗A|M ′′ and v∗A|M ′

are smooth. Then there exists a gauge transformation w ∈ G2,p(P |M ′) such that
w|Ω = u and w∗A ∈ A(P |M ′ ) is smooth.

Proof: By lemma A.5 one has h := v−1u|M ′′ ∈ G2,p(P |M ′′), and this gauge trans-
forms v∗A into u∗A. Consider any bundle chart over some U ⊂M ′′ and let h be
represented by h ∈ W 2,p(U,G), then as in lemma A.7

∇(h−1dh) = ∇(u∗A)− h−1
(
∇(v∗A)

)
h+

[
h−1dh ∧ h−1(v∗A)h

]
.

Here u∗A and v∗A denote the local representatives of the connections, that is
smooth g-valued 1-forms on U . From this we can deduce that h is in fact smooth:
Suppose that h ∈ C`(U,G) ∩ G`+1,2p(U) (which is true for ` = 0 as a start due
to the Sobolev embedding W 2,p ↪→ W 1,2p). Then above equality implies that
h−1dh ∈ W `+1,2p(U, g), and the Sobolev embedding W `+1,2p ↪→ C`(U, g) asserts
dh ∈ C`(U,T∗U ⊗ g). Thus h ∈ C`+1(U,G) ∩ G`+2,2p, and this can be iterated to
deduce that all representatives h are smooth.

Now by lemma 7.7 (i) the smooth gauge transformation h on P |M ′′ can be
modified outside of P |Ω and extended to a smooth gauge transformation h̃ on
P |M ′ . Use this to define w := vh̃ ∈ G2,p(P |M ′), which satisfies w|Ω = vh = u, and
also w∗A = h̃∗(v∗A) is smooth on M ′. 2
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Proof of proposition 9.8 :
We use lemma 9.9 to inductively construct the required gauge transformation on
the exhausting submanifolds Mk: We set u|M2

:= u2 ∈ G2,p(P |M2
) as start of the

induction, which guarantees the smoothness of u∗A|M2
.

Now assume that u|Mk
∈ G2,p(P |Mk

) is defined for some k ≥ 2 such that
u∗A|Mk

is smooth. Then use lemma 9.9 on Ω ⊂ M ′′ ⊂ M ′ with u replaced by
u|Mk

and v := uk+1. It provides w ∈ G2,p(P |Mk+1
) with w|Mk−1

= u such that
w∗A|Mk+1

is smooth. So if we set u|Mk+1
:= w, then this leaves u unchanged on

Mk−1 and makes u∗A|Mk+1
smooth. This defines u ∈ G2,p

loc (P ) since u|Mk
is of class

W 2,p for every k ∈ N, and the construction ensures the smoothness of u∗A onM . 2

Proof of theorem 9.4 :
Since p > n

2 we can fix a p ≤ q < ∞ that meets the condition 1
n
> 1

q
> 1

p
− 1

n
of

theorem 8.1. Then we first prove (i):
Let a weak Yang-Mills connection A ∈ A1,p(P ) be given, fix a constant c0 > 0,

and let δ > 0 be the constant from theorem 8.1 with the reference connection A.
Then find a smooth connection Ã ∈ A(P ) such that

‖Ã−A‖q ≤ δ and ‖Ã−A‖W 1,p ≤ c0.

This is possible since ‖Ã−A‖q ≤ C‖Ã−A‖W 1,p for some finite Sobolev constant
C and since A1,p(P ) is the W 1,p-completion of the set of smooth connections.
Now theorem 8.1 provides a gauge transformation ũ ∈ G2,p(P ) that puts Ã into
relative Coulomb gauge with respect to A. Then we have u := ũ−1 ∈ G2,p(P ) by
lemma A.5, and lemma 8.4 asserts that α := u∗A− Ã meets

{
d∗
Ã
α = 0,

∗α|∂M = 0.

This is the first differential equation for u∗A = Ã + α in corollary 9.6 (i). The
second (weak) equation is provided by the fact that A and hence also u∗A is a
weak Yang-Mills equation (see lemma 9.2):

∫

M

〈Fu∗A , du∗Aβ 〉 = 0 ∀β ∈ Ω1(M ; gP ).

Now iterate corollary 9.6 (i) to prove that u∗A is smooth: As a start one has
u∗A ∈ A1,p(P ). In case p > n the corollary directly implies u∗A ∈ A2,p(P ) as
a first step. In case p = n one can replace p by some n

2 < p < n due to the
compactness of M and start the iteration from that regularity. In case p < n
the iteration of the corollary and the Sobolev embeddings W 2,qi ↪→ W 1,pi yield
u∗A ∈ A2,qi(P ) for the sequences qi, pi defined as in lemma 9.7. Since qj ≥ p for
some j ∈ N, one also obtains u∗A ∈ A2,p(P ) after finitely many iterations.
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So in all cases we have proven u∗A ∈ A2,p(P ), where p > n
2 . Now iterate

corollary 9.6 (i) again to deduce u∗A ∈ Ak,p(P ) for all k ∈ N. This implies that
u∗A is smooth and proves (i).

To prove (ii) one proceeds as in (i) for every compact submanifold Mk+1 to
find a smooth reference connection Ãk ∈ A(P |Mk+1

) and a gauge transformation

uk ∈ G2,p(P |Mk+1
) such that αk := u∗kA|Mk+1

− Ãk satisfies the relative Coulomb
gauge conditions {

d∗
Ãk
αk = 0,

∗αk
∣∣
∂Mk+1

= 0.

Moerover, A is a weak Yang-Mills connection, so lemma 9.2 asserts that u∗kA
satisfies for all test 1-forms β ∈ Ω1(M ; gP ) supported in Mk+1

∫

M

〈
Fu∗

k
A , du∗

k
Aβ
〉

= 0.

Now fix compact submanifolds Mk ⊂ M `
k ⊂ Mk+1 such that M1

k = Mk+1 and
M `+1
k ⊂ int(M `

k) for all ` ∈ N. This is possible since Mk is contained in the
interior of Mk+1. Then we have ∂M ∩ ∂M `

k ⊂ ∂Mk+1 and ∂M `
k coincides with

∂Mk+1 near every point of this intersection, hence for all ` ∈ N

∗αk
∣∣
∂M`

k

= 0 on ∂M ∩ ∂M `
k.

Thus one can iterate corollary 9.6 (ii) to deduce that u∗kA|Mk
is smooth: We will

prove by induction that αk|M`
k
∈ W `,p(M `

k,T
∗M `

k ⊗ gP ) for all ` ∈ N (and this

proves that u∗kA|Mk
is smooth since Mk ⊂M `

k for all ` ∈ N) :
Assume that αk|M`

k
∈ W `,p(M `

k,T
∗M `

k ⊗ gP ) for some ` ∈ N (which is true

for ` = 1). Then corollary 9.6 (ii) with M ′ = M `
k and M ′′ = M `

k+1 implies

αk|M`+1

k
∈ W `+1,q(M `+1

k ,T∗M `+1
k ⊗ gP ). In case ` ≥ 2 or p > n we have q = p,

so this proves the iteration step. In case ` = 1 and p < n this requires a further
iteration (for p = n one starts with a smaller n

2 < p < n, then one still has
W 1,p-regularity on the compact manifold Mk+1):

Choose a sequence of compact submanifolds M 2
k ⊂ Ni ⊂ Mk+1 such that

N−1 = Mk+1 and Ni is contained in the interior of Ni−1 for all i ∈ N0. We then
iterate corollary 9.6 (ii) with M ′ = Ni and M ′′ = Ni+1. (Note that the boundary
condition is satisfied as before.) This yields αk|Ni

∈ W 2,qi(Ni,T
∗Ni ⊗ gP ) with

the sequence qi as in lemma 9.7. Again this sequence arrives at some qj ≥ p and
hence αk|M2

k
∈W 2,p(M2

k ,T
∗M2

k ⊗ gP ).

So for every k ∈ N this proves that αk|Mk
and hence u∗kA|Mk

= (Ãk+αk)|Mk
is

smooth. Now apply proposition 9.8 to the gauge transformations uk ∈ G2,p(P |Mk
)

to obtain a gauge transformation u ∈ G2,p
loc (P ) such that u∗A is smooth. 2



Chapter 10

Proof of Strong

Compactness

In this chapter we prove the strong Uhlenbeck compactness theorem E and its
generalization, theorem E′, to noncompact manifolds.

So we consider a principal G-bundle P → M over a Riemannian n-manifold
M , where G is a compact Lie group. Let 1 < p < ∞ be such that p > n

2 , and in
case n = 2 assume in addition p > 4

3 .1 Now the strong Uhlenbeck compactness
theorem E for compact base manifolds with boundary uses the weak Yang-Mills
equation (9.2) and can be restated as follows.

Theorem 10.1 (Strong Uhlenbeck Compactness)
Assume M is compact. Let (Aν)ν∈N ⊂ A1,p(P ) be a sequence of weak Yang-Mills
connections and suppose that ‖FAν‖p is uniformly bounded. Then there exists
a subsequence (again denoted (Aν)ν∈N) and a sequence of gauge transformations
uν ∈ G2,p

loc (P ) such that uν ∗Aν converges uniformly with all derivatives to a smooth

connection Ã ∈ A(P ).

The idea by Salamon for this proof is as follows: Firstly, by the weak Uhlenbeck
compactness one finds a subsequence and a sequence of gauge transformations such
that the transformed connections convergeW 1,p-weakly. The limit connection also
is a weak Yang-Mills connection.2 So after a gauge transformation a subsequence
of the connections is W 1,p-bounded and converges to a smooth connection in the
Lq-norm for q such that the Sobolev embedding W 1,p ↪→ Lq is compact. One then
puts the connections into relative Coulomb gauge with respect to this smooth limit
connection. Now the Yang-Mills equation together with the relative Coulomb

1In case n = 2 the weak Yang-Mills equation (9.2) is only well posed under the assumption
p ≥ 4

3
, see definition 9.1. The strict inequality p > 4

3
becomes necessary if one wants to use the

local slice theorem 8.1 for the proof.
2This requires p > 4

3
in case n = 2 for the strong Lp∗

-convergence of the connections.
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gauge provide uniform bounds on all W k,p-norms of the connections, and the
compactness then follows from compact Sobolev embeddings.

The usual approach to the proof of theorem 10.1 is the same as in the proof
of the weak Uhlenbeck compactness theorem 7.1. One uses the Lp-bound on the
curvature to find local trivializations in which the given sequence of connections
can be put into Uhlenbeck gauge. In particular, one has W 1,p-bounds on the
connections in that gauge. If the connections moreover satisfy the weak Yang-Mills
equation, then one obtainsW k,p-bounds for all k ∈ N from proposition 9.5. Here it
is essential to have the local Uhlenbeck gauge with respect to the given metric that
also enters in the weak Yang-Mills equation. This is why we proved theorem B for
a general metric, not just the Euclidean metric on balls (cf. theorem 6.3). Now
the same patching construction as for the weak compactness, lemma 7.2, can be
used to patch the local gauge transformations into global ones such that there
are global W k,p-bounds on a subsequence of the gauge transformed connections.
Then the compactness follows from compact Sobolev embeddings. In fact, one
can simply follow through the proof of the weak compactness theorem 7.1, just
replacing W 1,p-bounds by W k,p-bounds for all k ∈ N.

Note that this argument proves theorem 10.1 also in case n = 2, p = 4
3 since one

does not use the fact that the weak W 1,p-limit of a sequence of weak Yang-Mills
connections also satisfies the weak Yang-Mills equation. However, this argument
is limited in another respect. It does not exhibit so clearly that the analogue of the
strong Uhlenbeck compactness theorem is true for all equations in gauge theory
that form an elliptic system together with the relative Coulomb gauge conditions.
In particular, if one considers nonlocal boundary conditions as in [W], 3 then
compactness cannot be proven in local trivializations.

The main lemma for our proof of theorem 10.1 is the following consequence of
the local slice theorem 8.1 together with an iteration of the regularity result for
Yang-Mills connections in proposition 9.5 (i).

Lemma 10.2 Assume M is compact, let Ã ∈ A(P ) be a smooth reference con-
nection, fix a constant c, and let p ≤ q <∞ be such that

1
n
> 1

q
> 1

p
− 1

n
.

Then there exist constants (C`)`∈N0
and δ > 0 such that the following holds: For

every weak Yang-Mills connection A ∈ A1,p(P ) that satisfies

‖A− Ã‖q ≤ δ, ‖A− Ã‖W 1,p ≤ c (10.1)

there exists a gauge transformation u ∈ G2,p(P ) such that

‖u∗A− Ã‖q ≤ C0‖A− Ã‖q, ‖u∗A− Ã‖W `,p ≤ C` ∀` ∈ N.

3There the boundary of the base manifold M is R×Σ with a Riemann surface Σ. A Lagrangian
in the space of flat connections over Σ is fixed. Then one considers anti-self-dual instantons that
on each boundary slice {s} × Σ restrict to a connection in that Lagrangian. This is an elliptic
equation in the relative Coulomb gauge and so one obtains the corresponding compactness result.
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Proof: Fix a constant c and let δ > 0 be the constant from theorem 8.1 with c0 = c
and the reference connection Ã. Now consider any connection A ∈ A1,p(P ) that
satisfies (10.1). By the local slice theorem 8.1 one finds a gauge transformation
u ∈ G2,p(P ) that puts A into relative Coulomb gauge with respect to Ã. This
directly implies the inequality on ‖u∗A − Ã‖q with C0 = CCG, so it remains to
inductively find the constants C`. The first constant also is provided by a relative
Coulomb gauge condition:

‖u∗A− Ã‖W 1,p ≤ CCG‖A− Ã‖W 1,p ≤ CCGc =: C1. (10.2)

The relative Coulomb gauge moreover asserts that u∗A = Ã + α solves the first
differential equation in corollary 9.6 (i):

{
d∗
Ã
α = 0,

∗α|∂M = 0.

Now if A is moreover a weak Yang-Mills connection, then lemma 9.2 asserts that
u∗A also solves the weak Yang-Mills equation

∫

M

〈Fu∗A , du∗Aβ 〉 = 0 ∀β ∈ Ω1(M ; gP ).

Now corollary 9.6 (i) can be iterated to provide the constants C`. The first step
gives u∗A ∈ A2,q(P ), where q ≤ p, and with finite constants C, C ′

‖u∗A− Ã‖W 2,q = ‖α‖W 2,q ≤ C
(
1 + ‖α‖W 1,p + ‖α‖3W 1,p

)

≤ C ′(1 + C1 + C3
1 ) =: C̃0.

In case p > n we have q = p, so this gives the uniform bound C2 := C̃0. In case
p < n we have q = np

2n−p =: q0, so for i = 0 this gives u∗A ∈ A2,qi(P ) and

‖u∗A− Ã‖W 2,qi ≤ C̃i. (10.3)

By an iteration analogous to the proof of theorem 9.4 we find constants such that
this in fact holds for the sequence qi as in lemma 9.7: If (10.3) holds for some
qi < p, then the Sobolev embedding W 2,qi ↪→W 1,pi together with corollary 9.6 (i)
implies u∗A ∈ A2,qi+1(P ) and for some constants C,C ′

‖u∗A− Ã‖W 2,qi+1 = ‖α‖W 2,qi+1 ≤ C
(
1 + ‖α‖W 1,pi + ‖α‖3W 1,pi

)

≤ C ′
(
1 + ‖α‖W 2,qi + ‖α‖3W 2,qi

)

≤ C ′(1 + C̃i + C̃3
i ) =: C̃i+1.
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Lemma 9.7 asserts that qj ≥ p for some finite j ∈ N, so this yields C2 = C̃j
(possibly corrected by another constant for the embedding W 2,qj ↪→ W 2,p). In
case p = n we choose a smaller n

2 < p′ < n. For this (10.2) also holds with

another constant and above iteration yields u∗A ∈ A2,p′(P ) with a uniform bound
‖u∗A− Ã‖W 2,p′ ≤ C ′. Now one has the Sobolev embedding W 2,p′ ↪→ W 1,2p′ and

the corollary yields the W 2,2p′ -regularity and -bound since 2p′ > n. So by the
bounded embedding W 2,2p′ ↪→ W 2,n we also find a uniform bound C2 in the case
p = n.

The further bounds C` are now established by a straight iteration of corol-
lary 9.6 (i): Suppose that u∗A ∈ A`,p(P ) and the constants are found up to C`,
then the corollary asserts that u∗A ∈ A`+1,p(P ) and

‖u∗A− Ã‖W `+1,p ≤ C
(
1 + ‖α‖W `,p + ‖α‖3W `,p

)

≤ C(1 + C` + C3
` ) =: C`+1.

2

Proof of theorem 10.1 :
The weak compactness theorem 7.1 provides a subsequence (which we again denote
by (Aν)ν∈N) and gauge transformations uν ∈ G2,p(P ) such that uν ∗Aν converges
in the weakW 1,p-topology to some A ∈ A1,p(P ) and

∥∥uν ∗Aν−A
∥∥
W 1,p is bounded.

(The boundedness follows from the weak convergence by e.g. [Y, V.1,Thm.3])
Now let q := sup{2p, p∗}, where 1

p∗
= 1− 1

p
. Then q satisfies the assumptions

of lemma 10.2. Indeed, q ≥ 2p > n and 1
2p >

1
p
− 1

n
due to p > n

2 . Furthermore,
1
p∗
> 1

p
− 1

n
is equivalent to p > 2n

n+1 ; for n = 1 this is met due to p > 1, for n = 2

this requires p > 4
3 , and for n ≥ 3 this holds by p > n

2 .
The condition on q implies that the embedding W 1,p ↪→ Lq is compact, hence

a subsequence of the uν ∗Aν also converges in the Lq-norm to A. Again denote
that subsequence by (Aν)ν∈N. This sequence in A1,p(P ) converges to A ∈ A1,p(P )
in the Lq-norm and in the weak W 1,p-topology.

So far we have only used the Lp-bound on the curvature. Now moreover, the
Aν are weak Yang-Mills connections (the weak Yang-Mills equation is invariant
under gauge transformations by lemma 9.2). Hence the limit connection A also
solves the weak Yang-Mills equation: For all β ∈ Ω1(M ; gP )

∫

M

〈FA , dAβ 〉 = lim
ν→∞

∫

M

〈FAν , dAνβ 〉 = 0

Indeed, dAνβ converges in the Lp
∗

-norm to dAβ since q ≥ p∗, and FAν converges in
the weak W 1,p-topology to FA. The latter follows from the weak Lp-convergence
of the local representatives

(
FAν

)
α

= dAνα + [Aνα ∧ Aνα] in all bundle charts. The

second term even converges strongly since the Aνα converge in the L2p-norm due to
q ≥ 2p. For the weak convergence of dAνα first only test with smooth β ∈ Ω2(Uα; g)
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that vanish on ∂Uα. For these

∫

Uα

〈 dAνα , β 〉 =

∫

Uα

〈Aνα , d∗β 〉 −→
ν→∞

∫

Uα

〈Aα , d∗β 〉 =

∫

Uα

〈 dAα , β 〉 .

Then the limit
∫
Uα
〈 dAνα , β 〉 −→

∫
Uα
〈 dAα , β 〉 as ν → ∞ in fact holds for all

smooth β ∈ Ω2(Uα; g) since these can be Lp
∗

-approximated by such forms that
vanish on the boundary, and since the dAν are Lp-bounded. So we have seen
that A is a weak Yang-Mills connection. (Here it was crucial to have the compact
Sobolev embedding W 1,p ↪→ Lp

∗

, which requires p > 4
3 in case n = 2.)

Next, theorem 9.4 (i) provides a gauge transformation ũ ∈ G2,p(P ) such that
Ã := ũ∗A is smooth. Now the Ãν := ũ∗Aν converge to Ã in the Lq-norm and
satisfy a uniform bound ‖Ãν − Ã‖W 1,p ≤ c for some constant c. This is due to
the continuity of the gauge action in lemma A.6. For the Lq-convergence use
that lemma with p replaced by q and note that we have the Sobolev embeddings
G2,p(P ) ⊂ G1,q(P ) and A1,p(P ) ⊂ A0,q(P ). In order to prove the theorem we then
have to find gauge transformations uν ∈ G2,p(P ) such that a subsequence of the
uν ∗Ãν converges in the uniform C∞-topology. (Recall that G2,p(P ) is closed under
composition by lemma A.5.)

Let δ > 0 be determined by Ã, q, and c as in lemma 10.2. Then there is ν0 ∈ N

such that ‖Ãν− Ã‖q ≤ δ for all ν ≥ ν0, and hence lemma 10.2 applies to Ãν . Thus
one finds gauge transformations uν ∈ G2,p(P ) for all ν ≥ ν0 such that

‖uν ∗Ãν − Ã‖q ≤ C0‖Ãν − Ã‖q.

So the uν ∗Ãν converge to Ã in the Lq-norm. Moreover, there are uniform bounds
for all ` ∈ N,

‖uν ∗Ãν − Ã‖W `,p ≤ C` ∀ν ≥ ν0.

For every ` ∈ N there is a compact Sobolev embedding W `+2,p ↪→ C`. Thus for all
` ∈ N we find a further subsequence of the uν ∗Ãν that converges in the uniform
C`-topology. So by fixing one further element of the sequence in every step we
obtain a sequence that converges in the uniform C∞-topology. The limit has to be
Ã since this already was the Lq-limit. 2

The Yang-Mills equation with boundary condition can also be used to gener-
alize the strong Uhlenbeck compactness to noncompact base manifolds (with pos-
sibly nonempty boundary) that are exhausted by compact deformation retracts.
Recall that we only consider increasing exhausting sequences M =

⋃
k∈N

Mk such
that each Mk lies in the interior of Mk+1. In the following theorem we additionally
consider a perturbation of the Yang-Mills equation by a sequence of C∞-convergent
metrics on M . This generalization of strong Uhlenbeck compactness also holds for
compact base manifolds M (just set Mk := M), but we preferred to keep theo-
rem 10.1 as simple as possible and put all the technicalities into this theorem E′.
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Theorem 10.3 Assume M =
⋃
k∈N

Mk is exhausted by an increasing sequence of
compact submanifolds Mk that are deformation retracts of M . Let (gν)ν∈N be a
sequence of metrics on M that converges uniformly with all derivatives on every
compact set. For all ν ∈ N let Aν ∈ A1,p

loc(P ) be a weak Yang-Mills connection with
respect to gν and suppose that for all k ∈ N

sup
ν∈N

‖FAν‖Lp(Mk) <∞.

Then there exists a subsequence (again denoted (Aν)ν∈N) and a sequence of gauge
transformations uν ∈ G2,p

loc (P ) such that uν ∗Aν converges uniformly with all deriva-

tives on every compact set to a smooth connection Ã ∈ A(P ).

The limit of the metrics gν is a smooth metric g on M . The above Lp-norm can
be defined with respect to that metric or with respect to the gν – the norms are
all equivalent. In the following, however, we will have to distinguish the metrics:
If a norm or an operator is not calculated with respect to the metric g, then the
other metric will be indicated.

Similarly to the weak Uhlenbeck compactness one uses proposition 7.6 to gen-
eralize the strong Uhlenbeck compactness on compact manifolds to this result for
manifolds that are exhausted by compact deformation retracts. Note however that
one cannot simply apply the strong Uhlenbeck compactness theorem 10.1 to the
given sequence of connections restricted to the compact manifolds Mk – due to
the boundary condition the given connections do not restrict to Yang-Mills con-
nections on the subsets of M . So in order to obtain the uniform bounds assumed
in proposition 7.6 we establish the following analogon of lemma 10.2. This also
takes care of the varying metrics in the Yang-Mills equation.

Lemma 10.4 Let M ′′ ⊂ M ′ ⊂ M be compact submanifolds such that M ′′ is
contained in the interior of M ′. Fix a metric g on M and a smooth reference
connection Ã ∈ A(P ), and let p ≤ q <∞ be such that

1
n
> 1

q
> 1

p
− 1

n
.

Then for every constant c there exist constants δ, ε > 0, (C`)`∈N, and (ε`)`∈N > 0
such that the following holds: Let g′ be a metric on M with

‖g′ − g‖W 1,∞(M ′) ≤ ε. (10.4)

Suppose that A ∈ A1,p
loc(P ) is a weak Yang-Mills connection with respect to the

metric g′ and satisfies

‖A− Ã‖Lq(M ′) ≤ δ, ‖A− Ã‖W 1,p(M ′) ≤ c. (10.5)

Then there exists a gauge transformation u ∈ G2,p(P |M ′) such that u∗A|M ′′ is
smooth. Moreover, for all ` ∈ N such that ‖g′ − g‖W `,∞(M ′) ≤ ε` one has

‖u∗A− Ã‖W `,p(M ′′) ≤ C`.
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Proof: This is proven analogous to lemma 10.2, just that instead of (i) in corol-
lary 9.6 we have to iterate (ii) and take care of the sequence of metrics. This
iteration in turn is similar to the proof of theorem 9 (ii); we only have to put in
the according estimates, which is slightly subtle due to the varying metrics.

Let a constant c and a smooth reference connection Ã be given. Then let
ε, δ > 0 be the constants from theorem 8.1 and remark 8.2 (iii) on M ′ with
c0 = c. Fix a metric g′ on M that satisfies (10.4), and let A ∈ A1,p

loc(P ) be
a weak Yang-Mills connection with respect to g′ that moreover satisfies (10.5).
Then by theorem 8.1 there exists a gauge transformation u ∈ G2,p(P |M ′ ) such
that u∗A|M ′ ∈ A1,p(P |M ′) is in relative Coulomb gauge with respect to Ã and the
metric g′. This directly provides the first constant,

‖u∗A− Ã‖W 1,p(M ′′) ≤ ‖u∗A− Ã‖W 1,p(M ′)

≤ CCG‖A− Ã‖W 1,p(M ′) ≤ CCGc =: C1 (10.6)

Here the constant CCG from theorem 8.1 is independent of the metric g′, hence so is
C1. This did not require a further bound on the metric, so we can set ε1 := ε. The
constants ε` and C` for ` ≥ 2 are then inductively found using corollary 9.6 (ii):

Fix a sequence of compact submanifolds M ′′ ⊂ N` ⊂ M ′ such that N1 = M ′

and N`+1 lies in the interior of N`. This exists since M ′′ is contained in the
interior of M ′. Now the relative Coulomb gauge conditions d∗

Ã
(u∗A − Ã)|M ′ = 0

and ∗(u∗A − Ã)|∂M ′ = 0 assert that α := u∗A − Ã satisfies for all ` ∈ N the
following with respect to the metric g′ :

{
d∗
Ã
α = 0 on N`

∗α|∂N`
= 0 on ∂M ∩ ∂N`.

Moreover, A is a weak Yang-Mills connection onM with respect to g′, so lemma 9.2
assserts for all smooth 1-forms β ∈ Ω1(M ; gP ) supported in N`

∫

M

〈Fu∗A , du∗A β 〉g′ = 0.

Thus for all ` ∈ N the connection u∗A|N`
∈ A1,p(P |N`

) satisfies the weak and
strong equations in corollary 9.6 (ii) on N` for the metric g′. So the corollary can
be iterated to prove u∗A|N`

∈ A`,p(P |N`
) and provide constants ε` > 0 and C` on

the sucessively smaller domains N` ⊃M ′′ such that u∗A|N`
∈ A`,p(P |N`

) and the
following implication holds:

‖g′ − g‖W `,∞(M ′) ≤ ε` =⇒ ‖u∗A− Ã‖W `,p(N`) ≤ C`. (10.7)

For ` = 1 with N1 = M ′ this was established in (10.6). Now suppose this is true
for some ` ∈ N. Then corollary 9.6 (ii) gives u∗A|N`+1

∈ A`+1,q(P |N`+1
) and

‖u∗A− Ã‖W `+1,q(N`+1) ≤ C
(
1 + ‖u∗A− Ã‖W `,p(N`) + ‖u∗A− Ã‖3W `,p(N`)

)

≤ C(1 + C` + C3
` ) =: C`+1.
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For this estimate we have to require ‖g′−g‖W `+1,∞(M ′) ≤ ε`+1 for some sufficiently
small ε` ≥ ε`+1 > 0 in order to have the bound C` and so that we can choose
the above constant C from corollary 9.6 (ii) to be independent of the metric g′.
(The constant depends continuously on the metric with respect to the W `+1,∞-
topology.) In case ` ≥ 2 or p > n we have q = p, so this gives the required
constants C`+1 and ε`+1. In case ` = 1 and p ≤ n we need a separate iteration of
the corollary to find ε2 and C2 for (10.7):

Firstly, if p = n then replace it by some n
2 < p′ < n and start the iteration

from (10.7) for ` = 1 with p replaced by p′. (Recall that the Sobolev norms are
all defined with respect to the metric g, so the constant in the estimate between
the W 1,p′ - and W 1,p-norm is independent of the metric g′.) Now fix another
sequence of compact submanifolds N2 ⊂ Ñi ⊂ N1 = M ′ such that Ñ−1 = M ′ and
Ñi+1 lies in the interior of Ñi. Then the use of corollary 9.6 (ii) as above on Ñ0

instead of N2 with q = q0 = np
2n−p gives the following for i = 0: The regularity

u∗A|Ñi
∈ A2,qi(P |Ñi

) holds and there are constants ε̃i > 0 and C̃i such that

‖g′ − g‖W 2,∞(M ′) ≤ ε̃i =⇒ ‖u∗A− Ã‖W 2,qi (Ñi)
≤ C̃i. (10.8)

Suppose this holds for i ∈ N0, then the Sobolev estimate for W 2,qi ↪→ W 1,pi on
Ñi (with qi, pi as in lemma 9.7) implies u∗A|Ñi

∈ A1,pi(P |Ñi
) and

‖g′ − g‖W 2,∞(M ′) ≤ ε̃i =⇒ ‖u∗A− Ã‖W 1,pi (Ñi)
≤ CSC̃i. (10.9)

Here the Sobolev constant CS is independent of the metric g′. Now apply corol-
lary 9.6 (ii) to obtain (10.8) for i + 1: This yields u∗A|Ñi+1

∈ A1,pi+1(P |Ñi+1
),

and if ‖g′ − g‖W 2,∞(M ′) ≤ ε̃i+1 for sufficiently small ε̃i ≥ ε̃i+1 > 0 (such that the
constant C below is independent of the metric g′) then

‖u∗A− Ã‖W 2,qi+1 (Ñi+1)
≤ C

(
1 + ‖u∗A− Ã‖W 1,pi (Ñi)

+ ‖u∗A− Ã‖3
W 1,pi (Ñi)

)

≤ C(1 + CSC̃i + (CSC̃i)
3) =: C̃i+1.

Thus we have proven (10.8) for the whole sequence qi, which by lemma 9.7 termi-
nates at some qj ≥ p. Now choose ε̃j ≥ ε2 > 0 sufficiently small such that there

is a uniform constant C in the estimate for W 2,qj ↪→ W 2,p on Ñj , then we have

established (10.7) for ` = 2 with C` := CC̃j . This was the missing induction step
in case p < n.

In case p = n we have proven (10.8) for qj ≥ p′ > n
2 and thus obtain (10.9) with

pj := 2p′ from the Sobolev estimate for W 2,p′ ↪→W 1,2p′ . Now corollary 9.6 (ii) on

Ñj ⊂ N2 together with the estimate for W 2,2p′ ↪→W 2,n provides constants ε2 > 0
and C2 such that (10.7) holds for ` = 2.

Thus we have inductively defined the constants ε` > 0 and C` for all cases and
proved u∗A|N`

∈ A`,p(P |N`
) and (10.7) for all ` ∈ N. This proves the lemma since

M ′′ ⊂ N` for all ` ∈ N. 2
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Proof of theorem 10.3 :
The weak compactness theorem 7.5 provides a subsequence (again denoted by
(Aν)ν∈N) and gauge transformations uν ∈ G2,p

loc (P ) such that the connections
uν ∗Aν converge in the weak W 1,p-topology when restricted to any of the sub-
manifolds Mk. Thus there exists a global connection A ∈ A1,p

loc(P ) such that
A|Mk

∈ A1,p(P |Mk
) is the limit of ui ∗Aνi |Mk

for all k ∈ N. This also implies that
for all k ∈ N there is a uniform bound on ‖uν ∗Aν − A‖W 1,p(Mk). (This uniform
bound follows from the weak convergence, see e.g. [Y, V.1,Thm.3].)

Define q := sup{2p, p∗} as for theorem 10.1 such that theorem 8.1 can be
applied and the embedding W 1,p ↪→ Lq is compact. Then we find a (diagonal)
subsequence (again labelled by ν ∈ N) of the uν ∗Aν that on every Mk converges
in the Lq-norm to A|Mk

.

As in the compact case the uν ∗Aν and the limit connection A are weak Yang-
Mills connections. (One only has to test (9.2) with β ∈ Ω1(M ; gP ) that have com-
pact support hence are supported in some Mk, then the argument for theorem 10.1
applies.) Hence theorem 9.4 (ii) provides a gauge transformation ũ ∈ G2,p

loc (P ) such

that Ã := ũ∗A is smooth and moreover ũ|Mk
∈ G2,p(P |Mk

) for all k ∈ N. Due to
that regularity the new connections Ãν := ũ∗uν ∗Aν = (uν ũ)∗Aν converge to Ã
in the Lq-norm on every Mk and satisfy uniform bounds ‖Ãν − Ã‖W 1,p(Mk) ≤ ck
for all k ∈ N and some constants ck. This follows as before from the continuity
of the gauge action in lemma A.6. Now the task is to find gauge transformations
uν ∈ G2,p

loc (P ) such that a subsequence of the uν ∗Ãν converges in the uniform
C∞-topology on all compact subsets.

This strong compactness will be a consequence of the uniform W `,p-bounds
from proposition 7.6 for all ` ∈ N. So we have to verify the assumptions of
proposition 7.6 with I := N for the sequence (Ãν)ν∈N ⊂ A1,p

loc(P ) of connections:
Fix k ∈ N and consider a subsequence of these connections – again denoted by
(Ãν)ν∈N . Then one has to find a subsequence (νk,i)i∈N and gauge transformations
uk,i ∈ G2,p(P |Mk

) such that 4

sup
i∈N

∥∥uk,i ∗Ãνk,i − Ã
∥∥
W `,p(Mk)

<∞ ∀` ∈ N.

For that purpose apply lemma 10.4 with M ′′ := Mk, M
′ := Mk+1, and c := ck+1.

The metric g is given by the limit of the gν , and the reference connection is Ã.
Let δ, ε > 0, (C`)`∈N, and (ε`)`∈N > 0 be the constants given by that lemma.

4In chapter 7 there is a fixed smooth reference connection Ã with respect to which all Sobolev
norms on the affine space of connections are defined. So ‖A‖W `,p in the notation of proposi-

tion 7.6 is identical to ‖A − Ã‖W `,p in the notation of this chapter.
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Recall that the metrics gν converge to g uniformly with all derivatives, and the
connections Ãν converge to Ã in the Lq-norm on Mk+1. So one finds an N ∈ N

such that for all ν ≥ N
‖gν − g‖W 1,∞(Mk+1) ≤ ε,

‖Ãν − Ã‖Lq(Mk+1) ≤ δ, ‖Ãν − Ã‖W 1,p(Mk+1) ≤ c = ck+1.

These are the assumptions of lemma 10.4 for the metric gν and the weak Yang-Mills
connection Ãν (with respect to gν). Thus the lemma provides gauge transforma-
tions uν ∈ G2,p(Mk+1) for all ν ≥ N such that uν ∗Ãν |Mk

is smooth. Moreover,
due to the convergence of the metrics gν one finds a sequence (N`)`∈N of integers
N` > N such that ‖g − gν‖W `,∞(Mk+1) ≤ ε` holds for all ` ∈ N and ν ≥ N`. So
lemma 10.4 furthermore asserts that for all ` ∈ N

sup
ν≥N`

∥∥uν ∗Ãν − Ã
∥∥
W `,p(Mk)

≤ C`.

Now consider the subsequence νk,i := N + i and the gauge transformations uk,i :=
uN+i|Mk

∈ G2,p(Mk): These satisfy the required uniform bound for proposition 7.6
since for all ` ∈ N

sup
i∈N

∥∥uk,i ∗Ãνk,i − Ã
∥∥
W `,p(Mk)

≤ sup
ν≥N

∥∥uν ∗Ãν − Ã
∥∥
W `,p(Mk)

≤ sup
{∥∥uN ∗ÃN − Ã

∥∥
W `,p(Mk)

, . . . ,
∥∥uN`−1 ∗ÃN`−1 − Ã

∥∥
W `,p(Mk)

, C`

}

<∞.

So proposition 7.6 with I = N provides a subsequence (νi)i∈N and a sequence of
gauge transformations ui ∈ G2,p

loc (P ) such that

sup
i∈N

∥∥ui ∗Ãνi − Ã
∥∥
W `,p(Mk)

<∞ ∀k, ` ∈ N.

Finally, a diagonal sequence of the ui ∗Ãνi converges uniformly with all derivatives
on all compact subsets of M : For every k ∈ N the Sobolev embedding W k+2,p ↪→
Ck is compact over Mk. Hence a subsequence of these connections converges in
the uniform Ck-topology on Mk. So by fixing one further element of the sequence
in every step for k ∈ N we obtain a subsequence of the ui ∗Ãνi that converges in
the uniform Ck-topology on Mk for all k ∈ N. Since every compact subset of M
lies in some Mk this proves the claimed convergence on all compact subsets. 2
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Appendix A

Gauge Theory

In order to set up notation and state some general facts that are used in this book
we give a short introduction to connections and curvature on principal G-bundles.

Throughout, G will be a Lie group. So we first introduce the notation for the
natural representations of G and its Lie algebra g = T1lG. Firstly, G is represented
on itself by the conjugation c : G→ Aut(G) given by

cg(h) = ghg−1 ∀ g, h ∈ G.

The adjoint representation on the Lie algebra, Ad : G→ End(g), g 7→ Adg = d1lcg
is given by

Adg(ξ) = gξg−1 ∀ξ ∈ g, g ∈ G.

This uses the following notation: For ξ ∈ g and g ∈ G

gξ := d1lLg(ξ) = d
dt

∣∣
t=0

g exp(tξ) ∈ TgG.

Here Lg denotes left multiplication by g and exp : g→ G is the usual exponential
map (with respect to any metric on G). The notation ξg is defined analogously
by right multiplication. This makes particular sense when G ⊂ Cn×n is a matrix
group since then gξ can be understood as matrix multiplication.

Next, the adjoint representation of g on g is given by the Lie bracket of vector
fields: We identify the Lie algebra elements ξ ∈ g with left invariant vector fields
g 7→ gξ on G, then for ξ, ζ ∈ g

adξ(ζ) := d1lAd(ξ) ζ = d
dt

∣∣
t=0

exp(tξ)ζ exp(tξ)−1 = Lξζ(1l) = [ξ, ζ].

In the case of a matrix group note that the Lie bracket is given by the commutator
[ξ, ζ] = ξζ − ζξ.
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The underlying object in gauge theory is a principal G-bundle π : P →M .
This is a manifold P with a free right action P × G → P , (p, g) 7→ pg of a Lie
group G such that the orbits of this action are the fibres π−1(x) ∼= G of a locally
trivial fibre bundle π : P → M . Here M is a smooth manifold and the G-action
preserves the fibres, i.e. π(pg) = π(p).

If we denote the action of G on P by Θ : G → Diff(P ), g 7→ Θg , then G acts
on TP via dΘg. We simply write for all v ∈ TpP and g ∈ G

vg := dpΘg(v).

The linearization of Θ along G gives rise to the infinitesimal action of the Lie
algebra: Every ξ ∈ g defines a section of TP as follows. For all p ∈ P

pξ := d1lΘ(ξ) p = d
dt

∣∣
t=0

p exp(tξ).

The local triviality of π : P →M means that there is a bundle atlasM =
⋃
α∈A Uα

with equivariant local trivializations

Φα :
π−1(Uα) −→ Uα ×G

p 7−→ (π(p), φα(p))
.

More precisely, the Φα are diffeomorphisms and their second component is equi-
variant, φα(pg) = φα(p)g.

This atlas gives rise to transition functions φαβ : Uα ∩ Uβ → G defined by
Φα◦Φ

−1
β (x, g) = (x, φαβ(x)g) for x ∈ Uα ∩ Uβ, i.e. φαβ(x) = φα(p)φβ(p)

−1 for all

p ∈ π−1(x). These satisfy the cocyle conditions

φαα ≡ 1l and φαβφβγ = φαγ on Uα ∩ Uβ ∩ Uγ . (A.1)

In turn, given a covering M =
⋃
α∈A Uα, every set of functions (φαβ)α,β∈A that

satisfies these conditions uniquely defines a principal G-bundle

π :
{
[α, x, g]

∣∣ α ∈ A, x ∈ Uα, g ∈ G
}
→M.

Here [α, x, g] is the equivalence class of (α, x, g) with respect to the equivalence
relation (α, x, g) ∼ (β, x, φβα(x)g) and π is defined by π([α, x, g]) = x. The action
of G is then given by right multiplication in the last component.

If the φαβ are the transition functions of a G-bundle then this reconstructs the
bundle. If two different sets of transition functions are given, then the question
arises whether they might define isomorphic bundles (in the sense of G-bundle
isomorphisms defined below). The answer is the following (without proof).

Lemma A.1 Let M =
⋃
α∈A Uα be an open covering of a manifold M and let

(φαβ)α,β∈A, (ψαβ)α,β∈A be two sets of Lie group valued functions on the intersec-
tions Uα ∩Uβ that satisfy the cocycle conditions (A.1). Then these define isomor-
phic principal G-bundles over M if and only if there exists a cover M =

⋃
α∈A Vα

with Vα ⊂ Uα and functions ρα : Vα → G such that ψαβ(x) = ρα(x)φαβ(x)ρ−1
β (x)

for all x ∈ Vα ∩ Vβ.
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If the φαβ in this lemma arise from a bundle atlas (Uα,Φα)α∈A of a principal
G-bundle and the ψαβ meet the condition for defining the same bundle then we
can think of them as arising from an atlas with different trivializations, namely
Ψα : p 7→ (π(p), ρα(π(p))φα(p)) on π−1(Vα).

Now for any other manifold F with a representation ρ : G → Diff(F ) the
associated bundle P×ρ F is the set of equivalence classes bp, fc in P × F ,
where the equivalence is given by ρ, i.e. bp, fc ∼ bpg, ρ(g−1)fc for all g ∈ G. (Here
we write b·, ·c for the equivalence classes in order to distinguish this notation from
the Lie bracket [·, ·].) With the projection π̃bp, gc = π(p) this is a principal bundle
over M with fibre F . A local trivialization Φα : π−1(Uα)→ Uα×G of P naturally
induces the following local trivialization of P ×ρ F :

Φ̃α :
π̃−1(Uα) −→ Uα × F
bp, fc 7−→ (π(p), ρ(φα(p))f)

.

We will, for example, encounter the associated bundle P×cG where F is the group
G itself and the representation is the conjugation c. Another important example
is gP := P×Ad g.

Next, a G-bundle isomorphism is a bundle isomorphism that preserves the
action of the Lie group G, and such isomorphic bundles are usually identified. So
when studying a fixed bundle we also have to consider itsG-bundle automorphisms,
i.e. diffeomorphisms ψ : P → P such that π◦ψ = ψ and that are equivariant,
ψ(pg) = ψ(p)g for all p ∈ P, g ∈ G.

Every G-bundle isomorphism is given by a unique element of the gauge group.
The gauge group G(P ) consists of the smooth maps u : P → G that are equi-
variant, i.e.

u(pg) = g−1u(p)g ∀ p ∈ P, g ∈ G.
The G-bundle isomorphism associated to an element u ∈ G(P ) of the gauge group
is given by ψ(p) = p u(p). So obviously, composition ψ2◦ψ1 of G-bundle iso-
morphisms corresponds to group multiplication u1u2 of the corresponding gauge
transformations. Moreover, the gauge group is isomorphic to the group of sections
of the associated bundle P ×c G. Let u ∈ G(P ), then the corresponding section
ū : M → P ×c G is given by

ū(π(p)) = bp, u(p)c ∀ p ∈ P.

In the local trivialization a gauge transformation u ∈ G(P ) is represented by
uα = φ̃α◦ū : π̃−1(Uα) → G and acts by (x, g) 7→ (x, g uα(x)) on Uα × G. Here
φ̃α(bp, gc) = φα(p) g φα(p)−1 is the second component of the trivialization Φ̃α of
P ×cG. Thus uα(x) = φα(p)u(p)φα(p)−1 for all p ∈ π−1(x), and hence on Uα∩Uβ
one has the transition identity

uβ = φ−1
αβuαφαβ .

In turn, every such collection of G-valued functions (uα)α∈A uniquely defines a
gauge transformation u : p 7→ φα(p)−1uα(π(p))φα(p).
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Finally, to introduce connections we first note that the G-bundle P has a
canonical vertical subbundle V ⊂ TP : The vertical space Vp = ker(dpπ) ⊂ TpP
at p ∈ P is composed of all tangencies (i.e. pξ with ξ ∈ g) to the orbits of G
through p. Every complement of Vp is isomorphic to im(dpπ) = Tπ(p)M , but
there is no canonical choice of this horizontal space in TpP . Now a connection of
P defines such an equivariant horizontal distribution H ⊂ TP :

A connection on P is an equivariant g-valued 1-form with fixed values in the
vertical direction, i.e. A ∈ Ω1(P ; g) satisfies

Apg(vg) = g−1Ap(v)g ∀ v ∈ TpP, g ∈ G,
Ap(pξ) = ξ ∀ p ∈ P, ξ ∈ g.

We denote the set of smooth connections by A(P ). Every connection A ∈ A(P )
corresponds to a splitting TP = V ⊕ H , where the horizontal distribution H is
defined by Hp = kerAp.

Again, this can be formulated equivalently in terms of an associated bundle: If
we fix one connection Ã ∈ A(P ) then the space of connections is the affine space
A(P ) = Ã+Ω1

Ad(P ; g). Here ΩkAd(P ; g) denotes the space of equivariant horizontal
k-forms, i.e. τ ∈ Ωk(P ; g) that satisfy

Θ∗gτ = g−1τg ∀ g ∈ G,
ιpξτp = 0 ∀ p ∈ P, ξ ∈ g.

Now this space is isomorphic to the space Ωk(M ; gP ) of k-forms on M with values
in the associated bundle gP = P ×Ad g: For τ ∈ ΩkAd(P ; g) the corresponding
τ̄ ∈ Ωk(M ; gP ) is uniquely defined by

bp, τp(Y1, . . . Yk)c = τ̄π(p)(dpπ(Y1), . . . dpπ(Yk)) ∀Y1, . . . Yk ∈ TpP.

Consequently, every τ ∈ ΩkAd(P ; g) is represented by τα = φ̃α◦τ̄ ∈ Ωk(Uα; g) in the

local trivialization. Here φ̃α(bp, ξc) = φα(p) ξ φα(p)−1 is the second component of
the associated trivialization of gP . On the intersection Uα∩Uβ of two charts these
k-forms satisfy

τβ = φ−1
αβ τα φαβ . (A.2)

The global k-form can then be reconstructed from any such set (τα)α∈A by

τ(Y1, . . . Yk) = φα(p)−1τα(dpπ(Y1), . . . dpπ(Yk))φα(p) ∀Y1, . . . Yk ∈ TpP.

In the case of connections the analogous local representation depends on the
chosen connection Ã and there is no canonical choice for this reference connec-
tion. However, locally on π−1(Uα) a natural choice of the reference connection
is Ãα = φ−1

α dφα . This corresponds to the pullback of the splitting under
Φα : P → Uα × G. The local representative Aα ∈ Ω1(Uα; g) of A ∈ A(P ) is
then given by

Aα(dpπ(Y )) = φα(p)A(Y )φα(p)−1 − dpφα(Y )φα(p)−1 ∀Y ∈ TpP.
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This is the local representation of connections that is used throughout the book.
Note that the transition between different coordinate charts is different from (A.2)
since the reference connection is not globally defined. So in order that a collection
(Aα) ⊂ Ω1(Uα; g) is the local representation of a global connection it has to meet
the following on Uα ∩ Uβ:

Aβ = φ−1
αβAαφαβ + φ−1

αβdφαβ .

One can think of this as the effect of a local gauge transformation. So next, we
define the action of the gauge group. For this purpose consider a gauge transfor-
mation u ∈ G(P ) and the corresponding G-bundle automorphism ψ : p 7→ p u(p).
The action of u on A ∈ A(P ) is then defined by u∗A := ψ∗A. Note that for all
Y ∈ TpP

ψ∗A(Y ) = Aψ(p)(dpψ(Y ))

= Apu(p) (Y u(p)) +Apu(p)

(
pu(p)u(p)−1dpu(Y )

)

= u(p)−1Ap(Y )u(p) + u(p)−1dpu(Y ),

and hence
u∗A = u−1Au+ u−1du.

This is the connection on ψ∗P ∼= P that corresponds to the connection A on
P . Hence u∗A and A are viewed as equivalent connections – they are gauge
equivalent. Finally, the local formula for the gauge action is

(u∗A)α = u−1
α Aαuα + u−1

α duα.

This shows that locally a gauge transformation can also be thought of as a change
of the trivialization.

Connections moreover induce covariant derivatives on the associated vector
bundles. In particular, a connection A ∈ A(P ) defines the following covariant
derivative on gP :

∇A :
Γ(gP ) −→ Γ(T∗M ⊗ gP )
s 7−→ ds+ [A, s].

Here and throughout, Γ(·) denotes the space of smooth sections of a bundle. For
X ∈ TxM with Y ∈ TpP such that dpπ(Y ) = X this evaluates as

∇As(X) = b p , dps(Y ) + [A(Y ), s(p)] c ∈ (gP )x.

Here s ∈ Γ(gP ) on the right hand side is to be understood as map from P to g.
We can then use the standard construction to extend this covariant derivative to
∇A : Γ(⊗kT∗M ⊗ gP )→ Γ(⊗k+1T∗M ⊗ gP ) for all k ∈ N. Let ∇ be the Levi-
Civita connection on M , then for α ∈ Γ(⊗kT∗M ⊗ gP ) and X0, . . . , Xk ∈ Γ(TM)

∇Aα(X0, . . . , Xk) = ∇A (α(X1, . . . , Xk)) (X0)− α(∇X0
X1, X2, . . . , Xk)

− . . .− α(X1, . . . , Xk−1,∇X0
Xk). (A.3)
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But the covariant derivative on gP can also be understood as the special case k = 0
of the exterior derivative

dA :
ΩkAd(P ; g) −→ Ωk+1

Ad (P ; g)
τ 7−→ dτ + [A ∧ τ ].

Here [A∧ τ ] denotes the wedge product of the two forms with the Lie bracket used
to combine the values in g. For example, for A,B ∈ Ω1

Ad(P ; g) and X,Y ∈ TpP

[A ∧B](X,Y ) = [A(X), B(Y )]− [A(Y ), B(X)].

Now dA
2 does not vanish in general, but we obtain dAdAτ = [FA ∧ τ ] for all

τ ∈ ΩkAd(P ; g), with the curvature

FA = dA+ 1
2 [A ∧ A] ∈ Ω2

Ad(P ; g).

The curvature satisfies the Bianchi identity (see e.g. [J, Theorem 3.1.1])

dAFA = 0.

Locally the exterior derivative dA on τ ∈ ΩkAd(P ; g) is represented by

(dAτ)α = dτα + [Aα ∧ τα].

Thus for the curvature in terms of the local representatives Aα of the connection
we obtain the same formula as globally,

(FA)α = dAα + 1
2 [Aα ∧ Aα].

In coordinates (x1, . . . , xk) of Uα and dropping the subscript α

Fij = ∂Ai

∂xj − ∂Aj

∂xi + [Ai, Aj ].

A change of the trivialization has the effect that on Uα ∩ Uβ the local repre-
sentatives of the curvature satisfy (FA)β = φ−1

αβ(FA)αφαβ . Analogously, gauge
transformations act on the curvature by the adjoint action:

Fu∗A = u−1FAu ∀A ∈ A(P ), u ∈ G(P ).

This leads to a gauge invariant quantity if g is equipped with an inner product that
is invariant under the adjoint action of G. So from now on we restrict ourselves to
compact Lie groups G because of the following theorem. Its proof can be found
in [K, Prop.4.24].

Theorem A.2 Let G be a compact Lie group and let g be its Lie algebra. Then
there exists an inner product 〈·, ·〉 on g that is invariant under the adjoint action
of the Lie group,

〈
gξg−1, gζg−1

〉
= 〈 ξ, ζ 〉 ∀ξ, ζ ∈ g, g ∈ G. (A.4)
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Remark A.3

(i) The G-invariant inner product on g moreover satisfies for all ξ, ζ, η ∈ g

〈 [ξ, η], ζ 〉 = 〈 ξ, [η, ζ] 〉 . (A.5)

(ii) The inner product on g can be rescaled in such a way that the associated
norm |ξ| =

√
〈 ξ, ξ 〉 satisfies for all ξ, ζ ∈ g

|[ξ, ζ]| ≤ |ξ| · |ζ|. (A.6)

(iii) The G-invariant inner product on g induces a metric 〈 ·, · 〉G on G by

〈X , Y 〉G :=
〈
g−1X , g−1Y

〉
∀X,Y ∈ TgG.

In this metric the left and right multiplications are isometries of G. Denote
by expg the exponential map with base point g ∈ G and set exp := exp1l,
then for all ξ ∈ g and g ∈ G

expg(gξ) = g exp(ξ), exp(g−1ξg) = g−1 exp(ξ)g.

Moreover, the geodesics are the flow lines of the left invariant vector fields,
hence they are 1-parameter subgroups: for all s, t ∈ R and ξ ∈ g

exp((s+ t)ξ) = exp(sξ) exp(tξ).

(iv) The geodesic distance between g, h ∈ G induced by the G-invariant inner
product of g is defined by

dG(g, h) := inf{|X |
∣∣X ∈ TgG, h = expg(X)}.

This distance is invariant under left and right multiplication due to (iii). It
may be infinite if the group has several connected components.

Here (i) follows from differentiating (A.4) with g = exp(tη). The rescaling
in (ii) is possible since g is finite dimensional, hence with an orthonormal basis
e1, . . . , eN and finite structure constants Γkij = 〈 [ei, ej ], ek 〉 one obtains for all
ξ, ζ ∈ g and some constant C

|[ξ, ζ]|2 = |ξiζj [ei, ej ]|2 ≤
∑N
i,j,k=1 |Γkij |2|ξi|2|ζj |2 ≤ C|ξ|2|ζ|2.

In (iii) one has used that for all ξ ∈ g and g ∈ G both t 7→ expg(tgξ) and
t 7→ g exp(tξ) are geodesics with identical initial values. The same holds for
t 7→ exp(tg−1ξg) and t 7→ g−1 exp(tξ)g.

A flow line γ(t) satisfies γ̇(t) = γ(t)ξ for some ξ ∈ g. One checks the geodesic
equation ∇γ̇ γ̇ = 0 with Z(t) = γ(t)η for all η ∈ g:

〈∇γ̇ γ̇ , Z 〉G = Lγ̇ 〈 γ̇ , γη 〉G − 1
2LZ 〈 γ̇ , γ̇ 〉G − 〈 γ̇ , [γ̇, γη] 〉G

= Lγ̇ 〈 ξ , η 〉 − 1
2LZ 〈 ξ , ξ 〉 − 〈 ξ , [ξ, η] 〉 = 0.
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Throughout this book every compact Lie group G is equipped with the metric
from theorem A.2 and remark A.3. Furthermore, we fix a metric on M . This
defines a volume element dvolM and the Hodge operator ∗ on differential forms.1

Together with the inner product of g this moreover defines an inner product on
the fibres of ⊗kT∗M ⊗ gP for all k ∈ N0 as follows: In the first component of the
fibre ⊗kT∗xM ⊗ (gP )x one uses (B.1). On (gP )x = {bp, ξc

∣∣ p ∈ π−1(x), ξ ∈ g} the
G-invariant inner product of g induces the welldefined inner product

〈 bp, ξc , bp, ζc 〉
gP

:= 〈 ξ , ζ 〉 .

For σ, τ ∈ Ωk(M ; gP ) this pointwise inner product equals the inner product of the
local representatives σα, τα in every trivialization over Uα ⊂M :

〈σ , τ 〉ΛkT∗M⊗gP
= ∗ 〈σ ∧ ∗τ 〉

gP

= ∗ 〈σα ∧ ∗τα 〉g = 〈σα , τα 〉ΛkT∗M⊗g
. (A.7)

In the second and third expression the values of the differential forms are paired
by the inner product indicated by the subscript. For example, for g-valued 1-forms
σ = σ1dx

1 + σ2dx
2 and τ = τ1dx

1 + τ2dx
2 on R2 one has

〈σ ∧ τ 〉
g

=
(
〈σ1, τ2 〉g − 〈σ2, τ1 〉g

)
dx1 ∧ dx2.

In the following we drop all subscripts from the inner products. Furthermore, ∗
denotes the obvious Hodge operator on gP - or g-valued differential forms: When
written in local coordinates as a sum of products of sections (or g-valued functions)
and differential forms dxi1 ∧ . . .dxik the Hodge operator only operates on the
differential form.

Now the curvature FA can be viewed as a section of ⊗2T∗M ⊗gP , so the norm
induced by above inner product defines a function |FA| : M → R that can be
integrated to give the Yang-Mills functional

YM(A) =

∫

M

|FA|2 dvolM .

Due to the invariance of the metric (A.4) this functional is gauge invariant,

YM(u∗A) = YM(A) ∀u ∈ G(P ).

Its extrema solve the weak Yang-Mills equation: Let Ω1(·) denote the smooth
1-forms, then ∫

M

〈FA , dAβ 〉 = 0 ∀β ∈ Ω1(M ; gP ). (A.8)

1Strictly speaking, the Hodge operator is welldefined only on oriented manifolds. However, it
is welldefined up to a sign which comes from the choice of an orientation in the tangent space
over every point. Whenever we use the Hodge operator in an expression, this will not depend on
this sign, i.e. choice of this orientation.
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Indeed, the space of connections is an affine space with vector space Ω1(M ; gP ).
Now one has FA+tβ = FA+t dAβ+ 1

2 t
2[β∧β] for any tangent vector β ∈ Ω1(M ; gP )

at A ∈ A(P ), and an extremum of the Yang-Mills functional has to satisfy

d
dt

∣∣
t=0
YM(A+ tβ) = 2

∫

M

〈FA , dAβ 〉 .

When the base manifold M is compact and has no boundary then for smooth
connections (A.8) is equivalent to the usual Yang-Mills equation d∗AFA = 0. If
the base manifold is allowed to have boundary then (A.8) for smooth connections
is equivalent to the following boundary value problem that we call the (strong)
Yang-Mills equation , {

d∗AFA = 0,

∗FA|∂M = 0.

Indeed, by lemma 9.3 these are the Euler-Lagrange equations for the Yang-Mills
functional on manifolds with boundary. Here d∗A : Ωk(M ; gP ) → Ωk−1(M ; gP ) is
the formally adjoint of the exterior derivative dA : Ωk−1(M ; gP ) → Ωk(M ; gP ).
It is defined in the usual sense: For ω ∈ Ωk(M ; gP ) and all β ∈ Ωk−1(M ; gP )
compactly supported in the interior of M

∫

M

〈 d∗Aω , β 〉 =
∫

M

〈ω , dAβ 〉 .

From this one sees that d∗A = −(−1)(n−k)(k−1) ∗ dA∗ holds on Ωk(M ; gP ) with
n = dimM , and locally for all ω ∈ Ωk(M ; gP )

(d∗Aω)α = d∗ωα − (−1)(n−k)(k−1) ∗ [Aα ∧ ∗ωα]. (A.9)

The weak and strong Yang-Mills equation are preserved under gauge transforma-
tions. For the weak equation this is obvious from the gauge invariance of the
Yang-Mills functional: the extrema come in gauge orbits. For the strong equation
one can check that d∗u∗AFu∗A = u−1(d∗AFA)u.

The Yang-Mills functional can be generalized to a gauge invariant Lq-energy
for all 1 ≤ q <∞: For A ∈ A(P ) this is defined as the Lq-norm of the curvature,

E(A) =

∫

M

|FA|q = ‖FA‖qq. (A.10)

So far this is all well defined since we only considered smooth connections. The
energy might however be infinite if the base manifold M is not compact. In that
case there also are no natural Sobolev spaces of connections. So for the rest of
this appendix we assume both M and G to be compact and explain how above
concepts generalize to the appropriate Sobolev spaces.

Firstly, for 1 ≤ q < ∞ and k ∈ N the Sobolev space of connections defined as
in appendix B,

Ak,q(P ) = Ã+W k,q(M,T∗M ⊗ gP ),
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is independent of the smooth reference connection Ã ∈ A(P ). Only the correspon-
ding Sobolev norm ‖ · ‖Wk,q on W k,q(M,T∗M ⊗ gP ) depends on Ã unless k = 0.
When the reference connection Ã is clear from the context, then we will also use
the following notation for the Sobolev norms on the affine space Ak,q(P ) :

‖A‖Wk,q := ‖A− Ã‖Wk,q(M,T∗M⊗gP ).

Now the Lq-energy (A.10) is well defined on a suitable Sobolev space of connections
depending on the dimension n := dimM of the base manifold.

Lemma A.4 Let 1 ≤ q < ∞ with q ≥ n
2 . Then the Lq-energy E is a continuous

functional on A1,q(P ), and for every smooth reference connection Ã there exists a
constant C such that for all A = Ã+ α ∈ A1,q(P )

E(A)
1
q ≤ E(Ã)

1
q + 2‖α‖W 1,q + C‖α‖2W 1,q .

Moreover, for every k ∈ N there is a constant C such that for all connections
A = Ã+ α ∈ Ak,q(P )

‖FA‖Wk−1,q ≤ ‖FÃ‖k−1,q + C
(
‖α‖Wk,q + ‖α‖2Wk,q

)
.

Proof: The curvature of a connection A = Ã+ α ∈ A1,q(P ) is

FA = FÃ + dÃα+ 1
2 [α ∧ α].

Here |dÃα| ≤ 2 |∇A0
α| due to the fact that for all X,Y ∈ TxM

dÃα(X,Y ) = ∇Ãα(X,Y )−∇Ãα(Y,X).

Moreover, calculating with an orthonormal basis X1, . . . , Xn of TxM and using
(A.6)

∣∣ 1
2 [α ∧ α]

∣∣2 =

n∑

i,j=1

∣∣[α(Xi), α(Xj)]
∣∣2 ≤

n∑

i,j=1

|α(Xi)|2|α(Xj)|2 = |α|4.

Now the assumption q ≥ n
2 is the exact condition for the Sobolev embedding

A1,q(P ) ↪→ A0,2q(P ). If this holds then FA ∈ Lq(M,Λ2T∗M ⊗gP ) and the energy
is estimated by

∣∣E(A)
1
q − E(Ã)

1
q

∣∣ =
∣∣∥∥FÃ + dÃα+ 1

2 [α ∧ α]
∥∥
q
− ‖FÃ‖q

∣∣

≤ 2‖∇Ãα‖q + ‖α‖22q
≤ 2‖α‖W 1,q + C‖α‖2W 1,q .

The constant C is the constant from the Sobolev estimate. This inequality shows
that the Lq-norm of FA is finite and it also proves the continuity of the energy.
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For the more general estimate we apply lemma B.3 to wedge products of Lie
algebra valued 1-forms (above calculations illustrate how the generalization works).
For this purpose choose 1 ≤ r = s < ∞ such that lemma B.3 applies with p
replaced by q, and at the same time the Sobolev embedding W k,q ↪→ W k−1,r

holds, i.e. 1
r
≥ 1

q
− 1

n
. This is possible since q ≥ n

2 >
n
k+2 implies 1

q
− 1

n
< 1

2q + k
2n .

So with some finite constants C we obtain

‖FA‖Wk−1,q ≤ ‖FÃ‖k−1,q + ‖dÃα‖Wk−1,q + ‖α ∧ α‖Wk−1,q

≤ ‖FÃ‖k−1,q + C
(
‖α‖Wk,q + ‖α‖2Wk−1,r

)

≤ ‖FÃ‖k−1,q + C
(
‖α‖Wk,q + ‖α‖2Wk,q

)
.

2

In a local trivialization over U ⊂M the connections in A1,q(P ) are represented
by 1-forms in

A1,q(U) := W 1,q(U,T∗U ⊗ g),

and the corresponding Sobolev norm is the usual W 1,q-norm on this space.
The Lq-energy of a connection restricted to P |U is also denoted by E and for

A ∈ A1,q(U) it equals
E(A) = ‖FA‖qq,

where FA = dA + A ∧ A ∈ Lq(U,Λ2T∗U ⊗ g) is the local representative of the
curvature. The estimate in the previous lemma then locally becomes

E(A)
1
q = ‖FA‖q ≤ 2‖A‖W 1,q + C‖A‖2W 1,q . (A.11)

The gauge action can also be defined on suitable Sobolev spaces of connec-
tions and for the Sobolev space Gk,p(P ) of gauge transformations defined as in ap-
pendix B for kp > n. This space consist of all gauge transformations u = s ·exp(ξ),
where s ∈ G(P ) is smooth and ξ ∈ W k,p(M, gP ) is understood as equivariant map
ξ : P → g. In a trivialization over U ⊂M gauge transformations in Gk,p(P |U ) are
represented by maps u ∈ Gk,p(U), i.e. u = s · exp(ξ) : U → G with s ∈ C∞(M,G)
and ξ ∈ W k,p(M, g).

These sets are Banach manifolds in the topological space of continuous gauge
transformations and they are actual groups with continuous group operations.

Lemma A.5 Let k ∈ N and 1 ≤ p <∞ be such that kp > n, then group multipli-
cation and inversion are continuous maps on Gk,p(P ).

Proof: This is a consequence of lemma B.8 since inversion and multiplication are
smooth maps on G. In order to get into the setting of that lemma one only has
to use the coordinate chart definition of Gk,p(P ) in lemma B.5. 2

Moreover, the gauge action of Gk,p(P ) is continuous on Ak−1,p(P ). (In fact,
both the multiplication and the gauge action of Gk,p(P ) is smooth.)
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Lemma A.6 Let k ∈ N and 1 ≤ p < ∞ be such that kp > n. Then the gauge
action is a continuous map

Gk,p(P )×Ak−1,p(P ) −→ Ak−1,p(P )
(u,A) 7→ u∗A.

Moreover, for every trivialization over some U ⊂M there exists a constant C such
that for all u ∈ Gk,p(U) and A ∈ Ak−1,p(U)

‖u∗A‖Wk−1,p ≤ ‖u−1du‖Wk−1,p + C‖A‖Wk−1,p

(
1 + ‖u−1du‖Wk−2,2p

)k−1
.

Proof: By definition of Gk,p(P ) and remark B.1 it suffices to prove this in all local
trivializations over U ⊂ M . So let sequences ui ∈ Gk,p(U) and Ai ∈ Ak−1,p(U)
converge to u ∈ Gk,p(U) and A ∈ Ak−1,p(U) respectively. Then by definition (see
lemma B.7 (iv)) the convergence of ui also is in C0(U,G) and u−1

i dui converges to
u−1du with respect to the W k−1,p-norm. Thus in u∗iAi = (ui)

−1Aiui + (ui)
−1dui

one immediately obtains the W k−1,p-convergence of the first term and the Lp-
convergence of the second term. In case k = 1 this proves the first part of the
lemma. It remains to show the W k−1,p-convergence of the second term when k ≥ 2
and hence p ≥ n

2 . For the inequality one starts with

‖u∗A‖Wk−1,p ≤ ‖u−1du‖Wk−1,p + ‖u−1Au‖Wk−1,p .

In case k = 1 the claimed inequality then follows from the invariance of the metric
on g under conjugation, (A.4). For k ≥ 2 one needs further estimates on the
second term. The following lemma in the case ` = k− 1, τ = A, and τi = Ai then
provides these estimates and proves the lemma. 2

Lemma A.7 Consider a trivialization of P over U ⊂M , let 0 ≤ ` < k be integers,
and let 1 ≤ p < ∞ be such that kp > n and p ≥ n

2 . Then there exists a constant
C such that the following holds.

Let ui ∈ Gk,p(U) converge to u ∈ Gk,p(U) and suppose that τ and τi are
W `,p-differential forms on U with values in g such that τi converges to τ in the
W `,p-norm. Then (ui)

−1τiui converges to u−1τu in the W `,p-norm and for some
constant C

‖u−1τu‖W `,p ≤ C‖τ‖W `,p

(
1 + ‖u−1du‖W `−1,2p

)`
.

Proof: This will be shown by induction over ` ∈ N0. For ` = 0 the convergence
follows from the C0-convergence of the ui, and the invariance (A.4) of the metric
on g under conjugation provides the estimate

‖u−1τu‖p = ‖τ‖p.
For the derivatives in case ` > 0 first calculate with a vector field X on U at a
fixed point p ∈ U

∇X
(
u−1τu

)
= ∇X

(
Adu(p)−1u

(
u(p)−1τu(p)

))

= [u−1∇Xu, u−1τu] + u−1(∇Xτ)u.
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Now assume the lemma to hold for `−1 ≥ 0, and let τ and τi be as assumed. Then
the case ` = 0 provides the Lp-convergence of u−1

i τiui and it remains to show that

∇(u−1
i τiui) = [u−1

i ∇ui, u−1
i τiui] + u−1

i ∇τiui

converges to ∇(u−1τu) in the W `−1,p-norm. The convergence of the second term is
provided by the induction hypothesis (the lemma for `−1 with τ replaced by ∇τ).
The convergence of the Lie bracket is due to lemma B.3 with r = s = 2p since both
factors u−1

i ∇ui and u−1
i τiui converge in W `−1,2p. Indeed, for the first this is due

to the Sobolev embedding W `,p ↪→W `−1,2p and ` ≤ k−1. The convergence of the
second factor follows from the lemma for `− 1 with (k, p) replaced by (k − 1, 2p)
since by above Sobolev embedding τi also converges in the W `−1,2p-norm and ui
converges in Gk−1,2p(U). Thus

‖[u−1
i ∇ui, u−1

i τiui]− [u−1∇u, u−1τu]‖W `−1,p

≤ ‖u−1
i dui − u−1du‖W `−1,2p‖u−1

i τiui‖W `−1,2p

+ ‖u−1∇u‖W `−1,2p‖u−1
i τiui − u−1τu‖W `−1,2p

−→
i→∞

0.

The induction step for the estimate works by the same arguments. Denote all
constants by C then

‖u−1τu‖W `,p ≤ ‖u−1τu‖p + ‖∇(u−1τu)‖W `−1,p

≤ ‖τ‖p + ‖u−1∇τu‖W `−1,p + ‖u−1du‖W `−1,2p‖u−1τu‖W `−1,2p

≤ ‖τ‖p + C‖∇τ‖W `−1,p

(
1 + ‖u−1du‖W `−2,2p

)`−1

+ ‖u−1du‖W `−1,2pC‖τ‖W `−1,2p

(
1 + ‖u−1du‖W `−2,4p

)`−1

≤ C‖τ‖W `,p

(
1 + ‖u−1du‖W `−1,2p

)`
.

Here the Sobolev inequalites for W `,p ↪→ W `−1,2p and W `−1,2p ↪→ W `−2,4p hold
due to p ≥ n

2 . 2

This local estimate on u−1Au = u∗A − u−1du also leads to the following
compactness result that is necessary both for the existence of an Uhlenbeck gauge
and a patching lemma for exhausted noncompact manifolds.

Lemma A.8 Let k ∈ N and 1 ≤ p < ∞ be such that kp > n and p > n
2 .

Let (Aν)ν∈N ⊂ Ak−1,p(P ) and (uν)ν∈N ⊂ Gk,p(P ) be two sequences such that both
‖Aν‖Wk−1,p and ‖uν ∗Aν‖Wk−1,p are uniformly bounded. Then the following holds.

(i) In every trivialization over some domain Uα ⊂M there is a uniform bound
on ‖(uνα)−1duνα‖Wk−1,p(Uα).

(ii) There exists a subsequence of the uν that converges in the C0-topology to
some u∞ ∈ Gk,p(P ).
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(iii) If moreover 1 ≤ s <∞ satisfies 1
s
> 1

p
− 1
n

then the subsequence in (ii) can be

chosen such that (uνα)−1duνα converges to (u∞α )−1du∞α in the W k−2,s-norm
for all trivializations.

Proof: For (i) consider uνα ∈ Gk,p(Uα) and Aνα ∈ Ak−1,p(Uα) but drop the sub-
script α. Then we have

(uν)−1duν = uν ∗Aν − (uν)−1Aνuν ,

where ‖Aν‖Wk−1,p and ‖uν ∗Aν‖Wk−1,p are uniformly bounded. We will now it-
eratively obtain uniform bounds on ‖(uν)−1duν‖W `,q` for ` = 0, . . . , k − 1 and
q` = 2k−`−1p. For ` = k − 1 that proves the claim since qk−1 = p.

For the iteration note that the Sobolev inequality for W k−1,p ↪→ W `,q` holds
in all cases: For ` = k− 1 these are the same spaces since q` = p; for ` = k− 2 we
have q` = 2p and W k−1,p ↪→ W k−1,2p holds due to p ≥ n

2 ; and for ` ≤ k − 3 we
even have W k−1,p ↪→ C`.

The start ` = 0 follows from the invariance of the metric under conjugation,

‖(uν)−1duν‖q0 ≤ ‖uν ∗Aν‖q0 + ‖Aν‖q0
≤ C

(
‖uν ∗Aν‖Wk−1,p + ‖Aν‖Wk−1,p

)
.

Here C is the constant for above Sobolev inequality, and the right hand side is
uniformly bounded by assumption.

Now assume the uniform bound on ‖(uν)−1duν‖
W

`−1,q`−1 to be established for
some ` ≥ 1, then use lemma A.7, above Sobolev inequality, and the fact that
2q` = q`−1 to obtain

‖(uν)−1duν‖W `,q`

≤ ‖uν ∗Aν‖W `,q` + ‖(uν)−1Aνuν‖W `,q`

≤ ‖uν ∗Aν‖W `,q` + C‖Aν‖W `,q`

(
1 + ‖(uν)−1duν‖W `−1,2q`

)`

≤ C
(
‖uν ∗Aν‖Wk−1,p + ‖Aν‖Wk−1,p

(
1 + ‖(uν)−1duν‖

W
`−1,q`−1

)`
.

Here C denotes any finite constant, and the right hand side is uniformly bounded
by assumption.

For (ii) and (iii) choose a finite bundle atlas (Uα,Φα) of P . Then due to (i)
corollary B.9 applies in every trivialization, so there exist C0-convergent subse-
quences of the local representatives uνα. Their limits uα lie in Gk,p(Uα), and for
the same subsequence (uνα)−1duνα converges to (u∞α )−1du∞α in the W k−2,s-norm.
Since the atlas is finite some common subsequence of the uν converges in all bundle
charts and thus also converges in the C0-topology on P to some continuous gauge
transformation u. This limit connection actually lies in Gk,p(P ) since the uα are
its local representatives – see the definition of this Sobolev space of sections in a
fibre bundle. 2
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Sobolev Spaces

The aim of this appendix is to give a thorough definition of Sobolev spaces and
norms for sections of fibre bundles. We also state all Sobolev estimates, compact-
ness, and embedding results that are relevant for our purposes. In particular, we
give a precise definition of the Sobolev spaces of connections and gauge transfor-
mations that are used in this book.

Throughout, (M, g) will be a Riemannian n-manifold that is (unless other-
wise mentioned) not necessarily orientable or compact and is allowed to have a
boundary.

Smooth functions with compact support can be integrated over M as follows:
Choose any locally finite atlas M =

⋃
ι∈I Uι, Φι : Uι → Rn and a subordinate

partition of unity
∑

ι∈I ψι ≡ 1|M , suppψι ⊂ Uι. Then for every f ∈ C∞(M) with
compact support

∫

M

f :=
∑

ι∈I

∫

Φι(Uι)

ψι◦Φ
−1
ι · f◦Φ−1

ι

√
| det(Φι ∗g)|.

This sum is finite since it only runs over ι ∈ I such that Uι intersects the compact
support of f . The metric on M also induces a pointwise inner product on covariant
tensors α, β ∈ ⊗kT∗xM (this is independent of the local coordinates):

〈α , β 〉 = gi1j1 . . . gikjkαi1...ikβj1...jk . (B.1)

Now we consider a vector bundle E overM that is equipped with an inner product
of the fibres and a covariant derivative ∇E : Γ(E) → Γ(T∗M ⊗ E). (Γ(·) denotes
the space of sections of the bundle.) This provides an inner product on ⊗kT∗M⊗E
for all k ∈ N. Also the covariant derivative on E and the Levi-Civita connection
∇M of (M, g) can be combined to

∇ : Γ(⊗kT∗M ⊗E) −→ Γ(⊗k+1T∗M ⊗E).

179
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This is defined as follows: For every α ∈ Γ(⊗kT∗M⊗E) the subsequent expression
is C∞(M)-linear in X0, . . . , Xk ∈ Γ(TM) hence defines a section of ⊗k+1T∗M⊗E:

∇α(X0, . . . , Xk) = ∇EX0
(α(X1, . . . , Xk))− α(∇MX0

X1, X2, . . . , Xk) (B.2)

− . . .− α(X1, . . . , Xk−1,∇MX0
Xk).

Let Γ0(E) denote the space of smooth sections of a vector bundle E with compact
support. For 1 ≤ p <∞ the Lp-norm is defined for all α ∈ Γ0(E) by

‖α‖p :=

(∫

M

|α|p
) 1

p

.

Then for 1 ≤ p <∞ and k ∈ N0 theW k,p-Sobolev norm is defined for all α ∈ Γ0(E)
by

‖α‖Wk,p :=

( k∑

j=0

‖∇jα‖pp
) 1

p

=

( k∑

j=0

∫

M

|∇jα|p
) 1

p

.

Here ∇jα ∈ Γ(⊗jT∗M ⊗ E) is the j-th covariant derivative of α and | · | denotes
the pointwise norm that is induced by the inner product on ⊗kT∗M ⊗E.

Finally, the Sobolev space Wk,p(M,E) of sections of the vector bundle
E→M is defined as the completion of Γ0(E) with respect to the W k,p-norm.
This norm is then extended to the whole Sobolev space. In the case j = 0 this
is the standard definition of the Lp-space and norm and we write ‖ · ‖p for the
W 0,p-Sobolev norm. It also is apparent from the definition that all these Sobolev
spaces are Banach spaces.

The definition so far already covers the case of differential forms on a mani-
fold. Here a k-form is considered as section of ⊗kT∗M . The inner product on
this bundle was defined in (B.1) and the covariant derivative is induced by the
Levi-Civita connection on M as in (B.2), where ∇EX0

can simply be replaced by
the Lie derivative LX0

.

In order to define the Sobolev spaces of connections on a principal G-bundle
P

π−→M we first have to fix a smooth reference connection Ã ∈ A(P ) and choose
a metric on M . Then every connection differs from Ã by a section of T∗M ⊗ gP ,
and the fibres of this bundle are equipped with an inner product as defined in
(A.7). Moreover, Ã determines a covariant derivative ∇Ã on T∗M ⊗ gP as in
(A.3). With this inner product and covariant derivative (determined by choices of
a metric and a reference connection) the (affine) Sobolev space of connections
is defined as

Ak,p(P ) := Ã+W k,p(M,T∗M ⊗ gP ).

If the manifoldM is compact then this space is independent of the involved choices.
However, the corresponding norm on W k,p(M,T∗M ⊗ gP ) always depends on the
chosen metric and for k ≥ 1 it also depends on the covariant derivative ∇Ã.
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However, we still denote these Sobolev norms by ‖·‖Wk,p – the reference connection
is usually clear from the context.

In a local trivialization Φ = π×φ : π−1(U)→ U×G over U ⊂M we can use the
natural reference connection Ã = φ−1dφ to define Ak,p(P |U ). The corresponding
Sobolev norm on sections of T∗U ⊗ gP |U equals the norm on W k,p(U,T∗U ⊗ g)
of the local representatives of the connections. We thus locally define the Sobolev
space of connections as

Ak,p(U) := W k,p(U,T∗U ⊗ g).

So the affine space of connections on P |U is Ak,p(P |U ) = φ−1dφ+Ak,p(U). More-

over, in the case of a noncompact base manifolds we denote by Ak,ploc (P ) the space
of connections that restrict to Ak,p(P |K) for all compact subsets K ⊂M .

This completes the definition of Sobolev spaces of sections in vector bundles.
Next, we note that the Sobolev embedding theorem generalizes directly to sections
of vector bundles when the base manifold is compact. This is due to the fact that
in this case the relevant Sobolev spaces and norms can equivalently be defined in
finitely many coordinate patches and componentwise (regarding the fibre):

Remark B.1 Let the base manifold M of a vector bundle E
π−→M be compact

and consider a finite atlas M =
⋃N
i=1 Ui, Φi : π−1(Ui)

∼→ Vi × Rm. Here Vi ⊂ Rn

is a coordinate chart of M and Rm is isomorphic to the fibres of E. So a section
α ∈ Γ(E) is locally represented by Φi ∗α : Vi → Rm, which has m components
(Φi ∗α)j : Vi → R.

Then for every 1 ≤ p < ∞ and k ∈ N0 the W k,p-norm for sections of E is
equivalent to the norm given by

N∑

i=1

m∑

j=1

‖(Φi ∗α)j‖Wk,p(Vi)

for all α ∈ Γ(E). Hence a section lies in W k,p(M,E) if and only if on all coordinate
patches all of its components are W k,p-functions.

In order to state the generalized Sobolev estimates we define the L∞-norm for
continuous sections α ∈ C0(M,⊗kT∗M ⊗E) by

‖α‖∞ := sup
x∈M

|α(x)|.

Then for all j ∈ N0 the uniform Cj-topology for sections is determined by the
W j,∞-norm defined as follows: For all α ∈ Cj(M,E)

‖α‖W j,∞ := sup
k≤j
‖∇kα‖∞.
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Theorem B.2 (Sobolev embeddings and estimates)
Let E be a vector bundle over a compact Riemannian n-manifold M . Let j < k ∈ N

and 1 ≤ p, q <∞.

(i) If k − n
p
≥ j − n

q
then the inclusion

W k,p(M,E) ↪→ W j,q(M,E)

is continuous, i.e. for all α ∈ W k,p(M,E) and some constant C

‖α‖W j,q ≤ C‖α‖Wk,p .

(ii) If k − n
p
> j − n

q
then the inclusion is a compact map

W k,p(M,E) ↪→W j,q(M,E).

(iii) If k − n
p
> j then the inclusion

W k,p(M,E) ↪→ Cj(M,E)

is continuous, i.e. for all α ∈ W k,p(M,E) and some constant C

‖α‖W j,∞ ≤ C‖α‖Wk,p .

Moreover, this inclusion is a compact map.

For real valued functions on a bounded domain of Rn these results can be found
in e.g. [A, Thm.5.4,Thm.6.2]. 1 To see this generalization consider the equivalent
Sobolev norm from remark B.1. We can apply the standard Sobolev estimates on
the charts Vi to the components (Φi∗α)j . Since these are finitely many charts and
components this transfers the Sobolev inequality to the chartwise defined norm
for sections of the vector bundle. Finally, by the equivalence of the norms the
inequality also holds for the original Sobolev norm.

The compactness of the embeddings generalizes in the same way: Let a se-
quence of sections of the vector bundle be bounded in the considered Sobolev
norm and choose a finite set of charts as in remark B.1. Then in every chart all
components are bounded and thus have a convergent subsequence (with respect
to the other Sobolev norm) by the compact Sobolev embedding in the standard
case. We can thus find a subsequence that converges with all components on every
chart and hence also with respect to the equivalent global Sobolev norm.

A consequence of the Sobolev estimates are the following product inequalities
on compact manifolds which hold in particular for k ≥ 1, r = s = p and kp > n.
Recall that n is the dimension of the considered manifold M .

1When the domain Ω is bounded then Lq embedds into Lr for all r ≤ q, thus the condition
p ≤ q is not necessary in this case.
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Lemma B.3 Assume that M is compact, let k ∈ N0, and let 1 ≤ p, r, s < ∞ be
such that either

r, s ≥ p and 1
r

+ 1
s
< k

n
+ 1

p

or
r, s > p and 1

r
+ 1

s
≤ k

n
+ 1

p
.

Then there is a constant C such that for all f ∈ W k,r(M) and g ∈ W k,s(M) the
product fg lies in W k,p(M) and satisfies

‖fg‖Wk,p ≤ C‖f‖Wk,r‖g‖Wk,s .

Proof: This is proven by induction on k ∈ N0. For k = 0 this simply is the Hölder
inequality together with the fact that M has finite volume:

‖fg‖p ≤ (VolM)γ‖f‖r‖g‖s with γ = 1
p
− 1

r
− 1

s
.

In fact, this inequality and thus the theorem in case k = 0 holds under the slightly
weaker assumptions 1 ≤ p, r, s ≤ ∞ and 1

r
+ 1

s
≤ 1

p
. Now let k ∈ N, assume

the lemma to hold for k − 1, and consider f ∈ W k,r(M) and g ∈ W k,s(M)
with r and s as assumed. Then the induction hypothesis (the lemma for k − 1)
provides constants C ′ (for r and some s̃) and C ′′ (for s and some r̃), and Sobolev
embeddings yield a further constant C such that fg ∈ W k,p(M) follows from the
following estimate:

‖fg‖Wk,p ≤ ‖fg‖p + ‖g∇f‖Wk−1,p + ‖f∇g‖Wk−1,p

≤ ‖f‖α‖g‖β + C ′‖g‖Wk−1,s̃‖∇f‖Wk−1,r + C ′′‖f‖Wk−1,r̃‖∇g‖Wk−1,s

≤ C‖f‖Wk,r‖g‖Wk,s .

Here 1 ≤ α, β <∞ are chosen such that the Sobolev embeddings W k,r ↪→ Lα and
W k,s ↪→ Lβ hold:

1
α
≥ 1

r
− k

n
, 1

β
≥ 1

s
− k

n
.

At the same time we can make sure that 1
α

+ 1
β
≤ 1

p
, so we have the above Hölder

inequality ‖fg‖p ≤ ‖f‖α‖g‖β. This is due to the fact that both 1
r
− k

n
, 1
s
− k

n
, and

the sum of both terms are all less than 1
p
.

Next, p < r̃ <∞ (and analogously s̃) is chosen such that the lemma for k − 1
holds with r̃ instead of r, and at the same time there is a Sobolev embedding
W k,r ↪→W k−1,r̃, i.e.

1
p

+ k−1
n
− 1

s
≥ 1

r̃
≥ 1

r
− 1

n
.

If s = p then the first inequality has to be strict. For k ≥ 2 one finds such r̃ since
by assumption

0 < 1
p

+ k−1
n
− 1

s
≥ 1

r
− 1

n
< 1

p
.

Here the second inequality is strict if s = p. In case k = 1 one has to find
1 ≤ r̃ ≤ ∞ such that

1
p
− 1

s
≥ 1

r̃
≥ 1

r
− 1

n
.
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If r̃ = ∞ then one has to require in addition r > n for the Sobolev embedding
W 1,r ↪→ L∞. Such r̃ can be found since by assumption

0 ≤ 1
p
− 1

s
≥ 1

r
− 1

n
.

The case r̃ = ∞ only occurs when s = p, but then r > n is ensured by the strict
inequality 1

r
+ 1

s
< 1

n
+ 1

p
. 2

These estimates generalize directly to sections of vector bundles over compact
base manifolds as does the following theorem.

Theorem B.4 (Banach-Alaoglu)
Let E be a vector bundle over a compact Riemannian manifold M . Let k ∈ N and
1 < p <∞. Then every bounded sequence in W k,p(M,E) has a weakly convergent
subsequence.

This sequentially weak compactness of the unit ball is a general fact for re-
flexive Banach spaces (see [Y, V.2,Thm.1]). In the standard case of functions on
bounded domains in Rn the reflexivity (and even separability) of the considered
Sobolev spaces is proven in e.g. [A, Thm.3.5]. The generalization works via the
characterization of the Sobolev spaces in remark B.1.

So far we have only considered Sobolev spaces of sections of vector bundles.
Now we move on to maps between manifolds and finally sections of fibre bundles,
in particular gauge transformations. Firstly, consider maps from the manifold M
to another manifold X . For this purpose fix an atlas (Uα, φα)α∈A and a metric on
X . Also fix an embedding Φ : X → R2`+1; this exists by the Whitney theorem
(see e.g. [H, Thm.2.2.14]) with ` = dimX .

Lemma B.5 Assume that M is compact and let k ∈ N and 1 ≤ p < ∞ be such
that kp > n. Then for u ∈ C0(M,X) the following is equivalent:

(i) φα◦u ∈W k,p(u−1(Uα),R`) for all α ∈ A;

(ii) Φ◦u ∈W k,p(M,R2`+1);

(iii) u = exps(V ) for some s ∈ C∞(M,X) and V ∈W k,p(M, s∗TX);

(iv) u−1du ∈ W k−1,p(M,T∗M ⊗ g) in the case when X = G is a compact Lie
group with Lie algebra g.

Now the Sobolev space Wk,p(M,X) of maps to a manifold X is defined
as the set of continuous maps that satisfy the equivalent conditions in the previous
lemma.

Finally, consider a general fibre bundle X ↪→ P
π−→ M and fix a bundle atlas

(Uα, τα)α∈A. In every local trivialization π×τα : π−1(Uα)→ Uα×X over Uα ⊂M
a section u of this bundle corresponds to a map τα◦u : Uα → X . The Sobolev
space Wk,p(M,P) of sections of the fibre bundle P is then defined to consist
of all those sections u such that τα◦u ∈W k,p(Uα, X) for all α ∈ A.
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Remark B.6

(i) Lemma B.5 shows that condition (i) is independent of the atlas, (ii) is in-
dependent of the embedding, and (iii) is independent of the metric on X
that determines the exponential map. Hence W k,p(M,X) is well defined
and independent of these choices.

(ii) In the case when X = G is a Lie group, property (iii) can be reformulated as
u = s · exp(ξ) for some s ∈ C∞(M,G) and ξ ∈W k,p(M, g) (with ξ = s−1V ).
This shows that W k,p(M,G) is a Banach manifold modelled on W k,p(M, g).

The topology on W k,p(M,X) is given by the folloging equivalent convergence
criteria. This also defines a topology on the Sobolev spaces of sections of a fibre
bundle via convergence in a bundle atlas.

Lemma B.7 Assume that M is compact and let k ∈ N and 1 ≤ p < ∞ be such
that kp > n. Then for a sequence ui and some u in W k,p(M,X) the following is
equivalent:

(i) ui converges to u in the C0-topology and φα◦ui converges to φα◦u with respect
to the W k,p-norm for all α ∈ A;

(ii) Φ◦ui converges to Φ◦u with respect to the W k,p-norm;

(iii) There exist s ∈ C∞(M,X), V ∈ W k,p(M, s∗TX), and for sufficiently large
i ∈ N there are Vi ∈ W k,p(M, s∗TX) such that u = exps(V ), ui = exps(Vi),
and the Vi converge to V in the W k,p-norm;

(iv) ui converges to u in the C0-topology and u−1
i dui converges to u−1du in

W k−1,p(M,T∗M ⊗ g) in the case when X = G is a compact Lie group with
Lie algebra g.

The assumption kp > n is necessary for these equivalences due to the following
key lemma.

Lemma B.8 Let B ⊂ Rn be a bounded domain. Let 1 ≤ p <∞ be such that
kp > n and fix k,m,N ∈ N. Suppose that f ∈ Ck(Rm,RN ), then composition with
f is a continuous map

W k,p(B,Rm) −→ W k,p(B,RN )
u 7→ f◦u.

Proof: Let u ∈ W k,p(B,Rm) be given and consider f◦u : B → RN . Then for all
integers 0 ≤ ` ≤ k and j1, . . . , j` = 1, . . . , n we have to show that ∂j1 . . . ∂j`(f◦u)
lies in Lp(B,RN ) and depends W k,p-continuously on u. Every such derivative is
a finite sum of terms of the form

(∂i1 . . . ∂i`f)◦u · ∂I1ui1 . . . ∂I`
ui` (B.3)
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with integers 0 ≤ ` ≤ k and 1 ≤ i1, . . . , i` ≤ m and nonempty multiindices
I1, . . . , I` of integers 1, . . . , n with |I1| + . . . + |I`| ≤ k. Here ui denotes the i-th
component of u in Rm, ∂I is the usual multiple derivative and |I | is the number
of elements in the multiindex I .

Firstly, the Sobolev embedding W k,p ↪→ C0 holds due to kp > n, so u is
continuous. Since ` ≤ k also ∂i1 . . . ∂i`f is continuous and thus the composition
of these two maps is continuous and bounded on B. More precicely, this first
factor in (B.3) depends C0-continuously on u. Again, the continuous Sobolev
embedding W k,p ↪→ C0 applies, so this factor varies C0-continuously with W k,p-
small variations of u.

It remains to prove that the Lp-norm of the second factor ∂I1u
i1 . . . ∂I`

ui` in
(B.3) is finite and that this factor depends W k,p-continuously on u. This is a

consequence of the Sobolev embeddings W k−m,p ↪→ L
Mp
m for integers 1 ≤ M ≤ k

and 1 ≤ m ≤ M . (To check the condition k −m− n
p
≥ −nm

Mp
for this embedding

note that k−m ≥ n
kp

(k−mM
k

) since m ≤M ≤ k.) For M = |I1|+. . .+|I`| ≤ k and

m = |Iι| with ι = 1, . . . , ` the corresponding Sobolev estimate with some constant
C yields ∥∥∂Iι

uiι
∥∥

Mp
|Iι|

≤ C
∥∥∂Iι

uiι
∥∥
Wk−|Iι|,p

≤ C‖u‖Wk,p .

Finally, we can apply the Hölder inequality for 1
p

= |I1|
Mp

+ . . .+ |I`|
Mp

to obtain

∥∥∂I1ui1 . . . ∂I`
ui`
∥∥
p
≤
∥∥∂I1ui1

∥∥
Mp
|I1|

. . .
∥∥∂I`

ui`
∥∥

Mp
|I`|

≤ C‖u‖`Wk,p

for some finite constant C. So the second factor in (B.3) lies in Lp(B,RN ), and
its continuity is seen by an analogous calculation. 2

This certainly extends to the case when Rn is replaced by an n-manifold (see
remark B.1) and Rm by an open subset of Rm. Then it can be used in several ver-
sions to prove the equivalences in the definition of W k,p(M,X) and its topology.
This lemma also shows that the definition of Sobolev spaces of sections of fibre
bundles is independent of the choice of the bundle atlas – all transition maps are
smooth.

Proof of the lemmata B.5 and B.7 :
We only give a detailled proof of lemma B.5; the arguments for the sequences in
lemma B.7 are analogous except for little details that will be mentioned. The
strategy of the proof is (i)⇒(ii)⇒(iii)⇒(i). Then in the case of a compact Lie
group we show in addition (iii)⇒(iv)⇒(ii). As a general fact note that u(M) ⊂ X
is compact since X was assumed to be compact and u is continuous.

(i) ⇒ (ii) :
For every x ∈ X a neighbourhood of Φ(x) ⊂ Φ(X) is parametrized by orthogonal
projection to Φ∗TxX ⊂ R2`+1. Hence there exists a neighbourhood V ⊂ X of
x with V ⊂ Uα for some α ∈ A, a smooth projection π : R2`+1 → R` such that
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ψ = π◦Φ : V → R` is a chart of X , and a smooth map Φ̃ : R` → R2`+1 such that
Φ|V = Φ̃◦ψ. (The latter is due to the fact that Φ(V ) is a graph over Φ∗TxX .)

Since u(M) ⊂ X is compact there exist a finite covering by such neighbour-

hoods, u(M) ⊂ ⋃Ni=1 Vi, with coordinate charts ψi : Vi → R` and smooth maps

Φ̃i : R` → R2`+1 such that Φ|Vi
= Φ̃i◦ψi. Moreover, every Vi lies within some Uα,

thus ψi◦u = (ψi◦φ−1
α )◦(φα◦u) on u−1(Vi), and this lies in W k,p(u−1(Vi),R

`). In-
deed, by assumption φα◦u ∈W k,p(u−1(Uα),R`) and ψi◦φ−1

α is a smooth map on R`,

so lemma B.8 applies. Now choose a smooth partition of unity
∑N

i=1 hi

∣∣∣
u(M)

≡ 1

with hi ∈ C∞(X, [0, 1]) and supphi ⊂ Vi, then

Φ◦u =

N∑

i=1

(hi◦u) · (Φ◦u) =

N∑

i=1

(hi◦ψ
−1
i · Φ̃i)◦(ψi◦u).

Here all the hi◦ψ
−1
i · Φ̃i are smooth maps from ψi(Vi) ⊂ R` to R2`+1. So again

lemma B.8 applies to every single summand and proves that this finite sum lies in
W k,p(M,R2`+1).

When considering sequences of maps one only has to replace u(M) for the cov-
ering by a slightly bigger but still compact domain such that for sufficiently large
i all ui take values in this domain. This is possible due to the C0-convergence of
the ui.

(ii) ⇒ (iii) :

This again uses the continuous Sobolev embedding W k,p ↪→ C0: It ensures that
for every δ > 0 there exists s̃ ∈ C∞(M,R2`+1) such that ‖s̃− Φ◦u‖∞ ≤ δ. Choose
δ sufficiently small for s̃ to take values in a tubular neighbourhood of Φ(u(M)).
Then use the tubular neighbourhood to project s̃ down to Φ(X) and compose it
with Φ−1, which yields a map s ∈ C∞(M,X). Since these are all smooth maps on
compact sets we can still fix ∆ > 0 and achieve by the choice of δ that for every
p ∈M the geodesic distance between u(p) and s(p) is less than ∆. (For lemma B.7
one achieves this for every ui by also choosing i sufficiently large such that ui is
C0-close to u.)

If we choose ∆ > 0 as the injectivity radius of the exponential map with base
point in s(M) then for every p ∈M

V (p) := exp−1
s(p)(u(p)) ∈ Ts(p)X.

In order to see that this defines a W k,p-section of s∗TX use remark B.1 with local
trivializations given by dΦ composed with projections from TR2`+1 ∼= R2`+1 to
R`. That way it suffices to show that the map dΦ◦V lies in W k,p(M,R2`+1). In
order to be able to apply lemma B.8 we rewrite

dΦ◦V =
(
dΦ◦exp−1

s ◦Φ−1
)
◦
(
Φ◦u

)
= Exp−1

Φ◦s◦
(
Φ◦u

)
.
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Here Exp is the exponential map on R2`+1 for a metric constructed as follows:
Push the metric on X forward to Φ(X) and choose some metric on the nor-
mal bundle N(Φ(X)) in TR2`+1. Then use a tubular neighbourhood diffeomor-
phism to push this product metric down to a neighbourhood of Φ(X) ⊂ R2`+1.
That way the images under Φ of geodesics in X are geodesics in R2`+1 and
ExpΦ(x)|T(Φ(X)) = Φ◦expx ◦dΦ−1 for all x ∈ X . In order to be able to invert
this map one of course has to choose ∆ > 0 to be the (possibly smaller) injectivity
radius of Exp on Φ(s(M)). Now lemma B.8 implies the required regularity of V
since Exp−1

Φ◦s is a smooth map from an open subset inM×R2`+1 to TR2`+1 ∼= R2`+1

and Id|M × Φ◦u ∈ W k,p(M,M × R2`+1) by assumption.

(iii) ⇒ (i) :

Let u = exps(V ) as in (iii), then for every α ∈ A and p ∈ u−1(Uα)

(φα◦u)(p) =
(
φα◦exps(p) ◦(ds(p)φα)−1

)
◦
(
dφα◦V

)
(p).

By remark B.1 dφα◦V is a W k,p-section of s∗φ∗αTR` ∼= M × R` over u−1(Uα)
and thus can be seen as W k,p-map from u−1(Uα) to R`. Then the first map in
above composition is a smooth map from u−1(Uα) × R` to R`. Thus lemma B.8
implies that its composition with Id|u−1(Uα) × dφα◦V is a W k,p-function, that is

φα◦u ∈ W k,p(u−1(Uα),R`).

(iii) ⇒ (iv) :

Let u = s ·exp(ξ) with s ∈ C∞(M,G) and ξ ∈W k,p(M,T∗M⊗g) as in (iii) for the
case of X = G being a compact Lie group with (finite dimensional) Lie algebra g.
Then we have to prove that u−1du(Y ) ∈ W k−1,p(M, g) for every smooth vector
field Y : M → TM . So rewrite

u−1du(Y ) = Adexp(ξ)(s
−1ds(Y )) + exp(−ξ)dξ exp(dξ(Y ))

= Adexp(s
−1ds(Y ))◦ξ +E(ξ)◦LY ξ,

where the map E : g → End(g) to the space of endomorphisms of g is given
by E(ξ)η = exp(−ξ)dξ exp(η) for all η ∈ g ∼= Tξg. The first term in above
expression has the right form for lemma B.8, which implies that this term even
lies in W k,p(M, g). The second term lies in W k−1,p(M, g) by similar calculations
as in the lemma, which we demonstrate in the case k = 2:

Due to p > n
2 the Sobolev embeddings W 2,p ↪→ C0 implies that ξ is continuous

and hence E(ξ) is bounded in the operator norm on g, thus for some constant C

‖E(ξ)◦LY ξ‖p ≤ C‖LY ξ‖p.

This is finite since ξ ∈ W 2,p(M, g). For the derivative of this term let Z be another
smooth vector field, then

‖LZ(E(ξ)◦LY ξ)‖p ≤ ‖dξE(LZξ)◦LY ξ‖p + ‖E(ξ)◦LZLY ξ‖p.
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The second term here is estimated as before by the W 2,p-norm of ξ. In the first
term dξE is a bounded linear map from g to End(g), hence for some constant C

‖dξE(LZξ)◦LY ξ‖p ≤ C‖LZξ‖2p‖LY ξ‖2p.

So this term is bounded by the W 1,2p-norm of ξ which is finite due to the Sobolev
embedding W 2,p ↪→ W 1,2p. This proves that u−1du has finite W 2,p-norm. In the
general case k > 2 these estimates can be carried out in the same style using the
Sobolev estimates established in lemma B.8.

When considering sequences the C0-convergence follows from the continuity of
the Sobolev embedding W k,p ↪→ C0 for maps to g.

(iv) ⇒ (ii) :
We give the precise proof only in case k ≤ 2, the general case is analogous.
Firstly, u is continuous, so also Φ◦u is continuous on a compact set and thus
lies in Lp(M,R2`+1). Secondly, for every smooth vector field Y on M

LY (Φ◦u) = duΦ◦du(Y ) = E(u)◦(u−1du(Y )).

Let `g = d1lLg : g→ TgG be the differential of the left multiplication by g. Then
E : g 7→ dgΦ◦`g smoothly maps G to the homomorphisms Hom(g,R2`+1). Since u
is continuous E(u) is bounded in the operator norm and thus for some constant C

‖LY (Φ◦u)‖p ≤ C‖u−1du(Y )‖p.

This is finite by assumption u−1du ∈W 1,p(M, g). Now consider a second smooth
vector field Z on M , then use the fact that duE◦`u also is bounded in the operator
norm of linear maps from g to Hom(g,R2`+1) to obtain for another constant C

‖LZLY (Φ◦u)‖p ≤
∥∥duE(du(Z))◦(u−1du(Y ))

∥∥
p

+
∥∥E(u)◦LZ(u−1du(Y ))

∥∥
p

≤ C
(
‖u−1du(Z)‖2p‖u−1du(Y )‖2p + ‖LZ(u−1du(Y ))‖p

)
.

This is then bounded by the W 1,p norm of u−1du due to the Sobolev embedding
W 1,p ↪→ L2p. Again, these estimates work in the same way for general k > 2
analogous to lemma B.8. 2

Gauge transformations fit into this framework when we consider them as sec-
tions of the associated bundle P ×c G. Here P →M is a principal G-bundle with
a compact Lie group G and c denotes conjugation. Then for kp > n we define the
Sobolev space of gauge transformations Gk,p(P) as W k,p(M,P ×c G). It is
naturally isomorphic to the subspace of equivariant maps in W k,p(P,G) and thus
it consists of all gauge transformations of the form u = s · exp(ξ), where s is a
smooth gauge transformation and ξ ∈ W k,p(M, gP ) is viewed as equivariant map
from P to g. So Gk,p(P ) is a Banach manifold modelled on W k,p(M, gP ).

Again, in the case of a noncompact base manifold Gk,ploc (P ) denotes the space
of gauge transformations that restrict to a Gk,p-gauge transformation on every
compact subset K ⊂M .
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In a local trivialization over U ⊂ M gauge transformations are represented
by maps u : M → G, and gP |U is isometrically identified with g. Thus locally
the Sobolev space of gauge transformations, Gk,p(P |U ), is identified with the set
Gk,p(U) of maps u = s · exp(ξ) : U → G with s ∈ C∞(U,G) and ξ ∈ W k,p(U, g).
Finally, this is equivalent to u ∈ C0(U,G) with

u−1du ∈W k−1,p(U,T∗U ⊗ g).

Of course, the definition of the Sobolev spaces of sections of fibre bundles via
embeddings allows to adopt all meaningfull Sobolev embedding and compactness
results. Here we only note the following extension of the Banach-Alaoglu theorem
to local gauge transformations.

Corollary B.9 Let U be a compact Riemannian n-manifold and let G be a com-
pact Lie group. Let k ∈ N and 1 ≤ p < ∞ be such that kp > n. Then for
every sequence (ui)i∈N in Gk,p(U) with a uniform bound on ‖u−1

i dui‖Wk−1,p there
exists a subsequence that converges in the C0-topology to a gauge transformation
u ∈ Gk,p(U).

Let moreover 1 ≤ s < ∞ be such that 1
s
> 1

p
− 1

n
, then above subsequence can

be chosen such that u−1
i dui converges to u−1du in the W k−2,s-norm.

Proof: Choose an embedding Φ : G → Rm, then by lemma B.5 (estimates in
the proof (iv)⇒(ii)) the sequence Φ◦ui is bounded in W k,p(M,Rm). Thus by
the Banach-Alaoglu theorem B.4 a subsequence converges W k,p-weakly to some
v ∈ W k,p(M,Rm). Since the embedding W k,p ↪→ C0 is compact by theorem B.2
the subsequence can also be chosen to converge in the C0-topology. Then v takes
values in Φ(G). Thus u = Φ−1◦v is well defined, lies in Gk,p(M,G), and is the
C0-limit of the ui.

Moreover the embedding W k−1,p ↪→ W k−2,s is compact. Hence for a further
subsequence u−1

i dui converges in the W k−2,s-norm. The limit has to be u−1du
due to the C0-convergence of ui to u and since dΦ◦dui converges to dΦ◦du in the
W k−2,s-norm (note that dΦ restricted to T(Φ(G)) is a bijection). 2

Finally, we give a proof of the trace theorem concerning the restriction of
Sobolev functions to the boundary of a compact manifold.

Theorem B.10 (Trace Theorem)
Let M be a compact Riemannian n-manifold and let 1 ≤ p < ∞. In case p < n
assume 1 ≤ q ≤ np−p

n−p , and in case p ≥ n assume 1 ≤ q <∞. Then the restriction

to the boundary ∂M is a bounded linear map from W 1,p(M) to Lq(∂M).

Proof: First consider the case when M is an orientable manifold. Let ν be a
smooth vector field on M that extends the outward unit normal to ∂M , so we
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have dvol∂M = ινdvolM |∂M . Then for all h ∈ C∞(M)

∫

∂M

|h|q dvol∂M =

∫

M

d
(
|h|qινdvolM

)

=

∫

M

|h|qLνdvolM +

∫

M

∂
∂ν
|h|q dvolM

≤ C
(∫

M

|h|q +

∫

M

|h|q−1|∇h|
)

≤ C
(
‖h‖q

Lq(M) + (VolM)
1
s ‖h‖q−1

Lρ(M)‖∇h‖Lp(M)

)
.

Here the constant C is finite since ν is smooth and M is compact. We have used
the Hölder inequality for three factors, and we have chosen 1 ≤ r, s ≤∞ such that
the Sobolev embedding W 1,p ↪→ Lρ holds for ρ = r(q − 1) and

1

s
+

1

r
+

1

p
= 1. (B.4)

In case q = 1 the factor |h|q−1 ≡ 1 can be dropped and we set s = p∗, where
1
p

+ 1
p∗

= 1. In case p > n and q > 1 one chooses s = p∗ and r = ∞. Then
the Sobolev embedding holds for ρ = ∞. In case p = n and q > 1 one takes
r = max{ 1

q−1 , p
∗} > 1. Then (B.4) defines s ∈ (p∗,∞] and the Sobolev embedding

holds with ρ = r(q− 1) ∈ [1,∞). In case p < n and q > 1 one obtains the Sobolev
embedding for ρ = r(q − 1) = np

n−p by choosing r = np
(n−p)(q−1) . Here we have

r ≥ p∗ due to q ≤ np−p
n−p , and hence (B.4) defines s ∈ (p∗,∞]. Moreover, the

Sobolev embedding W 1,p ↪→ Lq holds in all these cases due to q ≤ np
n−p . So in any

case we find a constant C such that for all h ∈ C∞(M)

‖h‖Lq(∂M) ≤ C‖h‖W 1,p(M). (B.5)

This shows that the restriction map C∞(M) → C∞(∂M), h 7→ h|∂M extends
continuously to a bounded linear map 1,p(M)→ Lq(∂M).

In the case of a nonorientable manifold one can cover a neighbourhood of the
boundary by finitely many domains on which the lemma is already established
(compact orientable domains with smooth boundary). On each of these domains
the corresponding embedding is continuous. Now the boundaries of all these do-
mains cover the boundary of the manifold, hence the (finitely many) embeddings
patch together to give the required embedding to the whole boundary. 2





Appendix C

Lp-Multipliers, Mollifiers,

and Poisson Kernels

This appendix gives a collection of results concerning several types of operators
on Lp-spaces. Since it fits in nicely with all the Lp-theory in this book we explain
the general concept of Lp-multipliers. These are bounded operators on Lp-spaces
given by multiplication of the Fourier transform with a function. There is an easy
but little known criterion for Lp-multipliers by Mihlin. It is not needed in this
book but we use it to give a simple proof of the Calderon-Zygmund inequality.

The Calderon-Zygmund inequality says that f 7→ ∂i∂j(K ∗ f) is a bounded
linear operator on Lp(Rn), where K is the Poisson kernel. We moreover prove
that f 7→ K ∗ f is a bounded linear operator from Lp(Ω) to W 2,p(Ω) for bounded
domains Ω ⊂ Rn.

Another type of operators on Lp(Rn) is the convolution with mollifiers. These
are functions ρt(x) = t−nρ(x

t
) for t > 0 and ρ ∈ C∞(Rn, [0,∞)) with

∫
ρ = 1. The

mollifier theorem asserts that ρt converges to the Dirac distribution as t→ 0, and
moreover the convolution with ρt converges to the identity on Lp(Rn). In most
standard textbooks this is only proven under the assumption that ρ has compact
support, see e.g. [GT, Lemma 7.1,7.2]. Here we give a proof for the general case
ρ ∈ L1(Rn, [0,∞)).

The convolution with an L1-functions indeed is a bounded linear operator on
Lp(Rn) by Young’s inequality that is proven e.g. in [L, Thm.1.2].

Theorem C.1 (Young’s inequality)
Let 1 ≤ p ≤ ∞ and suppose that g ∈ L1(Rn) and f ∈ Lp(Rn). Then the convolu-
tion g ∗ f lies in Lp(Rn) and satisfies

‖g ∗ f‖p ≤ ‖g‖1‖f‖p.

Now consider g ∈ L1(Rn) ∩ L2(Rn) and its Fourier transform ĝ ∈ L2(Rn).
Then the convolution operator Tg : L2(Rn) → L2(Rn), f 7→ g ∗ f is also given by
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multiplication of the Fourier transform with ĝ,

T̂gf = ĝ ∗ f = ĝ · f̂ .

(For the extension of the Fourier transformation to an isomorphism of L2(Rn) see
e.g. [Fo, §12.11].) Here Tg extends to a bounded linear operator on all Lp-spaces
by Young’s inequality. However, there are more general bounded linear operators
on Lp(Rn) of this form with ĝ replaced by another function such that the operator
is not necessarily also given by convolution with a function.

More precisely, for every bounded measurable function m : Rn → C one can
define an operator Tm on L2(Rn) by

T̂mf = m · f̂ .

If Tm extends to a bounded operator on Lp(Rn) then the function m is called
an Lp-multiplier. The following theorem gives a useful sufficient condition for
a function to be an Lp-multiplier for all 1 < p < ∞. In the case n = 1 this is
essentially the Marcinkiewicz multiplier theorem which was generalized to higher
dimensions by Mihlin [M]. However, the particularly easy criterion (C.1) only
appers in [LSU] and all other standard literature (e.g. [St2, VI §4]) uses a criterion
that is much harder to test. Here we explain how to reduce the criterion of Mihlin,
Ladyzhenskaya, Solonnikov and Ural’tseva to a more general criterion in [St1].

Theorem C.2 Let m : Rn → C be a measurable function that for some constant
A satisfies ∣∣∣∣xi1 . . . xis

∂sm

∂xi1 . . . ∂xis

∣∣∣∣ ≤ A (C.1)

for all integers 0 ≤ s ≤ n and 1 ≤ i1 < i2 < . . . < is ≤ n. Then m is an
Lp-multiplier for all 1 < p <∞, i.e. there exists a constant C such that whenever
f ∈ Lp(Rn) ∩ L2(Rn) then Tmf ∈ Lp(Rn) and

‖Tmf‖p ≤ C‖f‖p.

Proof: The condition for s = 0 asserts that m is bounded. This is assumption (a)
of [St1, IV §6,Thm.6’]. It remains to check assumptions (b) and (c), that is

∫

ρ

∣∣∣∣
∂sm

∂xi1 . . . ∂xis

∣∣∣∣ dxi1 . . . dxis ≤ B

for some uniform constant B and every dyadic rectangle ρ that arise as follows. For
every 1 ≤ s ≤ n and 1 ≤ i1 < i2 < . . . < is ≤ n there is a decomposition of Rn into
s-dimensional dyadic rectangles in the direction of xi1 , . . . , xis . These rectangles
are given by numbers σ1, . . . , σs ∈ {−1, 1}, l1, . . . , ls ∈ Z and as+1, . . . , an ∈ R:
The corresponding dyadic rectangle is

ρ =

{
(x1, . . . , xn) ∈ Rn

∣∣∣∣
xij ∈

[
σj2

lj , σj2
lj+1

]
, j = 1, . . . , s,

xij = aj , j = s+ 1, . . . , n

}
,
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where (ij)j=1,...,n = {1, . . . , n}. By assumption on every such rectangle

∣∣∣∣
∂sm

∂xi1 . . . ∂xis

∣∣∣∣ ≤
A

|xi1 . . . xis |
=

A

σ1xi1 . . . σsxis
,

and hence independent of the signs σ1, . . . , σs

∫

ρ

∣∣∣∣
∂sm

∂xi1 . . . ∂xis

∣∣∣∣ dxi1 . . . dxis ≤
∫ 2l1+1

2l1

. . .

∫ 2ls+1

2ls

A

xi1 . . . xis
dxi1 . . . dxis

= A

s∏

j=1

∫ 2lj+1

2lj

1

xij
dxij

= A(ln 2)s ≤ A(ln 2)n.

2

This criterion provides a proof of the Calderon-Zygmund inequality.

Theorem C.3 (Calderon-Zygmund inequality)
For every 1 < p <∞ and n ∈ N there exists a constant C such that

‖∇2u‖p ≤ C‖∆u‖p

holds for all u ∈W 2,p(Rn).

Proof: It suffices to consider u ∈ C∞(Rn) with compact support since this is a
dense subset of W 2,p(Rn) and the inequality is preserved under W 2,p-limits. For
every such function u and integers 1 ≤ k, l ≤ n the standard rules for Fourier
transforms give

∂̂k∂lu(x) = −xkxl û(x), −̂∆u(x) = −|x|2 û(x).

The function m(x) = xkxl

|x|2 is measurable as a composition of measurable functions

and it is bounded: |m(x)| ≤ 1 for x 6= 0 since |xk|/|x| ≤ 1 holds for all k. Thus
the operator Tm is well defined and maps f = −∆u to Tmf = ∂k∂lu. We shall see
that m is an Lp-multiplier, hence there exists a constant C such that

‖∂k∂lu‖p = ‖Tmf‖p ≤ C‖f‖p = C‖∆u‖p.

Since this holds for all second derivatives of u it proves the claim. So it remains
to check the condition (C.1) of theorem C.2 for m to be an Lp-multiplier.

The criterion for s = 0 is satisfied since m is bounded. For s = 1 and i 6= k, l
the criterion is met due to

∣∣∣∣xi
∂m

∂xi

∣∣∣∣ =

∣∣∣∣−2
xkxlx

2
i

|x|4
∣∣∣∣ ≤ 2
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and similarly, for all numbers 1 ≤ i1 < i2 < . . . < is ≤ n not containing k or l one
calculates

∣∣∣∣xi1 . . . xis
∂sm

∂xi1 . . . ∂xis

∣∣∣∣ =

∣∣∣∣(−2)ss!
xkxlx

2
i1
. . . x2

is

|x|2(s+1)

∣∣∣∣ ≤ 2ss!.

Then in case k = l the criterion including an xk-derivative also is fullfilled:

∣∣∣∣xkxi1 . . . xis
∂s+1m

∂xk∂xi1 . . . ∂xis

∣∣∣∣ =
∣∣∣∣(−2)s+1s!

((s+1)x2
k − |x|2)x2

kx
2
i1
. . . x2

is

|x|2(s+2)

∣∣∣∣
≤ 2s+1(s+ 1)! .

If k 6= l

∣∣∣∣xkxi1 . . . xis
∂s+1m

∂xk∂xi1 . . . ∂xis

∣∣∣∣ =
∣∣∣∣(−2)ss!

(|x|2 − 2(s+1)x2
k)xkxlx

2
i1
. . . x2

is

|x|2(s+2)

∣∣∣∣
≤ 2s+1(s+ 1)!,

and the same inequality holds if an xl-derivative is included instead of xk. Finally,
if k 6= l and both derivatives are included one checks

∣∣∣∣xlxkxi1 . . . xis
∂sm

∂xl∂xk∂xi1 . . . ∂xis

∣∣∣∣ = . . . ≤ 2 · 2s+2(s+ 2)! .

This covers all cases of distinct derivatives and thus m is an Lp-multiplier as
claimed – the criterion (C.1) is met with A = 2n+3(n+ 2)! . 2

The multipliers m(ξ) =
ξiξj

|ξ|2 considered in this proof are the Fourier trans-

formed second derivatives of the Poisson kernel (the fundamental solution of the
negative definite Laplacian −∆)

K(z) =

{
1
ω2

log |z| if n = 2,

− 1
(n−2)ωn

|z|−(n−2) if n ≥ 3.

Here ωn = 2π
n
2 Γ(n2 )−1 is the volume of the unit sphere in Rn. In general, for

f ∈ Lp(Rn) the solution u = K ∗ f of ∆u = f does not lie in W 2,p(Rn) though its
second derivatives are Lp-functions. For compactly supported functions, however,
this is the case.

Theorem C.4 Let Ω ⊂ Rn be a bounded domain and let 1 < p < ∞. Then for
every f ∈ Lp(Rn) with support in Ω the convolution K ∗ f satisfies ∆(K ∗ f) = f .
Moreover, (K ∗f)|Ω ∈W 2,p(Ω) and there exists a constant depending on Ω, n and
p such that for all f ∈ Lp(Rn) supported in Ω

‖K ∗ f‖W 2,p(Ω) ≤ C‖f‖Lp(Ω).
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Proof: Let f ∈ Lp(Rn) be given that vanishes outside of Ω. As established in the
previous proof of the Calderon-Zygmund inequality f 7→ ∂i∂j(K ∗ f) is given by
an Lp-multiplier, hence all second derivatives of K ∗ f lie in Lp(Rn) and satisfy

‖∂i∂j(K ∗ f)‖Lp(Ω) ≤ ‖∂i∂j(K ∗ f)‖Lp(Rn) ≤ C‖f‖Lp(Rn) = C‖f‖Lp(Ω).

Here i, j = 1, . . . , n and the constant C only depends on n and p. It remains to
prove a similar inequality for K ∗f and its first derivatives. For these the constant
will depend on the size of the support of f , which is why we had to fix a bounded
domain Ω.

The kernel K as well as its first derivatives ∂iK is integrable on compact
domains: For n = 2 and n ≥ 3 respectively the integral over the ball of radius R
is ∫

BR(0)

|K(z)|d2z =

∫ R

0

| log r|rdr = 1
4R

2|2 logR − 1|,

∫

BR(0)

|K(z)|dnz = 1
n−2

∫ R

0

r−(n−2)rn−1dr = 1
2(n−2)R

2.

Concerning the first derivatives note that

|∂iK(z)| =

∣∣∣∣
zi

ωn|z|n
∣∣∣∣ ≤

1

ωn
|z|−(n−1)

and hence ∫

BR(0)

|∂iK(z)|dnz =

∫ R

0

r−(n−1)rn−1dr = R.

Now let Γ = K or Γ = ∂iK for i = 1, . . . , n. Then the Hölder inequality yields

|(Γ ∗ f)(x)| =
∣∣∣∣
∫

Ω

Γ(x− y)1− 1
p Γ(x− y) 1

p f(y) dny

∣∣∣∣

≤
(∫

Ω

|Γ(x− y)| dny
)1− 1

p
(∫

Ω

|Γ(x− y)| · |f(y)|p dny

) 1
p

and hence

‖Γ ∗ f‖Lp(Ω)

≤
(

sup
x∈Ω

∫

Ω

|Γ(x− y)| dny
)1− 1

p
(∫

Ω

∫

Ω

|Γ(x− y)| · |f(y)|p dny dnx

) 1
p

≤
(

sup
x∈Ω

∫

Ω

|Γ(x− y)| dny
)1− 1

p
(

sup
y∈Ω

∫

Ω

|Γ(x− y)| dnx
) 1

p
(∫

Ω

|f(y)|p dny

) 1
p

≤
∫

BR(0)

|Γ(x)| dnx · ‖f‖Lp(Ω). (C.2)
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Since Ω is bounded the above integrals of |Γ(x−y)| can all be estimated from above
by the integral of |Γ| over some large ball BR(0). This gives the finite constant C
in

‖K ∗ f‖Lp(Ω) ≤ C‖f‖Lp(Ω), ‖∇(K ∗ f)‖Lp(Ω) ≤ C‖f‖Lp(Ω).

Thus we have seen that convolution with the Poisson kernel K is a continuous
map from Lp(Ω) to W 2,p(Ω). It remains to show that ∆(K ∗ f) = f holds for all
f ∈ Lp(Rn) with support in Ω. This holds for smooth functions f with compact
support by e.g. [GT, Lemma 4.2], and since on every bounded domain ∆(K ∗ f)
depends continuously on f in the Lp-norm the equality extends to all of Lp(Ω). 2

The proof of the mollifier theorem below uses similar estimates for convolutions
as the previous proof.

Theorem C.5 Let ρ ∈ L1(Rn) satisfy ρ(x) ≥ 0 for almost all x ∈ Rn and
∫

Rn

ρ(x) dnx = 1.

For all t > 0 define ρt ∈ L1(Rn) by ρt(x) = t−nρ(x
t
) for almost all x ∈ Rn. Then

the following holds.

(i) Let f ∈ C0(Rn) be bounded. Then for all x ∈ Rn

(ρt ∗ f)(x) −→
t→0

f(x).

Moreover, this convergence is uniform on all compact sets.

(ii) Let 1 ≤ p <∞ and f ∈ Lp(Rn), then

ρt ∗ f Lp

−→
t→0

f.

Proof: For (i) let f ∈ C0(Rn) with ‖f‖∞ <∞ be given. To prove the convergence
on all compact sets it suffices to consider balls BK ⊂ Rn of radius K around 0.
Fix K > 0 and to prove the convergence choose some ε > 0. Since f is uniformly
continuous on the compact set BK there exists δ > 0 such that

|f(x− y)− f(x)| ≤ 1
2ε ∀x ∈ BK , y ∈ Bδ .

Moreover, since
∫

Rn ρ = 1 and ρ is positive almost everywhere one finds R > 0
such that ∫

Rn\Br

ρ(z) dnz ≤ ε
4‖f‖∞ ∀r ≥ R.

So we obtain for all t ≤ sup{1, δ
R
} and all x ∈ BK

∫

Rn\Bδ

ρt(y) dny =

∫

Rn\Bδ

ρ(y
t
)t−n dny =

∫

Rn\B δ
t

ρ(z) dnz ≤ ε
4‖f‖∞ .
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This proves the uniform convergence: For the given ε > 0 we found constants
δ > 0 and R such that for all x ∈ BK and all t ≤ sup{1, δ

R
}

∣∣(ρt ∗ f)(x)− f(x)
∣∣

=

∣∣∣∣
∫

Rn

ρt(y)
(
f(x− y)− f(x)

)
dny

∣∣∣∣

≤
∫

Bδ

ρt(y)
∣∣f(x− y)− f(x)

∣∣dny +

∫

Rn\Bδ

ρt(y)
∣∣f(x− y)− f(x)

∣∣dny

≤ 1
2ε

∫

Bδ

ρt(y) dny + 2‖f‖∞
∫

Rn\Bδ

ρt(y) dny ≤ ε.

To prove (ii) first assume that f ∈ C0(Rn) has compact support. Let ε > 0 be
given. Then fix K > 0 such that supp f ⊂ BK and

∫

Rn\BK

ρt ≤ ε
2‖f‖p

.

Now consider the splitting

∥∥ρt ∗ f − f
∥∥p
p
≤
∫

B2K

∣∣ρt ∗ f − f
∣∣p +

∫

Rn\B2K

∣∣ρt ∗ f − f
∣∣p.

In the first term |ρt ∗ f − f | → 0 as t → 0 converges uniformly on B2K by (i),
hence for sufficiently small t > 0 this term is smaller than ε

2 .
The second term is estimated as follows:

∫

Rn\B2K

∣∣∣∣
∫

Rn

ρt(y)
(
f(x− y)− f(x)

)∣∣∣∣
p

dnx

≤
∫

Rn\B2K

(∫

Rn\BK

ρt(y)
1− 1

p ρt(y)
1
p |f(x− y)|dny

)p
dnx

≤
∫

Rn\B2K

(∫

Rn\BK

ρt

)p−1 ∫

Rn\BK

ρt(y)|f(x− y)|p dny dnx

=

∫

Rn\BK

ρt(y)

∫

Rn\B2K

|f(x− y)|p dnx dny

≤ ‖f‖p
∫

Rn\BK

ρt(y) dny ≤ ε
2 .

Here we used the fact that for |x| ≥ 2K we have f(x) = 0, and if moreover y ≤ K
then also f(x − y) = 0. Furthermore, we used the Hölder inequality as in (C.2).
This proves (ii) for continuous functions f with compact support. But now for
every f ∈ Lp(Rn) one can find a sequence fi of such functions that converges
to f in the Lp-norm. Then for all t > 0 and all i ∈ N use Young’s inequality,
theorem C.1, to obtain

‖ρt ∗ f − f‖p ≤ ‖ρt‖1‖f − fi‖p + ‖ρt ∗ fi − fi‖p + ‖fi − f‖p.
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Here we have

‖ρt‖1 =

∫

Rn

ρ(x
t
)t−n dnx =

∫

Rn

ρ(z) dnz = 1.

So for given ε > 0 first fix i ∈ N such that ‖f − fi‖p ≤ 1
4ε, then for all sufficiently

small t > 0
‖ρt ∗ f − f‖p ≤ 1

2ε+ ‖ρt ∗ fi − fi‖p ≤ ε.

2



Appendix D

The Dirichlet Problem

In this appendix we give a summary of results for the Dirichlet problem. There
is good reference for this, so we only state the main theorems for use within this
book and for comparison with the theorems for the Neumann problem.

Let M be an oriented compact Riemannian manifold with (possibly empty)
boundary ∂M and denote by ∆ = d∗d the Hodge Laplacian on functions. Then
we consider the Dirichlet boundary value problem

{
∆u = f on M,

u = 0 on ∂M.
(D.1)

A distribution u ∈ D(M) is called a weak solution of the Dirichlet problem for
f if

〈u , ∆ψ 〉 = 〈 f , ψ 〉 ∀ψ ∈ C∞δ (M). (D.2)

Here C∞δ (M) denotes the space of smooth functions on M that vanish on the
boundary ∂M . For u ∈ W 2,1(M) the concepts of strong and weak solution are
equivalent.

In the following let k ∈ N0, 1 < p < ∞, and p−1 + (p∗)−1 = 1. Denote

by W k,p
δ (M) the Sobolev space that is given by the closure of C∞δ (M) in the

corresponding Sobolev norm. Then the basic existence and regularity results for
the Dirichlet problem are the following.

Theorem D.1 For every f ∈W k,p(M) there exists a solution u ∈ W k+2,p(M) of
(D.1), and this solution is unique.

Theorem D.2 Suppose that u ∈ D(M) is a weak solution of the Dirichlet problem

(D.2) with f ∈W k,p(M). Then u ∈W k+2,p
δ (M).

Moreover, there there exists a constant C such that for all u ∈ W k+2,p
δ (M)

‖u‖Wk+2,p ≤ C‖∆u‖Wk,p .
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Theorem D.2′ For all k ∈ N there exists a constant C such that the following
holds: Suppose that u ∈ D(M) is a weak solution of the Dirichlet problem (D.2)
for f ∈ W−k,p(M) =

(
W k,p∗(M)

)∗
. Then u ∈W−k+2,p(M) and

‖u‖W−k+2,p ≤ C‖f‖W−k,p .

Remark D.3

(i) The optimal constant in theorem D.2 depends continuously on the metric of
M with respect to the W k+1,∞-topology.

(ii) Theorem D.2 ′ with k = 1 provides a constant C such that the following
holds: Let u ∈ D(M) and suppose that for some constant cu

∣∣〈u , ∆ψ 〉
∣∣ ≤ cu‖ψ‖W 1,p∗(M) ∀ψ ∈ C∞δ (M).

Then u ∈W 1,p
δ (M) and ‖u‖W 1,p ≤ Ccu.

For domains in Rn and k = 0 these results can be found in [GT, Thm.9.14,
9.15]. The generalizations are proved by the same arguments that are used for the
Neumann problem in part I. These results imply that the Laplace operator is a
bijection from W 2,p

δ (M) to Lp(M), hence:

Corollary D.4 The Laplace operator ∆ : W 2,p
δ (M) → Lp(M) is a Fredholm op-

erator of index 0.
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Some Functional Analysis

In this appendix we state the functional analytic theorems that are most central
and frequently used in this book. The references given are neither unique nor
original but give the best presentation of the results that we could find.

Firstly, we state the implicit function theorem for general Banach spaces.

Theorem E.1 [L, XIV,Thm.2.1]
Let D : X × Y → Z be a continuous map between Banach spaces that is dif-

ferentiable with respect to Y , and let (α, β) ∈ X × Y such that D(α, β) = 0 and
∂YD(α, β) is bijective. Then there exist neighbourhoods U ⊂ X of α and V ⊂ Y
of β and a continuous map F : U → V such that for every x ∈ U there is a unique
y ∈ V, namely y = F (x), that solves D(x, y) = 0.

The following version of the Riesz representation theorem is called the Lax-
Milgram theorem. It is fundamental for the theory of elliptic operators.

Theorem E.2 [GT, Thm.5.8]
Let A : H×H → R be a bounded, coercive bilinear form on a Hilbert space H, i.e.
there exist constants K, C > 0 such that for all x, y ∈ H

|A(x, y)| ≤ K ‖x‖ · ‖y‖, A(x, x) ≥ C‖x‖2.

Then for every bounded linear functional F ∈ H∗ there exists a unique element
u ∈ H such that

A(u, y) = F (y) ∀y ∈ H.

The Riesz representation theorem [GT, Thm.5.7] reduces this result to a state-
ment, which is a simple consequence of the open mapping theorem: The bounded
bilinear form A : H ×H → R determines a bounded linear operator T : H → H
with ‖T‖ ≤ K. For x ∈ H its value Tx is defined by

A(x, y) = 〈Tx , y 〉 ∀y ∈ H.
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The assumption that A is coercive then becomes

〈Tx , x 〉 ≥ C‖x‖2, (E.1)

and the assertion of theorem E.2 is that every such operator T is bijective: For
every z ∈ H (determined by F ∈ H∗) there exists a unique u ∈ H such that
Tu = z (which corresponds to A(u, ·) = F in H∗).

The injectivity of T directly follows from (E.1): For all x ∈ H we have
‖Tx‖‖x‖ ≥ C‖x‖2 and hence

‖Tx‖ ≥ C‖x‖ ∀x ∈ H.

So T is injective, and by the below consequence of the open mapping theorem,
lemma E.3 (ii), it also has a closed image. Moreover, (E.1) asserts that the dual
operator T ∗ is injective: For all x ∈ H

‖T ∗x‖‖x‖ ≥ 〈T ∗x , x 〉 = 〈x , Tx 〉 ≥ C‖x‖2.

But now (imT )⊥ = kerT ∗ = {0} and imT is closed, so im T = {0}⊥ = H , and
hence T also is surjective.

Here we have already used the following consequence of the open mapping
theorem. This lemma also is an excellent trick to improve estimates.

Lemma E.3 [Z, 3.12,Ex.3,Ex.4]
Let D : X → Y be a bounded linear operator between Banach spaces.

(i) The following are equivalent:

a) D has a finite dimensional kernel and its image is closed.

b) There exists a compact operator K : X → Z to another Banach space
Z and a constant C such that

‖u‖X ≤ C (‖Du‖Y + ‖Ku‖Z) ∀u ∈ X. (E.2)

(ii) The following are equivalent:

a) D is injective and its image is closed.

b) There exists a constant C̃ such that

‖u‖X ≤ C̃‖Du‖Y ∀u ∈ X. (E.3)

In particular, the combination of (i) and (ii) provides the following fact: If D
satisfies (E.2) and is injective then in fact it satisfies (E.3).

Finally, here is a perturbation result that is very useful even in the case of
linear operators on finite dimensional spaces, that is for matrices.
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Lemma E.4 Let T : X → Z and S : X → Z be bounded linear operators between
Banach spaces. Suppose that T is bijective and ‖T−1‖·‖S‖ < 1. Then the perturbed
operator T + S : Z → X also is bijective and

‖(T + S)−1‖ ≤ ‖T−1‖
1−‖T−1‖·‖S‖ , ‖(T + S)−1 − T−1‖ ≤ ‖T−1‖2‖S‖

1−‖T−1‖·‖S‖ .

Proof: Firstly, T−1 is indeed bounded by lemma E.3 (ii). Then one simply checks

(T + S)−1 =

∞∑

k=0

(−T−1S)k T−1 =

∞∑

k=0

T−1(−S T−1)k.

Indeed, one has ‖T−1S‖ ≤ ‖T−1‖ · ‖S‖ < 1, hence this geometric progression
converges, and in fact it is the left and right inverse of T + S since

(
N∑

k=0

(−T−1S)k T−1

)
(T + S) = 1l− (−T−1S)N+1 −→

N→∞
1l,

(T + S)

(
N∑

k=0

T−1(−S T−1)k

)
= 1l− (−S T−1)N+1 −→

N→∞
1l.

Moreover, again use the geometric progresssion for ‖T−1‖ · ‖S‖ < 1 to obtain

‖(T + S)−1‖ ≤
∞∑

k=0

‖T−1‖k+1‖S‖k =
‖T−1‖

1− ‖T−1‖ · ‖S‖

and hence

‖(T + S)−1 − T−1‖ ≤ ‖(T + S)−1‖ · ‖T − (T + S)‖ · ‖T−1‖

≤ ‖T−1‖2‖S‖
1− ‖T−1‖ · ‖S‖ .

2

In this book we often use the following particular case of this lemma : If the
perturbed operator T̃ = T+S satisfies ‖T̃−T‖ ≤ 1

2‖T−1‖ (that is ‖T−1‖·‖S‖ ≤ 1
2 ),

then
‖T̃−1‖ ≤ 2‖T−1‖, ‖T̃−1 − T−1‖ ≤ 2‖T−1‖2‖T̃ − T‖. (E.4)

This is particularly useful since the constants in the estimates on T̃−1 are inde-
pendent of T̃ .
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∆ = d∗d, the (positive definite) Hodge Laplace operator on functions
∇A : covariant derivative related to the connection A, see page 169
dA : exterior differential related to the connection A, see page 170
d∗A : formal adjoint of dA, see page 173
〈 ·, · 〉 : pairing of linear functionals with elements of the vector space or

inner product, e.g. between differential forms, see pages 17,19,170,179
〈 · ∧ · 〉 : the wedge product on the level of differential forms, but the values

are combined by an inner product, see page 172
[· ∧ ·] : the wedge product on the level of differential forms, but the values
are combined by the Lie bracket, see page 170
‖ · ‖p : Lp-norm, see page 180
‖ · ‖∞ : L∞-norm, see page 181
A(P ) : space of smooth connections on a bundle P , see page 168
Ak,p(P ) : Sobolev space of connections on a bundle P , see page 180

Ak,ploc (P ) : Sobolev space of connections on a noncompact bundle P ,

see page 181
Ak,p(U) : Sobolev space of connections in a local trivialization over U ,

see page 181
C∞δ (M) =

{
ψ ∈ C∞(M)

∣∣ ψ|∂M = 0
}

C∞ν (M) =
{
ψ ∈ C∞(M)

∣∣ ∂ψ
∂ν
|∂M = 0

}

D(M) : space of distributions on M , see page 17
E(A) =

∫
M
|FA|q with q ≥ 1

2 dimM , see page 91
FA : the curvature of a connection A, see page 170
G : (mostly) a compact Lie group
g : the Lie algebra of a Lie group G
gP = P ×Ad g, an associated bundle, see page 167
G(P ) : group of smooth gauge transformations on P , see page 167
Gk,p(P ) : Sobolev space of gauge transformations on a bundle P ,

see page 189

Gk,ploc (P ) : Sobolev space of gauge transformations on a noncompact

bundle P , see page 189
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Gk,p(U) : Sobolev space of gauge transformations in a local trivialization
over U , see page 190

Γ(P ) : space of smooth sections of a bundle P
N = {1, 2, . . .}
N0 = {0, 1, . . .}
W k,p(M) : Sobolev space of functions on M
W k,∞(M) : space of functions whose derivatives up to order k are bounded

on M with the exception of a zero set; norm as on page 182
W k,p(M,E) : Sobolev space of sections of a vector bundle E →M ,

see page 180
W k,p(M,P ) : Sobolev space of sections of a fibre bundle P →M ,

see page 185
W 0,2(M) = L2(M)
W−k,p(M) =

(
W k,p∗(M)

)∗
, see pages 19,33

W k,p
∂ (M) =

{
G|∂M

∣∣G ∈W k+1,p(M)
}
, see page 43

YM(A) =
∫
M
|FA|2, see page 141
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of sections of a vector bundle,

180, 181
restriction to the boundary, 190
trace theorem, 190
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trace theorem, 190
transition functions, 166
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strong, 153, 157
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Uhlenbeck gauge, 91, 92

weak Uhlenbeck compactness, 107, 116
weak Yang-Mills connection, 141

Yang-Mills connection, 141
regularity, 143–145
weak, 141

Yang-Mills equation, 141, 173
gauge invariance, 142
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